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CHARACTERIZATIONS OF WEIGHT CLASSES
FOR MULTILINEAR INTEGRAL OPERATORS
AND SPARSE FORMS

DIEGO MALDONADO

ABSTRACT. The class of Muckenhoupt weights has been extended to the mul-
tilinear setting in several contexts of real and Fourier analysis. In this work,
we provide new characterizations of these multilinear weight classes through
a unifying principle based on pointwise, rather than averaged, evaluation of
the weights.

1. INTRODUCTION AND MAIN RESULTS

Since the pioneering works of R. Coifman and Y. Meyer [5] [6] [7] and the sub-
sequent systematic studies by C. Kenig and E. Stein [I5], M. Lacey and C. Thiele
[16, 17], and L. Grafakos and R. Torres [12] [13], the areas of multilinear Fourier
and real analysis have continued to advance in a wide range of directions. One par-
ticularly active direction concerns the study of weighted estimates for multilinear
counterparts of fundamental linear operators such as the multi(sub)linear mazimal
operator M, defined for a vector function f:: (fi,--, fm) € L (R™)™

MA@ =TT (f, i) v ew (8l

where Q C R™ is a cube (always with sides parallel to the coordinate axes), and
where {,, u stands for the average value ﬁ Jo u(z) dz; the multi(sub)linear frac-
tional maximal and integral operators M, and Z,,, defined for 0 < a < mn by

Mo = s [T (100 f i) veem )

and

. a—mn m
L@ = [ (Z o-ul)  IIsiy wer, 03
Rn)m™ .
j=1
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as well as multilinear sparse forms of the type

Rortfrefun (7[ k(e dm) - (élfju)mx)”,
=1

QEeS
(1.4)
where 7 := (r1,...,7my1) € [1,00)™T! with Zm+1 1/r; > 1, and S is a sparse
family of cubes.

The multilinear weight classes that govern the weighted-norm estimates for M,
Ma, Lo, and A 7 are described in Sections[T.1} and[L.3|below, and the purpose
of this note is to provide new, simpler characterizations of such classes. In practice,
our characterizations allow us to check whether an m-tuple @ := (w1,..., W)
belongs to one or more of the above classes by inspecting a condition of the type
“there exists some p € (1,00) such that u € A,(R™)”, instead of one of the type
“u € Ap(R™) for a specific value of p”, where u is a power of some w;.

Recall that for 1 < p < oo, a weight w in R™ (that is, w € L (R™) with w > 0
a.e. in R™) is said to belong to the Muckenhoupt class AP(R") if

nimap () ()<

The endpoint classes for p = 1 and p = oo are defined by

ula, +=sup (72 w> (essnt w>_1 < 00
wla. = s (]é w> exp <—]€glnw> < .

As it turns out (see, for instance, [10, Section 9.3]), Asc(R") = U; <)<, 4p(R").

and

1.1. The multilinear weight classes A o P and Aj. At the core of the multi-
linear Fourier analysis theory developed by A K. Lerner S. Ombrosi, C. Pérez,
R. H. Torres, and R. Trujillo-Gonzélez in [I8] lies a multilinear version of the
Ap-condition that can be introduced as follows. Let v, ws,...,w,, be nonnegative
measurable functions defined in R"™, and set @ := (w1,...,wy). Given 0 < p < 0o
and P := (p1,...,pm) € [1,00)™, we write (v, @) € A, pif

m - l/p;
(][ w; ") < 00, (1.5)
i— Q

j=1

1

(v, @)]a, , = Sup (]2 V) '

—p'\ 1/Pj
and, if some p; = 1, then (JCQ w]l pj) ’ stands for 1/ infg w;; see [I8] Section 3.2].

—

In other words, if the indices 1,...,m are split as
I-;={1<j<m:p; =1},

1.6
Ly={1<j<m:p;>1}, (16)
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WEIGHT CLASSES FOR MULTILINEAR INTEGRAL OPERATORS 321

then (v, W) € A 5 means

(00, = sup (ﬁ) )

Notice that the condition (|1.7) along with Lebesgue’s differentiation theorem yields

Q=

(H inf;wj> 11 (]éw;_p;)l/p; <oo. (L7)

jE€I=1 JE€I>1

v(z) <|(v, 117)]2,10’}3 H wi(x)P/P1 ae. x € R (1.8)

Following [I8] Section 3.2], if the exponent 0 < p < oo is related to P by means of
the Holder relation
1 &1

e
and v is chosen as the product weight
m
Vg = Hw;?/pj, (1.10)
j=1

then 0 is said to satisfy the A -condition, in symbols @ € A, if

o (o) (I ) I (7)<

Jel—1 FISIES!

The key roles of the classes A P and Az in multilinear Fourier and real analysis

stem from two fundamental results for the multi(sub)linear max1mal function M
defined in . firstly, for 1 < p1,...,pm < 00 and p as in , by [I8, Theo-
rem 3.3] the multilinear weighted weak-type estimate

IM(P)lzroewy < C LT 50225 ) (1.11)
j=1
holds true if and only if (v, W) € A, p- Secondly, given 1 < py,...,pm < 00, and
with p still as in ), by [I8, Theorem 3.7] the multilinear weighted inequality

IMF)lLr(vg) < C H 1 £5 1l w,) (1.12)
j=1
holds true if and only if @ € As. Regarding sharp versions of (1.12), K. Li,
K. Moen, and W. Sun established in [20, Theorem 1.2] the inequality

||M(f)||Lp(,,ﬂj) < Om,n,ﬁ [w]ZZX{m/p,...,Pm/P} H ”fjHL"J' ()
j=1
and proved that max{p|/p,...,p.,/p} is the best possible exponent.
The classes A 5 and Ajp also shape weighted inequalities such as and
- ) for a number of other operators, including multilinear Calderén— Zygmund
operators [9, Theorem 1.5], [I8, Corollary 3.9], [20, Theorem 1.4]; multilinear square
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322 DIEGO MALDONADO

functions [I1, Theorem 3.1]; multilinear singular integrals with rough kernels [2]
Theorem 3.2]; commutators with singular integrals [2, Theorem 3.4]; multilinear
Fourier multipliers [22] Theorem 1.2]; multilinear pseudodifferential operators; ex-
trapolation estimates for multilinear operators [14, Theorem 2.9]; etc.

