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NEW CHARACTERIZATION OF (b,c)-INVERSES
THROUGH POLARITY

BTISSAM LAGHMAM AND HASSANE ZGUITTI

ABSTRACT. Given any ring R with unity 1 and any a, b, c € R, a is called (b, ¢)-
polar if there exist two idempotents p,q € R such that p € bRca, q € abRc,
pb = b, ¢cq = ¢, cap = ca and qab = ab. These p and ¢ are shown to be
unique whenever they exist. The existence of aH(b*C), the (b, ¢)-inverse of a,
is shown to be equivalent to a being (b, c)-polar, and hence al®:©) is itself
unique and expressed in terms of p and q. Generalizing results of Koliha—
Patricio and Song—Zhu-Mosi¢, further connections between the (b, c)-polar
and (b, ¢)-invertible properties are found. Applying these results to bounded
linear operators on a Banach space, we also generalize some known results in
this setting.

1. INTRODUCTION

Throughout this paper, R will denote an associative ring with unity 1. An
element a € R is reqular if a € aRa, i.e., a = azxa for some x € R. Any such x
is called an inner inverse of a. An inner inverse of a will be denoted by a~. We
denote the set of all inner invertible elements in R by R, while the group of units
in R is denoted by R~! and the set of all left invertible (resp. right invertible)
elements in R by R[l (resp. R; 7). For any a € R we define the commutant and
double commutant of a respectively by

comm(a) ={z € R:ax = za}
comm?(a) = {x € R: zy = yx, for all y € comm(a)}.

An element a is quasinilpotent if 1 + za € R™! for all # € comm(a) [6]. Let R"!
and R denote, respectively, the set of all nilpotent and quasinilpotent elements
in R.

Following Drazin [3], an element a € R is said to be Drazin invertible if there
exists z € R such that

z € comm(a), zar=xz, and otz =cd"
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for some nonnegative integer k. The element x is unique if it exists and is called the
Drazin inverse of a and is denoted by a”. The smallest nonnegative integer k sat-
isfying the above conditions is called the Drazin index of a, and denoted by ind(a).
The set of all Drazin invertible elements in R is denoted by R”. If ind(a) < 1, then
x is called the group inverse of a, denoted by a?. We denote the set of all group
invertible elements in R by R*.

Koliha and Patricio [8] extended the notion of Drazin inverse to that of gener-
alized Drazin inverse: an element a € R is generalized Drazin invertible if there
exists b € R such that

b e comm?(a), ab®>=0b, and a?b—ac R™ (1.1)

Any element b € R satisfying the conditions in is unique and is called the
g-Drazin inverse of a, denoted by a9”. The set of all g-Drazin invertible elements
in R is denoted by R9P. Koliha and Patricio gave a characterization for (general-
ized) Drazin invertibility via idempotents by introducing the notion of polar and
quasipolar elements. An element a € R is quasipolar (resp. polar) if there exists
an idempotent p € R such that

p € comm?(a), a+p€ R, and ape€ R™ (resp. ap € R™).

The idempotent p is unique and is called the spectral idempotent of a, denoted
by a™. It is proved that a is generalized Drazin invertible if and only if it is
quasipolar, and that a is Drazin invertible if and only if @ is polar. In this case,
a? = (a+p)~'(1-p).

Based on this approach, Wang and Chen [I4] introduced the notion of pseudopo-
larity. An element a € R is said to be pseudopolar if there exists an idempotent
p € R such that

p € comm?(a), a+pec R’ and ape R,

where R™4 denotes the Jacobson radical of R. Also, the idempotent p is unique if
it exists. They also introduced the notion of pseudo Drazin invertibility, which lies
between Drazin invertibility and generalized Drazin invertibility: an element a is
pseudo Drazin invertible if there exists b € R such that

be comm?(a), bab=b, and a* —a**t1be R4

for some nonnegative integer k. Such an element is unique if it exists and is called
the pseudo Drazin inverse of a. Moreover, a is pseudo Drazin invertible if and only
if a is pseudopolar [14].

Mary [10] introduced a generalized inverse using Green’s relations. An element
a € R will be said to be invertible along d € R if there exists y € R such that

yad =d =day, yR CdR, RyC Rd.