The first characterization of the multilinear class Az comes from [I8, Theo-
rem 3.6].

Theorem A ([I8, Theorem 3.6]). Fiz 1 < py,...,pm < o0 and let p > 0 be related
to P by means of the Holder relation . Then W € A if and only if
(i) vg € App(R™), and
(ii) wjl,_p;' € Amp; (R™) forj=1,...,m. If p; =1, then the condition w;_
Amp/j (R™) is understood as w;/m € A (R™).

’
ij

Later on, and always under the Holder relation (1.9]), D. Cruz-Uribe and K. Moen
extended Theorem @ within the case p; > 1 for every j = 1,...,m, as follows.

Theorem B ([8, Theorem 1.8]). Fiz 1 < p1,...,pm < 00 and let p > 0 be related
to P by means of the Hélder relation (1.9). Then & € A if and only if
(i) vg € Axo(R™), and

P e A (R™) for j=1,...,m.

(ii) w;

Along these lines, we now extend Theorems [A] and [B]so as to accommodate any
Ao (R™)-weight v satisfying v < vg (which, due to (L.8)), is a necessary condition
for (1.5) to hold), as well as the cases when p; = 1 for some j = 1,...,m, and

when p and P are not necessarily related through the Holder relation (|1.9)). More
precisely, we prove

Theorem 1.1. Fiz 1 <p1,...,pm <00 and 0 < p < 00, not necessarily satisfying
the Holder relation (1.9). Let & = (wy,...,wy) be a vector weight and let v be a
weight satisfying

(i) v € Ao (R™) and there exists a constant Cy > 0 such that

v(z) < C H wi(x)P/P a.e. x € R (1.13)
j=1

(ii) wjl-fpj € Ac(R™) for j =1,...,m. If pj =1, then the condition wjl-ipj €
A (R™) is understood as w?j € A (R™) for some oj > 0.
Then (v, W) € A, 5 with the estimate

q;—1

(@), , < COF 20m+ 105 5, ( [T 2m+1) 7 [w;‘pﬂi(p?)

JEI>1 N
1
< [T 2m+ D) [wi] 3,

JEI=1
(1.14)
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WEIGHT CLASSES FOR MULTILINEAR INTEGRAL OPERATORS 323

where the index sets I and I=1 are as in (L.6), 1 < g; < oo satisfies wjl»_pj =
Ag,(R™) for each j € Is1, and 1 < qpy1 < 00 such that v € Ay, (R").

1.2. The multilinear weight class A( B The following version of the condition
(L.5) has been studied by K. Moen [24]; by S. Chen, H. Wu, and Q. Xue in [3], and
by X. Chen and Q. Xue in [4]: Given 1 < py,...,pm < 00 and 0 < ¢ < 0o, we say
that @ := (w1,...,w,) belongs to A(ﬁ,q) if

s, = (£(T10) ) (T gt ) 1T (7)™ <

Jjel= J€I>1

(1.15)
where the sets I_; and I~ are as in . Here are some known facts for w €
A( P The multilinear class A F.a) arises from the study of the boundedness
propertles in weighted Lebesgue spaces of the operators M, and Z, defined in
and (| . More precisely, by [24, Theorems 3.5 and 3.6], if 0 < o < nm and
1 < PlyeeeyPm < 00 with pa < n, where p is as in , and if 0 < ¢ < o0 is
defined by

32

, (1.16)

==

1
q
then the inequality

(An[|n<f>|ﬂwj}q>l/ f[(/ dpr) "

where T, = M, or I, holds for every f := (fi,...,fm) € LP*(wP") x -+ x
LPm(wPm) if and only if @ € A( P Sharp versions of the inequality (1.17)) in
terms of powers of [ ]A(ﬂ 5., are proved in [21, Section 1]. The class A 5 , also
models weighted estimates for multilinear fractional maximal and integral operators
with homogeneous kernels [4, Theorems 2.5 and 2.6]; fractional Leibniz rules [IJ,
Corollary 15], extrapolation estimates for multilinear operators [14, Theorem 2.9];
ete.

A necessary condition for membership in A( Pq) comes from [24, Theorem 3.4].

Theorem C (|24, Theorem 3.4]). Let 1 < p1,...,pm < 00, let 0 < p < oo be
defined by the Hoélder relation (1.9), and let p < ¢ < 0o. Then W € A(ﬁ 9 implies

. m a n
() (I ws) € Amg(R), and
(ii) w;pj € Ay (R") for j=1,....m

Later on, in [3], S. Chen, H. Wu, and Q. Xue extended Theorem [C| by proving
the following characterization.

Theorem D ([3, Theorem 3.5]). Fiz 1 < p1,...,pm < 00, let 0 < p < o0 be
defined by the Holder relation (1.9), and let p < g < co. Then @ € A(Is ?) if and

only if
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324 DIEGO MALDONADO

() (TI%y ;)" € Amg(R"), and

(ii) w, " € Ay (R") for j =1,...,m. If pj = 1, then the condition w
Amp;_ (R™) is understood as wl/™ e A1 (R™).

/
—p;

j S

J
J
Our next result weakens the assumptions and from Theorem |§| (con-
sidered as testing conditions for membership in A( 137q)) by replacing the classes
Ap(R™) for specific values of p with the class A (R™) and, in the case p; = 1, by
replacing the exponent 1/m with any 0 < a; < co. Moreover, the Hélder relation
is not assumed. Namely, we prove

Wpn 72

Theorem 1.2. Let 1 < p1,...,pm < 00 and 0 < g < oo (notice there’s no “p
involved) and suppose that
m q n
() (I ws) € Aw(R™), and
(i) w;” € A(R™) for j = 1,...,m. If p; = 1, then the condition w, " €
Ao (R™) is understood as w;l’ € A, (R™) for some oj > 0.
Then W € A(}g 9 with the estimate

Q=

[@a,,,, < [20m+ D)5 ( II wj> ( IT 2m + D[] Xff)
j=1

JEI>1

Ay i1

X H [2(m + 1)) [w]?] 37, (1.18)
j€l=1

where 1 < q; < oo satisfies wj_pj € Ay (R™) for each j € Iy, and 1 < g1 < 00
is such that v € A (R™).

dm+1

By combining Theorems [D] and [I.2] we immediately obtain the following charac-

terization of the multilinear class A( P

Corollary 1.3. Fiz 1 < p1,...,pm < 00, let 0 < p < o0 be defined by the Hélder
relation (1.9), and let p < g < co. Then @ € A(}; a0 if and only if

q

() (I w;) € Ax(R") and

(ii) w;pﬂ' € Ao (R™) for j = 1,..1.7m. If p; = 1, then the condition w;pj €
Apy (R™) is understood as wj/m € A (R™).

Notice that there is no “a” involved in Theorems [C] [D} 1.2 or Corollary [T.3]
Now, regarding 0 < o < mn, X. Chen and Q. Xue [4] proved the following necessary
condition for &€ A5 with 0 < p < oo as in (L.9) and 0 < ¢ < oo as in (L.16).

Theorem E (][4, Theorem 2.2]). Fiz 0 < o < mn and 1 < py,...,pm < 0. Let
0 < p < o0 be defined by the Holder relation (1.9), and let 0 < g < oo as in (1.16)).
Then W € A(ﬁ o implies
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WEIGHT CLASSES FOR MULTILINEAR INTEGRAL OPERATORS 325

. m q
(i) (szl wj) € Agtm—a/m)(R™), and

(ii) w;pj € Ap;(m,a/n)(R") forj=1,...,m whenever a/n < (m—2)+1/p;+
1/p; for any 1 <i,j5 <m. Ifp; =1, the condition w;pj € Apj’_(mfoc/n) (R™)
is understood as w;b/(mn_a) € A (R™).

Later in [3], S. Chen, H. Wu, and Q. Xue completed the characterization of
w e A(ﬁ,q) with ¢ as in (1.16)) by proving
Theorem F (|3, Theorem 3.7)). Fiz 0 < a <mn and 1 < py,...,pm < 00. Let

0 < p < o0 be defined by the Holder relation (1.9), and let 0 < ¢ < oo be defined by
(1.16). Then o € A(ﬁ o i and only if

. m q n
(i) (szl wj) € Agtm—a/m)(R™), and
(ii) w;pj € Ap;(m,a/n) (R™) forj=1,....,m. If p; = 1, the condition w;pj €

Ayt (m—an)(R") is understood as w?/(mn_a) € A1 (R").

’

As a consequence of Theorem [I.2] and Theorem [F] we now obtain the following
characterization of @ € A(ﬁq), with 0 < p < oo as in and 0 < ¢ < oo as
in , that extends both Theorem [Ef and Theorem [F| by replacing the specific
Ap(R™) with A (R™).

Corollary 1.4. Fizr0<a<mn and 1 < pi,...,pm < 00. Let 0 < p < 0o be as
in (1.9) and ¢ > 0 as in (1.16). Then @ € A(ﬁ 0 if and only if

() (T w;) € Ase(R™), and

(ii) wj_pj € Ax(R™) forj=1,...,m. If p; = 1, the condition wj_pj € Ao (R™)

is understood as w;b/(m"_a) e A (R™).

Proof. If W € A(};ﬂ), then and follow from Theorem in turn, the fact
that ()] and [(ii)| imply @ € 4 5 ) is provided by Theorem O

1.3. The multilinear weight class Ap .. In [19], K. Li, J. M. Martell, and
S. Ombrosi introduced an extension of the multilinear class of weights Az, de-
fined as follows. Given P := (p1y---yPm) € [1,00)™ and 7 := (r1,...,"m41) €
[1,00)™+1, let 0 < p < o0 be defined by the Holder relation (L.9), and write 7 < P
if r; < p; for every j =1,...,m and 7}, ; > p. Also, 7 < Pif 7 < P and r; < Dpj
for every j = 1,...,m. Then a vector weight & := (w, ..., w,,) belongs to Ap - if

’ ey a—
"m41 P+l m rj

11
v -y P Ti Pj
[W]ap . = sup ]éuw’"“ ! H <][Q w,;’ pJ) < 00, (1.19)
=1

Q

1
where, if 7,41 = 1, the factor corresponding to vz is replaced by ( fQ 1/@) ? (always
with vy standing for the product weight defined in (L.10)), and if p; = r; for
some j = 1,...,m, then the corresponding term involving w; is replaced with
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326 DIEGO MALDONADO

1/infq w;/pj. Notice that Az = Ap (1o1)" Also, as described in [I9 p. 23], by
introducing
1 1 1 1 1
=1-- and —i=——-—— j=1,...,m+1, (1.20)
Pm+1 p oj T Py

as well as the sets
Io:={1<j<m:rj<p;j} and Zo:={1<j<m:r;=p;}, (1.21)

the relation 7 < P means r; < pjfor j =1,...,mand rm41 < pm+1, and the
condition @ € Ap . defined in (1.19) can be recast as