Such a y is unique if it exists and called the inverse of a along d, denoted by all¢.
Moreover, if a is invertible along d then d is regular. The set of all elements in R
that are invertible along d is denoted by R4,

Recently, to give a new characterization of the invertibility along an element
via idempotent elements, Song, Zhu and Mosié¢ [I3] provided a definition for the
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concept of the polarity along an element in R. Let a,d € R; we say that a is polar
along d if there exists some p € R such that

p=p®> € comm(da), pd=d, and 1+da—p€e R,
which is equivalent to
p=1p® € comm(da), pd=d, and p € daRda.

In this case, p is unique and is denoted by a?". It is also proved that a is invertible
along d if and only if a is polar along d. In this case, the inverse of a along d is
given by al? = (1 + da — p)~'d, and p is also established via p = al9a. Also, a is
invertible along d if and only if a is dually polar along d. Recall that a is dually
polar along d if there exists some ¢ € R such that

q¢=q*> €comm(ad), dg=d, and 1+ad—q€ R,
which is equivalent to
q=¢*> € comm(ad), dq=d, and q € adRad.

In this case, ¢ is unique and is denoted by aq-

In 2012, Drazin [4] introduced a class of outer inverses that extend inverses along
elements, and thus extend both Drazin inverses and Moore-Penrose inverses. For
any a,b,c € R, a is said to be (b, ¢)-invertible if there exists y € R such that

y€bRNRe, yab=10b, cay=c.

If such a y exists, it is unique and is called the (b, c)-inverse of a, denoted by
all®9)  Also, if a is (b, ¢)-invertible, then b, ¢ and cab are regular. The set of
all (b, ¢)-invertible elements in R is denoted by RI®¢). In the case where b = e
and ¢ = f such that e and f are idempotents, we say that a is (e, f)-Bott—Duffin
invertible if a is (e, f)-invertible [4]. Moreover, the inverse along an element is a
special case of the more general class of (b, c¢)-inverses that occurs when b = ¢;
consequently, we have al? = all(%d) and oP = a“(“k’“k)7 where k is the index of a,
and in particular af = al(®9).

The approach of introducing new generalized inverses via polarities was used also
in [5,9]. So it is natural to ask whether there exists a kind of polarity that extends
polarity and polarity along an element, and also characterizes (b, ¢)-invertibility (see
also [B]). More precisely, the motivation for this paper arises from the following
incomplete diagram of the related concepts:

a is group a is Drazin a is invertible ais (b., o) || a is MoorcfPCnrosc
invertible invertible along an element invertible invertible

a is simply |:|_) a is polar along > -
polar > a is polar an element —>’ 7 ‘<—{ a is well supported ‘

We introduce in this paper the notion of (b, c¢)-polarity (Definition [2.1)). We show
that when b = ¢, (b, b)-polarity coincides with polarity along b, which then extends
polarity along an element. Moreover, we show that an element a is (b, ¢)-polar if and
only if a is (b, ¢)-invertible. We give then a new characterization of (b, ¢)-invertible
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elements. In Section 3, we introduce the concept of dually (b, c)-polar elements
as an extension of dually polar along an element introduced in [I3]. Among other
things, we show that a is dually (b, ¢)-polar if and only if a is (¢, b)-invertible. The
last section is devoted to illustrating (b, ¢)-polarity in the context of bounded linear
operators.

2. THE (b, c)-POLARITY
We start by introducing the concept of (b, ¢)-polarity.

Definition 2.1. Let a, b, ¢ € R; we say that a is (b, ¢)-polar if there exist p, ¢ € R
such that

(1) p* = p € bRea;

(2) ¢*> = q € abRc;

(3) pb=10, cq = c;

(4) cap = ca, qab = ab.
Any idempotent p (resp. q) satisfying the above conditions is called a left (b,c)-
spectral idempotent of a (resp. a right (b, c)-spectral idempotent of a).

In the following, we show the uniqueness of the left and right (b, c)-spectral
idempotents of a (b, ¢)-polar element.

Theorem 2.2. Leta, b, ¢ € R such that a is (b, c)-polar. Then a has a unique left
(b, ¢)-spectral idempotent and a unique right (b, c)-spectral idempotent.