L 1
Fmi -5 5.0\ %
[W]a, . :=sup (][ ufg"“/”) o (H inf w; ”J) H (7[ w; 5]/@) < 0.
-9 Ve jez. @ jer. Ve
(1.22)

The class A . shapes weighted norm inequalities for the multilinear sparse form
As 7 defined in (1.4). Indeed, by [19, Remark 2.14], when 7 < P the condition
W € Ap - is necessary and sufficient for the estimate

Rl

1

As (s Fos 1) < CLG 1l oy Tl (1:23)
j=1

to hold for every measurable fi,..., fi,, and h. As a consequence of ([1.23)), if a
multilinear operator T satisfies the inequality

/nhT(fl,...,fm)

for every fi,..., fm,h € C°(R™), where the supremum is taken over all sparse
families with a given sparsity constant (see [19, Section 2] for details), then the
following weighted estimate for T holds:

S OSupASf(fl,...,fm,h) (124)
S

om
1T Fod Loy S B0 T 165l -
j=1
Examples of operators T satisfying under suitable choices of indices 7 in-
clude bilinear rough singular integral operators, the bilinear Hilbert transform,
and commutators with BMO functions; see [19, Sections 2.4, 2.5, 2.6].
In [19, Lemma 3.2], K. Li, J. M. Martell, and S. Ombrosi proved the following
characterization of the weights in A B

Theorem G ([I9, Lemma 3.2]). Let P = (p1,....pm) € [1,00)™ and 7 :=

(r1y.. s Tma1) € [1,00)™F1 be such that ¥ < P. Let 0 < p < oo be defined by

the Holder relation (1.9). Forj=1,...,m+1, let §; be as in (1.20)), and introduce
m—+1

1 1 1 1 1 1 1—r 1 .
f::Z—, —=—_—+4 , and — = —— forj=1,...,m.
T = T o 5m 5m+1 0]‘ T (Sj

(1.25)
Then the following hold:
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WEIGHT CLASSES FOR MULTILINEAR INTEGRAL OPERATORS 327

(i) Given & := (wi,...,wn) € Ap , set
m—1 )\ @ N
W= (H w?) and W = uw;’nw_ T
j=1
Then 0 /p 6111 " .
(1) wy'™ € Airy, with [w, 7]A17r6 g[w]f{ﬁf forj=1,...,m;

5
N S

(i.2) we Agg with [w]AQQ <[4

(i3) WeA 1 (W) with [W]A ~ < [w]5m+1

Pm Jm,+1 (w)
™m’ Tm

Pm
™m ' Trn

(ii) Given w?j/pj EAQQJ_ forj=1,...,m—1, such that

m—1 1 e
@::(H wj‘,"j) EAl;Trg and W €A, s, (0),

j:]- 7771. ’ Tm
let us set w,, := Wom @ om . Then @ := (Wi,..., W) € Ap - with
o < i 0;/ 7
— B < W m41 N 1 e ‘j pj J
[w]AP,F — [ ]Am’67”+1 (w)[w]A 1:7‘9 iy [w] ]Al:rej

Remark 1.5. The definition of 4, Smtt (W) can be found in [19, p. 22] and it

will not be used in what follows. The actual item (i. 1) in [19, Lemma 3.2, p. 24]
states the condition wa Pic Ay 1rg, only for j =1,. — 1, but from its proof
on [19, p. 26] it follows that the condition holds for Jj = m as well.

Based directly on the condition ([1.22)), our next result provides a characterization
of the class Az - in terms of Ao (R™). More precisely, we prove

Theorem 1.6. Let P := (p1,...,pm) € [1,00)™ and ¥ := (r1,...,"m+1) €
[1,00)™ " be such that ¥ < P. With 0 < p < oo defined by the Hélder relation
(11.9), along with all the preceding notation, the following are equivalent:

(1) W= (wl,.. )EAP’I"

(ii) ui””“/p € Ax(R") and w; /P e A (R™) for every j = 1,...,m. In
the case 6; L= 0 (that is, zpr =rj), the condition w; %3/Pi ¢ A (R™) is
understood as wje’/p] € A (R™).

Remark 1.7. Let us illustrate an application of Theorem [I.6| with m = 2 and the

power weights wy () = |z|~* and wa(z) = |z|~*2. Given 1 < p1,p2 < 0o and
1< ry,7r9,r3 < 0o with ¥ < P, that is, 71 < p1, 72 < po, and r3 < p3, where
1 1 1 1
=l =1 — -
p3 p pP1 D2
Ej LY](S
set 1/8; :=1/r; —1/p; for j =1,2,3. Then w;(z) 7 = |z| * for j =1,2, and

33

vg(xz)» = \x|753(%+%). Recalling that a weight |z|? € A (R") if and only if
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328 DIEGO MALDONADO

B > —n (see, for instance, [10, Example 9.1.7]), it follows from Theorem that
@ = (|z[7, [2]7*2) € Ap - if and only if
ar n o a n a1 Qo
o > — 5 >—£, and <p1+ ) < @ (1.26)
As proved in [19] pp. 13-14], when m = 2 the condition
1 1 1
min{ry, 2} + min{ry, 2} + min{rs, 2}

<2 (1.27)

for 7 := (r1,72,73) € (1,00)% along with 7 < B, p>1,and i@ = (w1, we) € A~ =

P P

guarantees the LP!(wy) x LP?(wg) — LP(w) boundedness, with w := w{* w3?, of
the bilinear Hilbert transform

BH(f,g)(x —pv/fxft (x+t)dtt

In particular, it follows that
BH : L7 (|| =) x L7(|a] %) = L¥(ja| " [a] ),
for indices 7 := (r1,72,73) € (1,00)? satisfying < p,p1, P2 < 00 with
r1 < p1, T2 < P2, 1/p=1/p1 + 1/p2, and ai, as as in (|1.26))
2. PRELIMINARIES
Our proofs will be based on the following lemma from [23].

Lemma 2.1. Fiz1 <p < oo andw € A,(R™). Then, for every cube Q and N > 1,
there exists a set Fy C QQ such that

RSN (21)

and
esssup w < (N + 1)][ wdr < (N 4 1)P[w]a, essinf w. (2.2)
Fn Q Fn
Remark 2.2. Notice that if w € A (R") and p*(w) := inf{p € [1,00) : w €
A,(R™)}, then by letting p — p*(w) the inequality (2.2) also holds with p*(w)
instead of p.

Remark 2.3. In the case of multiple Ay (R™)-weights, Lemma will be used
as follows. Fix K weights wy,...,wx € Ax(R™), a cube @, and N > 1. For
j=1,...,K, let 1 < g; < oo be an index such that w; € A, (R") and let Fi .,
be the set Fy from Lemma applied to w;, @, and N. Then implies

(N+ 1)
Q| < [ E'N s | (2.3)
for each j =1,..., K. Moreover, we have
K K K
V() P = U@\ )| < 100 P < 751101
j=1 j=1 j=1
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WEIGHT CLASSES FOR MULTILINEAR INTEGRAL OPERATORS 329

since |Q \ Fnw,| < NLH|Q\ due to (2.3). Thus, by setting Fy x = ﬂ]K=1 Fy o,
and choosing N > 2K — 1, we obtain
2K
Pl > (1- ) 101 > 0 (24

In particular, the inequality (2.2)) yields
esssup w; < (N + 1)][ wjdr < (N +1)%[w;]a, essinfw Vj=1,... K. (2.5)
Fn,k Q 7 Fn K
In the proof of Theorem [I.6] we will use the following well-known characterization

of the class A (R™) (see, for instance, [10, Section 9.3.2]).

Theorem H. Let w be a weight in R™. The following are equivalent:
(i) there exist constants v, € (0,1) such that ’{w €Q:w(z) > 'ny wh| >
BlQ)| for every cube Q@ C R™.
3. Proors oF THEOREMS [I.1] [[.2| AND

3.1. Proof of Theorem In keeping with the notation Is; and I-; from
([1.6), set o, := wjlvipj € Ax(R") for j € I, 0j = w?j € Ay (R"™) for j € I_q,
and 0,11 = v € Ax(R"). Given N > 2(m + 1) — 1 and a cube Q C R™, let
Fy o, be the set Fiy C @ from Lemma corresponding to each 0; € Ay (R™),

j=1,...,m+1, and define Fy := ﬂm+1 FN .o, so that (2.4] . (used with K = m+1)
implies |Fy| > [1 — 2(m + 1)/(N + 1)]|Q| > 0. Thus, from we get

][Qw;pj < (N+ 1)‘19'_1[11);717]']14 wj(x)l_p;' ae € Fng,jelsr, (3.1)

9j
where 1 < ¢; < oo satisfies wjl-ipj € Ay (R™), and (when p; = 1)

esssup w; M < (N+1)][ M < (N+1)[ a, essmfw T Vjel,, (3.2
FN,o; Q Q

as well as (for j =m+1)
][ V< (N4 1)l (@) ae o€ Fyg,.,, (3.3)
Q
with 1 < gm41 < oo such that v € A, (R™). Then, by raising (3.1 to the power
1/pj,
4

—p’ 1/17; ’ —p ! ’ ’
<]£2 w]l PJ> < (N + 1)(q3'*1)/p]~ [w]l PJ]Z/ijj(I)(lfpj)/pj (3.4)

for a.e. x € Fiy 5, and every j € I.;. By raising (3.2) to the power 1/a;, we get

esssup w; < (N + 1)1/%[ w; 7] /1 ! 1nfwj Vjel,. (3.5)
FN,o‘j
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Now, for a.e. x € F, by multiplying (3.4) over j € I and using (3.3)) raised to
the power 1/p we obtain

<][Q v)zl’ I (]éw;p3>l/p;

JEI>1
1 1 a5t 17;7;
dm1— 1 1 o 1-piq1/p! ’
SN )FTE, v [TV [ )
JE€EI>1
1 am+41—1 1
SCEIN+1)TTE M, <Hw] )
Ll 17
« [T )7 TP
JEI> !
1 9m+1—1 1 LTI 1—
=C{(N+1)" » [V]zqmﬂ( H (N+1) % [w pJ 1/p]> H w;(x)?s,
JEI-1 jeI—1

1
where for the second inequality we used the hypothesis (1.13). Next, since w;j =
w; for j € I=1 (because then p; = 1), from (3.5) we get

H w](a:)% = H wj(z) < H (N + 1)V [w ]a’]j‘]l mfw], (3.6)

Jj€I=1 JE€EI=1 JE€EI=1

and (|1.7) follows with the estimate

~ 1 dm41—1 1 q”;l 1—p’ 1/p’;
(v, @)]a, , <CTIN+1) 7 [v]qul( 1T V17 w507
JEI>1

1
< [T v+nyVefw]i,
JE€EI=1

and (|1.14) follows after letting N — 2(m + 1) — 1. O

3.2. Proof of Theorem The proof is similar to that of Theorem For
J € Iy, set 05 := w;p; € A (R"); for j € I-4, let 0j = w;l’ € A;(R™) and
Omi1 = (HJ Lw;)? € Ax(R™). As before, given N > 2(m + 1) — 1 and a
cube Q@ C R", let Fy,, be the set Fy C @ from Lemma [2.1] u corresponding to
each 0; € Ax(R"), j = 1,...,m + 1. Set Fy := (]! Fy, so that |Fy| >