Proof. Suppose that p and p’ are two left (b, c)-spectral idempotents of a, and ¢
and ¢ are two right (b, ¢)-spectral idempotents of a. As p € bRca, we have p = btca
for some t € R. It follows that
p—p'p=btca — p'btca = (b— p'b)tca =0 (since b = pb = p'b).
So we obtain
p=7pp.
Similarly, p’ — pp’ = 0, and we get

/ /

p =Dpp.
On the other hand, we have cap = ca = cap’, so p — pp’ = btca — btcap’ =
btca — btca = 0. Hence p = pp’ and thus p = p'.

Similarly, we show that ¢ = ¢’. 0
If a is (b, ¢)-polar then we denote the left (b, c)-spectral idempotent p by al(b,c)ﬂ
and the right (b, ¢)-spectral idempotent q by agb,c)ﬂ.

Example 2.3. Let R = M3(Z), and a, b, c € R be given by

() () ()

Then a is (b, ¢)-polar with
_ _(bo)m _ 10 _ (byo)m _ 0 0
p=aq = (O 0) and q=a, =lo 1)
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Indeed, with a quick check we obtain

i) p*=p ¢*=q

(0 0 (10
(i) p=1b (_2 1) ca and g = ab (0 O) c.
(iii) pb =10, cq = c.
(iv) cap = ca, gab = ab.

Here we show that the (b, c)-polarity is an extension of the polarity along an
element.

Proposition 2.4. Let a and b € R. Then a is (b,b)-polar if and only if a is polar
along b.

Proof. 1f a is (b, b)-polar then we have
p=1p®> €bRba, q=q>€abRb, pb=0b=bg, and bap = ba = pba,

which implies p = p? € comm(ba) and pb = b. Also, since p = bxba for some
x € R, we obtain p = bgaba € babRbxba C baRba. Hence, a is polar along b by [13],
Theorem 2.4].

Conversely, if a is polar along b then there exists a unique p = p?> € R such that
p € comm(ba), pb = b and p € baRba. Then we have

p € baRba C bRba
pb=> (2.1)
bap = pba = ba.

On the other hand, we have that a is polar along b if and only if a is dually polar

along b. Then there exists a unique ¢ = ¢ € R such that ¢ € comm(ab), bg = b,
and q € abRab. So

q € abRab C abRb

bg=1"b (2.2)
qab = abq = ab.
Now, from (2.1]) and (2.2)), we can see that a is (b, b)-polar. O

Lemma 2.5. Let a,b,c € R. If a is (b, c)-polar, then a, ¢, and cab are regular.

Proof. Suppose that a is (b, c)-polar. We have b = al(b’c)ﬂb € bRcab C bRb, and

also ¢ = cagb’c)7r € cabRc C cRc and cab = cagb’c)”aal(b’c)ﬂb € cabRcabRcab C
cabRcab. This means that b, ¢ and cab are regular and admit inner inverses denoted

respectively by b~, ¢~ and (cab)~. O
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The following theorem shows the equivalence between the (b, ¢)-polarity and the
(b, ¢)-invertibility.

Theorem 2.6. Let a,b,c € R. Then a is (b,c)-polar if and only if a is (b,c)-
invertible. In this case, we have
(i) p= al(b’c)w = all®:9) g,

(ii) ¢ = a7 — qalibe)

(iii) al®® = (14 p — bb7); 'b(cab)~c = b(cab)c(l + ¢ — ¢~ c); 1. Here (1 +
p— blf)f1 is a left inverse of 1 +p—bb~, and (1 +q —c c); ! is a right
inverse of 1 +q— ¢ c.

Proof. Suppose that a is (b, ¢)-polar. To prove that a is (b, ¢)-invertible, it suffices
to prove that b € Rcab and ¢ € cabR by [I, Lemma 1]. We have

al(b’c)7T € bRca, aib’c)” € abRc, cag”c)7r =¢, and al(b’c)wb =b.
It follows that
al(b’c)ﬂb € bRcab = b € bRcab C Rcab,

and
cal®9™ ¢ cabRe = ¢ € cabRe C cabR.
So a is (b, ¢)-invertible.
By Lemma we know that b, ¢ and cab are regular with b—, ¢~ and (cab)™ as
inner inverses of b, ¢ and cab, respectively. Moreover, we have that 1—&—(11(13’6)7T —bb~ is

left invertible and 1+a®9™ —¢—c s right invertible. Indeed, since al(b’c)7T € bRca C
bR, al(b’c)7r = bt for some t € R and we write al(b’C)Tr =bt =bb~ bt = bb‘al(b’c)ﬂ. So
b~ +1—a"™) (1 +al"™ —bb) =1,
which means that 1 + al(b’c)7r — bb™ is left invertible, and we denote a left inverse
of 1+ al(b’c)7T —bb~ by (1+ al(b’c)w —bb7); ', Similarly for 1 + albam c"e, as
a&b’c)” € abRc C Rc we write aﬁb’c)ﬂ = xc for some x € R, so a&b":)” = xc =

zeec = a9" ¢ ¢, which implies
1+ aﬁ,b’c)“ —cc¢)ce+1— a&b’c)’r) =1.
Hence 1 + agb’c)” — ¢~ c is right invertible, and we denote a right inverse of 1 +
(boyr  — (bo)m -1
ar c eby (1+ar ce)
Now set y = (14 al(b’C)Tr —bb™); 'b(cab)~c = b(cab) (1 + alto™ _ c¢=c¢);t. Then

yab =b, cay = ¢ and y € bR N Re. Therefore, y is the (b, ¢)-inverse of a.
Conversely, suppose that a is (b, ¢)-invertible with y as the (b, ¢)-inverse of a.
Set p = ya and ¢ = ay. Then p is the left (b, c)-spectral idempotent of a, and g is
the right (b, ¢)-spectral idempotent of a. Indeed, we have
p*=yaya=ya=p and ¢*=ayay=ay=q.
On the other hand, as y is the (b, ¢)-inverse of a, we have y € bR N Re. Thus
p=ya €bRa CbR and p=vya€ Rea, sop=p* e bRea,
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and
¢g=ay € abR and ¢=ay <€ aRcC Re, soq=q> € abRe.
We have pb = yab = b, cq = cay = ¢, cap = caya = ca, and qab = ayab = ab.
Finally, a is (b, ¢)-polar. O
Combining Proposition [2.4) and Theorem [2.6] we retrieve the main result of [13].

Corollary 2.7. Let a,b € R. Then a is polar along b if and only if a is invertible
along b if and only if a is (b, b)-invertible if and only if a is (b, b)-polar.

Definition 2.8. Given a,e, f € R, we say a is (e, f)-Bott-Duffin polar if a is
(e, f)-polar and e and f are idempotents.

Proposition 2.9. Let a,b,c € R. If a is (b,c)-polar then a is (e, f)-Bott—Duffin

polar with e = al(b’c)7T and f = al>9".

Proof. Set al(e’f) = al(b’c) and a&e’f) = agb’c). Then we obtain the result. O

Corollary 2.10. Let a,e, f € R. Then a is (e, f)-Bott-Duffin polar if and only if
a is (e, f)-Bott-Duffin invertible.

3. THE DUAL (b, ¢)-POLARITY

Definition 3.1. Let a, b and ¢ € R. We say that a is dually (b, c)-polar if there
exist r,s € R such that

(1) r?2 =r € acRb;

(2) s? = s € cRba;

(3) br =b and sc =g

(4) rac = ac and bas = ba.

Any idempotent r (resp. s) satisfying the above conditions is called a dual right
(b, ¢)-spectral idempotent of a (resp. a dual left (b, c)-spectral idempotent of a).

Theorem 3.2. Let a,b,c € R such that a is dually (b,c)-polar. Then a has a
unique dual right (b, c)-spectral idempotent and a unique dual left (b,c)-spectral
idempotent.

Proof. Suppose that r and 7/ are two dual right (b, c)-spectral idempotents of a.
Then we have
r—1r'r = actb — r'actb = actb — actb = 0
for some t € R. Then r = r'r. Also,
r’ —rr’ = acxb — racrb = acrb — acxb =0
for some x € R. Hence v’ = rr’. Consequently, we have
r'r —r' = acxbr — acxb = acx(br — b) = 0,

so 7'r = r’. Therefore we get 1’ = r.
By the same way we prove the uniqueness of the dual left (b, ¢)-spectral idem-
potent of a. O
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We denote the dual right (b, ¢)-spectral idempotent of a by r = Ay cyr and the
dual left (b, ¢)-spectral idempotent of a by s = al(byc)ﬂ.