[1-2(m+1)/(N+1)]Q| > 0. Then gives

]gwj_pj < (N + 1)qj71[wj_pj]A wj(:r)*p; a.e.x € Fng,, j€ s, (3.7

a5
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where 1 < g; < oo satisfies w»_pj € Ay (R™), as well as (3.5) and, for j =m + 1,

][<ij> (N 4 1)@m+i (H%) L (ﬁwj(x)>q (3.8)

am+1
for a.e. :z:EFNt7 1, with 1 < gpy1 < oo such that (H 1'wj) €Ay, (R"). By

raising ) to the power 1/pj and by multiplying over j € I.; for a.e. x € }’7\‘]’\;,
we get

qJ—l , ,
I (7)< T v i

JEI>1

which multiplied by (3.8)) (raised to the power 1/q) gives, always for a.e. x € ﬁ}vv,

F(fr)) 1 ()

JEI>1
<ij($)>

Q=

< (N+1) QMHI (Hw)

A(I7n+1
a;—1 !
o 1/p) ,
< [T W+1) 7 [w;” ]qu w;(z) !
JE€I>1 !
% qj_l
<1m+1 1 v
Sy (M) | (Hoven™ 07 0) T e
A JEI> jel—1
Im+1

and, by recalling (3.6)), the condition (1.15]) holds with

a] @ a1 o
[@as, < (N+1) i (ij> ( [T v+ 7 [, p-?ﬂf)

Aqm+1 j61>1
1
< [ v+ Ve [wi] ),
j€l=1
and (|1.18) follows after letting N — 2(m + 1) — 1. O
3.3. Proof of Theorem | (ii)l Recall the definition of the sets Z. and
Z_ from (1.21). By (i.1) of Theorem |G| & := (wy,.. ) € Ap - implies that

w?j/pj € A¥9j for j € Z., and the definition of 0]- from ylelds rg,
1+46;/6;. Hence w?j/pj € Ayy,/5,, which means

0,/ 6,/ 1 6,/ 1 0;/0;
3 /P = P Pi) T 95735
[w] ]A1+ej/5j <|Q| / w > <|Q| / (U) ) ) < 0,
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with

0;/p 0;/p m\
3/ Pj = s o
J }A1+9j/6j B Sgp (é Y ) <]€2 v >

1

- 0;/6;
— sup ][ (w.féj/Pj) % (][ w_éj/:ﬂj) /9 _ [wié /pj]:jj .
Q 0 J 0 J J 1+%

Consequently, w ~0i/Pi ¢ Ax(R™) for j € Z.. Now, if j € Z_, the proof of [19
Lemma 3.2 (p. 26 line 8)] yields w; 071 ¢ AL(R™) with [w ’/p”]A ®n) < [W ]i<

Next, let us see that z/m’"“/p € AOO( ™). Given a cube @ C R”, fix N > 2|I<|—
(if |[Z<| = 0, take N > 1) and let Fy,, be the set Fy C @ from Lemma
corresponding to each w;(sj/pj € Ao (R™) for j € Z. Set Fy = Njez. Fno; s0
that

[w

|Fx| 2 [1=2/Z<| /(N + 1)]|Q| > 0. (3.9)

We will prove that Theorem [H [D| holds true for v Om+1/P and therefore v Smi1/P ¢
A (R™). Now, the first inequality from 1mphes

ess sup w]-_éj/pj < (N + 1)][ wj_éj/pj Viel.. (3.10)
Fx Q

Next, for a.e. 2 € Fiy C @Q, the definition of 1 := (wi,...,wy) € Ap - in (1.22)
and the inequality (3.10) (raised to the power —1/4;) yield

AR AN 75
pomtt < w4 ][ w,; I inf w?’
(][Q w ) — [ ]AP,F H ( o J ) H Q J

JjEL« JEI-
< [W]a, . H (N + 1), (x "1< H mfw )
’ JEL ]Ell
< [w]Aﬁ?< [T @wv+pwe > (z)»
JE€ET<

Hence, Theorem |[H|(ii)| holds true for v Omt1/P with B,7v € (0,1) defined by

S
1/ =@ 11":;< 11 <N+1>1/5j>

JE€ET<

and, by recalling , B =1-=2|Z,|/(N + 1); consequently, Vl"“/p € A (R™),
as claimed.

m:>m Set 0 = w;(;j/pj € Ax(R") for j € I, 0j = w?j/pj € A (R™)
for j € I, and oy = 1/:;’"“/” € Ax(R™). Given N > 2(m + 1) — 1 and
a cube QQ C R", let Fy,, be the set Fiy C @ from Lemma E corresponding
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to each 0; € A (R™), j = 1,...,m + 1, and set Fy = ﬂm+1 Fy,,; so that
|Fx| > [1—2(m+1)/(N +1)]|Q| > 0. Then, for a.e. z € Fy, we have
][ijg"'/pj <N+ 15 w77, w(e) ™/ v e I, (3.11)

9
where 1 < g; < oo satisfies wj_‘sj/pj € Ay (R™),

essfsvupw?j/pjg(N—i—l)][ o/pj<(N+1)[ J/p]]A essmfwj/p’ Vije I,
Fy Q @

(3.12)
and

ot < e e @l (319
Q

Um41

with 1 < ¢n41 < oo such that va’"“/p € Ay, (R"). Then, always for a.e. x € Fy,

(3.11) and (3.13) give

Py 5
(][ qu+1/p> A H (7[ wj_(;a/pj) I
Q 7. Vo

tm1 -1 a1 +

< (N+1) Smt+1 [Vwm+1/l’] m+1

Im+41

‘1m+1

(N+1) St 1 [Vwm+1/P]Am+1 (H(N_i_l)];;j[w]‘_éj/pj]ij_>ij(z)pj7

I9m+1

whereas (3.12)) implies

1

l—ij(a:)ZT HN—I—ll/g a/pJ]A essmfw/
z_ I_ N

and then ((1.22)) holds with

dm+1—1 -1 _5. =
iwiA}sv? < (N 41) omt3 [I/wm+1/17} AT:,:; (H(N +1) % [wj 5;/1)3]2%)
I