Lemma 3.3. Let a,b,c € R. If a is dually (b, ¢)-polar then b, c and bac are regular.
Proof. Tt is similar to the proof of Lemma O

Theorem 3.4. Let a,b,c € R. Then a is dually (b,c)-polar if and only if a is
(¢, b)-invertible. In this case, we have

(i) r=af 0. = aall(:b),

(i) 5 = afy ), = al@)

(iii) all=®) = (1 4 al(b on — cc™) te(bac)~b = c(bac)~b(1 + AUy eyn — b=b) L.

Proof. Suppose that a is dually (b, ¢)-polar. Then there exist r, s € R such that
br=b and r € acRb,

sc=c and s € cRba.

Then br € bacRb, which implies that b € bacRb C bacR. Also, sc € cRbac, which
means that ¢ € cRbac C Rbac. Thus a is (¢, b)-invertible.

To obtain the formulas for the (¢, b)-inverse of a, we follow the same procedure
as in the proof of Theorem [2.6]

Conversely, suppose that a is (c,b)-invertible. Then we set r = aallle) and
s = al©Pq. Following the same procedure as in the proof of Theorem we
obtain that a is dually (b,c)-polar with r (resp. s) its dual right (b, c)-spectral
idempotent (resp. dual left (b, ¢)-spectral idempotent). O

It may be that a is dually (b, c)-polar but not (b, c)-polar, as shown by the
following example.

Example 3.5. Let R = M3(Z), and a, b, c € R be given by

() =) ()

Then a is dually (b, ¢)-polar with r = Aoy = 8 = al(,M)7r = a. Indeed, with a
quick check we obtain

r1 X2 .
e r=ac (z 1 ) b, where x1, x2 and x3 are arbitrary elements of Z;
3

t1 t .
o s2=55=c (tl f) ba, where tq, to and t3 are arbitrary elements of Z;
3

e br =b and sc = ¢;
e rac = ac and bas = ba.

Notice that in this example, a is not (b, ¢)-polar because a is not (b, ¢)-invertible
since ab = 0.
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Corollary 3.6. Let a,b,c € R. Then a is (b,c)-polar if and only if a is dually
(¢,b)-polar.

Proof. This follows from Theorems and O

Theorem 3.7. Let a,b,c € R. If a is both (b,c) and (c,b)-invertible such that
aba € comm(c) and aca € comm(b), then we have

b,c)m r
(]‘) l( ) = a(b,c)ﬂ"

(b o _ 1
2 =g oyn

(2) a
(3) all®€) = ba(caba + 1 — (aba)‘”) le = (baca + 1 — (aca)® )_1bac
(4) alle?) = (caba 4 1 — (aba)°™) " cab = ca(baca + 1 — (aca)’™)~'b.

Proof. To prove this, we first write the formulas for al(®* and a/l(?). We have
a € RI®¢) A Rl By [12, Theorem 1] we get

al®9 = pa(aba)lc = (aca)lbac (3.1)
and

all(ed) — (aba)“cab — CCL(CLCCL)Hb. (32)
So we obtain

a9 = a4 = (aca)lPaca;

agbvc)“ = aal®®) = aba(aba)”c'

Alpeyn = aall®® = aca(aca)l®;

al(byc)ﬂ = gllled)g — (aba)”caba.

As aba € comm(c) and aca € comm(b), we have (aba)l¢aba = aba(aba)ll® and
aca(aca)® = (aca)laca by [10, Theorem 10], and it follows that

al(b,c)ﬂ'

r be)yr 1
= a(b,c)ﬂ, and a£ ) = a(b7c)ﬂ,.

Using [I3] Theorem 2.8], we obtain
(aba)l® = (caba + 1 — (aba)°™) e
and
(aca)l’ = (baca + 1 — (aca)®™)~'b.
Substituting in and (3.2), we obtain the result of items (3) and (4). O

Remark 3.8. (1) We can also write al(®) and all(>?) by using the result of [I5
Theorem 2.6] or [I2| Proposition 5] as follows:

al®®) = bac(abac)* = ba(caba)?c = b(acab)?ac = (baca)*bac,
ale® = cab(acab)t = ca(baca)b = c(abac)tab = (caba)fcab.