< TTv + )% [l P70,
I_

where N + 1 above can be replaced by 2(m + 1) by letting N —» 2(m+1)—1. O

Remark 3.1. Notice that the Holder relation ([1.9)) has not been used in the proof
of the implication )| from Theorem [1.6, Moreover, that implication still

holds true if, in the case r; = p;, the assumption wfﬂ /Pi ¢ A1 (R™) i 15 replaced
3.12)

with w?j € A (R™) for some «; > 0, since the latter also implies ( with wa i/P;
replaced by wj”.

Rev. Un. Mat. Argentina, Vol. 69, No. 1 (2026)



334 DIEGO MALDONADO

ACKNOWLEDGEMENTS

The author thanks the referee for the suggestions that improved the presentation
of the results.

REFERENCES

[1] F. BErRNICOT, D. MALDONADO, K. MOEN, and V. NAIBO, Bilinear Sobolev—Poincaré inequal-
ities and Leibniz-type rules, J. Geom. Anal. 24 no. 2 (2014), 1144-1180. | DOI| MR/||Zbl

[2] T. A. Bur and X. T. DuoNG, Weighted norm inequalities for multilinear operators and
applications to multilinear Fourier multipliers, Bull. Sci. Math. 137 no. 1 (2013), 63-75.
DOI! MR [ Zbl

[3] S. CHEN, H. Wu, and Q. XUE, A note on multilinear Muckenhoupt classes for multiple
weights, Studia Math. 223 no. 1 (2014), 1-18. DOI |MR || Zbl

[4] X. CHEN and Q. XUE, Weighted estimates for a class of multilinear fractional type operators,
J. Math. Anal. Appl. 362 no. 2 (2010), 355-373. DOI|| MR/ Zbl

[5] R. R. CorrMAN and Y. MEYER, On commutators of singular integrals and bilinear singular
integrals, Trans. Amer. Math. Soc. 212 (1975), 315-331. DOI| MR | Zbl

[6] R. R. CorrMAN and Y. MEYER, Au deld des opérateurs pseudo-différentiels, Astérisque 57,
Société Mathématique de France, Paris, 1978. MR || Zbl

[7] R. R. CorrMAN and Y. MEYER, Commutateurs d’intégrales singuliéres et opérateurs multi-
linéaires, Ann. Inst. Fourier (Grenoble) 28 no. 3 (1978), 177-202. [ DOI| MR/| Zbl

[8] D. Cruz-URIBE and K. MOEN, A multilinear reverse Holder inequality with applications to
multilinear weighted norm inequalities, Georgian Math. J. 27 no. 1 (2020), 37-42.|DOI| MR
Zbl

[9] W. DAMIAN, A. K. LERNER, and C. PEREZ, Sharp weighted bounds for multilinear maximal
functions and Calderén-Zygmund operators, J. Fourier Anal. Appl. 21 no. 1 (2015), 161-181.
DOII MR/ |Zbl

[10] L. GRAFAKOS, Modern Fourier analysis, second ed., Grad. Texts in Math. 250, Springer,
New York, 2009. DOI| MR | Zbl

[11] L. GrAFAKOS, P. MOHANTY, and S. SHRIVASTAVA, Multilinear square functions and multiple
weights, Math. Scand. 124 no. 1 (2019), 149-160. | DOI| MR/||Zbl

[12] L. Grarakos and R. H. TorRES, Maximal operator and weighted norm inequalities for
multilinear singular integrals, Indiana Univ. Math. J. 51 no. 5 (2002), 1261-1276. DOI
MR/ [ Zbl

[13] L. Grarakos and R. H. ToRRES, Multilinear Calderén-Zygmund theory, Adv. Math. 165
no. 1 (2002), 124-164. DOI| MR |Zbl

[14] T. HYTONEN and S. LAPPAS, Extrapolation of compactness on weighted spaces: Bilinear
operators, Indag. Math. (N.S.) 33 no. 2 (2022), 397-420. DOI| MR ||Zbl

[15] C. E. KENIG and E. M. STEIN, Multilinear estimates and fractional integration, Math. Res.
Lett. 6 no. 1 (1999), 1-15. Erratum: ibid. 6 no. 3-4 (1999), 467. | DOI| MR/| Zbl

[16] M. LACEY and C. THIELE, LP estimates on the bilinear Hilbert transform for 2 < p < oo,
Ann. of Math. (2) 146 no. 3 (1997), 693-724. DOI| MR/ Zbl

[17] M. LAcCEY and C. THIELE, On Calderén’s conjecture, Ann. of Math. (2) 149 no. 2 (1999),
475-496. DOI! IMR/||Zbl