(2) If @ is only (c,b)-polar, this does not allow us to have the equalities in
the previous theorem, because we may not have the right and left (b, c)-spectral
idempotents of a, since a may not be (b, ¢)-polar, as shown in Example
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An involution * is a bijection x — z* on R that satisfies the following conditions
for all a,b € R:

i) (a")* =
(ii) (ab)* _b* "
(iii) (a+b)* =a* +b*.
We say t

hat R is a #-ring if there is an involution on R.

Proposition 3.9. Let R be a *-ring, and let a,b,c € R. Then a is (b, c)-polar if
and only if a* is dually (b*,c*)-polar. In this case, we have

Proof. We have a that is (b, ¢)-polar if and only if a is (b, ¢)-invertible, by Theo-
rem . Suppose that y = al®9) so y € bBRN Re, yab = b, and cay = ¢. By
involution we get y* € ¢c* RN Rb*, b*a *y* = b*, and y*a*c* = ¢*, which means that
a* is (¢*, b*)-invertible with inverse y*, i.e., y* = (al®))* = a*”(c*’b*). Moreover,

a* is (¢*,b*)-invertible if and only if a* is dually (b*, ¢*)-polar. And we have
b,c)m\ % c * * c * _x|[(c (\ T

(@) = @9a)* = (@) = @@l = @) o

(agb,c)ﬂ)* — (aaH(b,c))* — (aH(b,c))*a* — *H(c b )a* _ (a*)l(b*,c*)ﬂ-' 0

Proposition 3.10. Let a,b,c € R such that a is (b,c)-polar and let k > 1. If
a € comm(b) Ncomm(c) and ba = ca, then we have
(1) a is polar along b and a®" (b’c)”
(2) a is dually polar along ¢ and a.r = albom,
k _k
(3) a* is (b*, cF)-polar, with (a* )l(b < al(b’C)Tr and (%) )™ = &

(b,e)m

Proof. Since a is (b, ¢)-polar, there exist p = q, and g = abo

such that
p=p?€bRea, q=¢*>€abRe, pb=b, cq=c, cap=ca, and qab= ab.

(1) and (2): As ba = ca = ac = ab, we have bap = ba = pba, which means
that p € comm(ba) and acq = ac = gac, which means that ¢ € comm(ac). Also,
p € bRba C Rba and q € abRc = acRc C acR. Then p = tba for some ¢t € R and
q = acz for some x € R. Then

(ptp +1—p)(ba+ 1 —p) = ptpba + ptp(1 —p) + (1 —p)ba+1—p
=ptha+0+0+1—p=p*+1—p
=1.
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Hence (ba + 1 —p) € R;'. And
(ac+1—q)(qzg+1—q) =acqgzq+ac(l—q)+ (1 —q)qzq+1—¢q
=acxq+0+04+1—gq
=¢+1—¢q
=1.
Hence ac+1—gq € R, L.

By Jacobson’s lemma and the expression of p = al®%q and ¢ = aal®°), we
have
l+ba—peR " < ac+1—-qe R’
and
1+ach€R;1 = ba+1—p€R;1.
Thus we obtain ba +1 —p € R~! and ac+ 1 — ¢ € R~'. Consequently, a is polar

along b with o™ = p = al(b’c)”, and a is dually polar along ¢ with aex = ¢ = a'>*9".

(3): Since p and g are idempotents and a € comm(b) N comm(c), we have
Fa*p = (ca)*p* = (ca)® = Fa”
and
qa*v* = ¢*(ab)* = (ab)* = a*v*.

On the other hand, we have pb¥ = pbb*~! = bb*~! = b* and c¥q = *~leqg =
k1 k

Ugingc(i) and (2) we have
ba+1—-peR = (ba+1-p)recRrR?
< (ba)*+1-peR!
<= p e (ba)*R(ba)* by [13, Theorem 2.4]
<« p € b*a*R(ca)* C b*RcFa”.
Similarly,
ac+1—qeR*'= (14+ac—qreR™
= (ac)* +1—-q€ R <= q € (ac)*R(ac)*
<= q € (ab)*Ra*c* C aFb" Rc”.

k ¢ Lk
Finally, a* is (b*, c*)-polar with (ak)l(b ) p= al(b’c)ﬂ and (ak)g)k’c I
(b,e)w
ar .

I
S
Ol

Theorem 3.11. Let a,b,c,d € R such that a is (b,c)-polar. Then the following
conditions are equivalent:

(1) d is (b,c)-polar such that al(b’c)ﬁ = dl(b’c)7r and a¥9™ = 4>,
calal(b’c)7r = cd, al(b’C)Tr € bRed, and al(b’c)”b =b,
a7 db = db, a{>™ € dbRe, and ca>O™ = c.
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a7 db = db, a{>™ € abRe N dbRe, and cal®O™ = c.
(4) d is (b, c)-polar, cdal(b’c)ﬁ =cd, and o™ db = db.
Proof. (1) = (2). It is clear.
(2) = (1). By Definition and Theorem

(2) = (3). We have al(b’c)ﬂ € bRca and o™ € abRe, and we also have, by

hypothesis, al(b’c)ﬁ € bRcd and aS.”’C)“ € dbRc. Hence al(b’c)7r € bRed N bRca and

a»9™ ¢ abRe N dbRe.

{calal(b’c)7r = cd, al(b’c)Tr € bRed NbRca, and al(b’c)ﬂb =D,

(3) = (2). It is obvious.

(1) = (4). It is clear.

(4) = (1). We prove that al(b’c)w = dl(b’c)7T and a9 = d"9™. First we have
dl(b’c)7T € bRcd, so dl(b’c)7r = bxcd for some x € R, and al(b’c)Tr € bRca, so al(b’c)Tr =

btca for some t € R. Moreover, cddl(b’c)Tr =cd = cclal(b’c)7T and al(b’c)wb =b= dl(b’c)ﬂb,
thus
4" — a0 = baed — bredal” T = bred — bred = 0.

Hence

dl(b,c)ﬂ dl(b’C)ﬂ-al(b,C)Tr.

Also,
al(b’c)7T — cll(b’c)wal(b’c)7r = btca — dl(b’c)ﬂbtca = btca — btca = 0.
So

(bye)w _ (be)w (b,e)w
a; =d, a, .
Consequently, al(b’c)ﬂ = dl(b’c)ﬂ.

d7(nb,c)7r o (b,c)w- 0

Similarly, we show that = a,

4. THE (B, C)-POLARITY FOR BOUNDED LINEAR OPERATORS

Let X be a complex Banach space, and let B(X) denote the algebra of all
bounded linear operators. Let A € B(X). We denote by N (A) = {z € X : Az =0}
the null space of A and by R(A) = {Az : © € X} the range of A, and we write
I € B(X) for the identity operator.

Let A, B, C € B(X). Then A is (B,C)-polar if there exist two projections
P,Q € B(X) such that

(1) P € BB(X)CA;

(2) Q € ABB(X)C;

(3) PB=B,0Q=C;

(4) CAP=CA, QAB = AB.

A closed subspace M of X is a complemented subspace of X if there exists a
closed subspace N of X such that X = M & N.

Recall that an operator A € B(X) is regular if and only if R(A) is closed and
a complemented subspace of X, and N (A) is a complemented subspace of X (see
[11, Proposition 13.1]).
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Theorem 4.1. Let A, B, C € B(X) such that B, C and CAB are reqular. Then
the following assertions are equivalent:
(1) A is (B, C)-invertible;
(2) A is (B,C)-polar;
(3) There exist projections P,Q € B(X) such that
(i) R(P) =R(B);
(i) M(Q) =N(C);
(iil) R(Q) = R(AB);
(iv) N(P) = N(CA).
Proof. (1) < (2). By Theorem [2.6]
2) = ).
(i) From P € BB(X)CA we have R(P) C R(B). Also, from PB = B, we see
that R(B) C R(P). Hence
R(P) = R(B).
(i) CQ =C = N(Q) CN(C).
Now let 2 € X such that Cz = 0. Since Q € ABB(X)C, we have Qx =0
and so N'(C) C N(Q), thus

N(Q) = N(O).

(iii) Q € ABB(X)C = R(Q) C R(AB). Also, QAB = AB = R(AB) C R(Q).
Hence
R(Q) = R(AB).
(iv) CAP =CA = N(P) CN(CA), and P € BB(X)CA = N(CA) CN(P).
Hence

N(P)=N(CA).
(3) = (1). To show that A is (B, C)-invertible, it suffices to prove that N'(B) =
N(CAB) and R(C) = R(CAB) by virtue of [2, Theorem 4.1].