Rev. Un. Mat. Argentina, Vol. 69, No. 1 (2026)


https://doi.org/10.1007/s12220-012-9367-4
https://www.ams.org/mathscinet-getitem?mr=3192309
https://zbmath.org/?q=an:1300.26013
https://doi.org/10.1016/j.bulsci.2012.04.001
https://www.ams.org/mathscinet-getitem?mr=3007100
https://zbmath.org/?q=an:1266.42019
https://doi.org/10.4064/sm223-1-1
https://www.ams.org/mathscinet-getitem?mr=3268714
https://zbmath.org/?q=an:1311.42055
https://doi.org/10.1016/j.jmaa.2009.08.022
https://www.ams.org/mathscinet-getitem?mr=2557692
https://zbmath.org/?q=an:1200.26023
https://doi.org/10.2307/1998628
https://www.ams.org/mathscinet-getitem?mr=380244
https://zbmath.org/?q=an:0324.44005
https://www.ams.org/mathscinet-getitem?mr=518170
https://zbmath.org/?q=an:0483.35082
https://doi.org/10.5802/aif.708
https://www.ams.org/mathscinet-getitem?mr=511821
https://zbmath.org/?q=an:0368.47031
https://doi.org/10.1515/gmj-2018-0071
https://www.ams.org/mathscinet-getitem?mr=4069957
https://zbmath.org/?q=an:1436.42017
https://doi.org/10.1007/s00041-014-9364-z
https://www.ams.org/mathscinet-getitem?mr=3302105
https://zbmath.org/?q=an:1321.42036
https://doi.org/10.1007/978-0-387-09434-2
https://www.ams.org/mathscinet-getitem?mr=2463316
https://zbmath.org/?q=an:1220.42001
https://doi.org/10.7146/math.scand.a-105504
https://www.ams.org/mathscinet-getitem?mr=3904753
https://zbmath.org/?q=an:1440.42078
https://doi.org/10.1512/iumj.2002.51.2114
https://www.ams.org/mathscinet-getitem?mr=1947875
https://zbmath.org/?q=an:1033.42010
https://doi.org/10.1006/aima.2001.2028
https://www.ams.org/mathscinet-getitem?mr=1880324
https://zbmath.org/?q=an:1032.42020
https://doi.org/10.1016/j.indag.2021.09.007
https://www.ams.org/mathscinet-getitem?mr=4383118
https://zbmath.org/?q=an:1511.47065
https://doi.org/10.4310/MRL.1999.v6.n1.a1
https://www.ams.org/mathscinet-getitem?mr=1682725
https://zbmath.org/?q=an:0952.42005
https://doi.org/10.2307/2952458
https://www.ams.org/mathscinet-getitem?mr=1491450
https://zbmath.org/?q=an:0914.46034
https://doi.org/10.2307/120971
https://www.ams.org/mathscinet-getitem?mr=1689336
https://zbmath.org/?q=an:0934.42012

(18]

(19]

20]

(21]

(22]
(23]

(24]

WEIGHT CLASSES FOR MULTILINEAR INTEGRAL OPERATORS 335

A. K. LERNER, S. OMBROSI, C. PEREZ, R. H. ToRRES, and R. TRUJILLO-GONZALEZ, New
maximal functions and multiple weights for the multilinear Calderén—Zygmund theory, Adv.
Math. 220 no. 4 (2009), 1222-1264. | DOI| MR||Zbl

K. L1, J. M. MARTELL, and S. OMBROSI, Extrapolation for multilinear Muckenhoupt classes
and applications, Adv. Math. 373 (2020), Paper no. 107286. DOI' MR || Zbl

K. L1, K. MOEN, and W. SuUN, The sharp weighted bound for multilinear maximal functions
and Calderén—Zygmund operators, J. Fourier Anal. Appl. 20 no. 4 (2014), 751-765. DOI
MR/ [Zbl

K. L1, K. MOEN, and W. SuN, Sharp weighted inequalities for multilinear fractional maximal
operators and fractional integrals, Math. Nachr. 288 no. 5-6 (2015), 619-632. DOI MR
Zbl

K. L1 and W. SuN, Weighted estimates for multilinear Fourier multipliers, Forum Math. 27
no. 2 (2015), 1101-1116. DOI MR | Zbl

D. MALDONADO, A Harnack-type characterization of A.c-weights and applications, Canad.
Math. Bull. (2026). DOIL

K. MOEN, Weighted inequalities for multilinear fractional integral operators, Collect. Math.
60 no. 2 (2009), 213-238. DOI| MR /|| Zbl

Diego Maldonado

Kansas State University, Department of Mathematics, 138 Cardwell Hall, Manhattan,
KS-66506, USA

dmaldona@ksu.edu

Received: January 30, 2026
Accepted: February 28, 2026
FEarly view: March 2, 2026

Rev. Un. Mat. Argentina, Vol. 69, No. 1 (2026)


https://doi.org/10.1016/j.aim.2008.10.014
https://www.ams.org/mathscinet-getitem?mr=2483720
https://zbmath.org/?q=an:1160.42009
https://doi.org/10.1016/j.aim.2020.107286
https://www.ams.org/mathscinet-getitem?mr=4129475
https://zbmath.org/?q=an:1446.42028
https://doi.org/10.1007/s00041-014-9326-5
https://www.ams.org/mathscinet-getitem?mr=3232584
https://zbmath.org/?q=an:1318.42022
https://doi.org/10.1002/mana.201300287
https://www.ams.org/mathscinet-getitem?mr=3338917
https://zbmath.org/?q=an:1314.42021
https://doi.org/10.1515/forum-2012-0128
https://www.ams.org/mathscinet-getitem?mr=3334095
https://zbmath.org/?q=an:1315.42008
https://doi.org/10.4153/S0008439526101891
https://doi.org/10.1007/BF03191210
https://www.ams.org/mathscinet-getitem?mr=2514845
https://zbmath.org/?q=an:1172.26319

	1. Introduction and main results
	1.1. The multilinear weight classes A_{p,P} and A_{P}
	1.2. The multilinear weight class A_{(P,q)}
	1.3. The multilinear weight class A_{P,r}

	2. Preliminaries
	3. Proofs of Theorems 1.1, 1.2, and 1.6
	3.1. Proof of Theorem 1.1
	3.2. Proof of Theorem 1.2
	3.3. Proof of Theorem 1.6

	Acknowledgements
	References