First we can see that PB = B and CQ = C. Indeed, let z € X. As Bx €
R(B) = R(P), we have P(Bx) = Bx and so PB = B.

We have Cz = C(z — Q(z)) + CQr = 0+ CQx = CQz as v — Qz € N(Q) =
N(C). Hence C = CQ.

Obviously we have R(CAB) C R(C). Let y € R(C). Then there exists some
x € X such that y = Cx. As CQ = C, we get y = CQx and we can write y = Cz
for some z = Qz € R(Q) = R(AB), so z = ABt for some t € X. Thus we obtain
y = Cz = CABt, which implies that y € R(CAB). Hence R(C) C R(CAB) and
consequently

R(C) =R(CAB).

On the other hand, we obviously have N(B) C N(CAB). Suppose that s €
N(CAB). Then CABs = 0. Set z = Bs. We obtain CAz = 0, which means
that z € N(CA) = N(P), and hence Pz = 0 = PBs. Since PB = B, we obtain
Bs = 0, which gives s € N(B). Hence N(CAB) C N(B), and we conclude that

N(B) = N(CAB).
Therefore A is (B, C)-invertible. O
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Remark 4.2. Assume that A is (B, C)-invertible. Then, with respect to the
decompositions X = R(P) @ N (P) and X = R(Q) & N (Q), we have the following
matrix representation of A:

_| QA QA ||
A_[(I—Q)A (I_Q)A].R(P)EBN(P)—)R(Q)EBN(Q)

x1 + T2 — A(z1 + 22).
Indeed, with respect to the Peirce decomposition, we have

A { QAP QA(I - P)
T lI-QAP (1-QaUu-P)|

Then for 21 € R(P) and x5 € N(P) we have
QAP : R(P (Q), x1— QAPx; = QAuxy;

— R
(I—Q)AP:R(P) — N(Q), z1+— (I — Q)APxy = (I — Q)Axy;
QA(I — P) : N(P) — R(Q), z2+— QAxy;
(I-Q)A(I—P):N(P) — N(Q), z2+— (I —Q)Axs.

Corollary 4.3. Let A, B € B(X), with B reqular. Then the following assertions
are equivalent:

(1) A is invertible along B.
(2) A is polar along B.
(3) There exists a projection P € B(X) such that
() N(P) = N(BA) = N (B);
(ii) R(P) =R(AB) = R(B).
(4) R(B) is closed and a complemented subspace of X, R(AB) is closed with
X =R(AB) ® N(B), and Algpy : R(B) — R(AB) is invertible.

Proof. The equivalence between (1), (2) and (3) follows from Theorem 4.1} The
equivalence between (1) and (4) is [7, Theorem 2]; however, we can give another
proof by showing that (2) or (3) is equivalent to (4).

Indeed, assume that A is polar along Bj; then by (3) R(B) = R(P), which is
closed and complemented in X, since P is a bounded projection. Also, R(AB) =
R(P) is closed and X = R(P) ® N (P) = R(AB) ® N(B).

The operator A|g(p) is surjective by construction. So let 2 € R(B) such that
ABr = 0; then BABz = 0 and hence Bz € N(BA) = N(P) by (3). Thus
0 = PBxz = Bx. Therefore, A|g(p) is injective.

Conversely, assume that (4) holds. Let P be the bounded projection onto
R(AB). Let x € X with x = z1 + z2 such that z; € R(AB) = R(P) and
x9 € N(B) = N(P). Then

BPx = Bz, = B(x1 + x2) = Bux.

)
)

So BP = B. Also,
ABPx = ABx = ABxy = PABx, = PABx.

Hence P € comm(AB).
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Now, to deduce that A is dually polar along B, it remains to show that AB+I—P
is invertible. We have (AB + I — P)x = ABx1 + z3. Then if (AB+ 1 — P)x =0,
we get ABx; = 0 and 2o = 0. Since the operator A|z(p) is invertible, we deduce
that 1 = 0. Thus AB + I — P is injective.

Let y = y1+yo such that y; € R(AB) and yo € N(B). Then y; = ABx = ABx;
for some x € X. Set z = 1 + y2. Then (AB+ 1 — P)z = ABx; + y2 = y. Hence
AB + I — P is surjective. Therefore A is dually polar along B, hence A is polar
along B. O
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