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Vol. 69, No. 1, 2026, Pages 319–335
Published online: April 8, 2026
https://doi.org/10.33044/revuma.5648

CHARACTERIZATIONS OF WEIGHT CLASSES
FOR MULTILINEAR INTEGRAL OPERATORS

AND SPARSE FORMS

DIEGO MALDONADO

Abstract. The class of Muckenhoupt weights has been extended to the mul-
tilinear setting in several contexts of real and Fourier analysis. In this work,
we provide new characterizations of these multilinear weight classes through
a unifying principle based on pointwise, rather than averaged, evaluation of
the weights.

1. Introduction and main results

Since the pioneering works of R. Coifman and Y. Meyer [5, 6, 7] and the sub-
sequent systematic studies by C. Kenig and E. Stein [15], M. Lacey and C. Thiele
[16, 17], and L. Grafakos and R. Torres [12, 13], the areas of multilinear Fourier
and real analysis have continued to advance in a wide range of directions. One par-
ticularly active direction concerns the study of weighted estimates for multilinear
counterparts of fundamental linear operators such as the multi(sub)linear maximal
operator M, defined for a vector function f⃗ := (f1, . . . , fm) ∈ L1

loc(Rn)m as

M(f⃗ )(x) := sup
Q∋x

m∏
j=1

( 
Q

|fj(yj)| dyj

)
∀x ∈ Rn, (1.1)

where Q ⊂ Rn is a cube (always with sides parallel to the coordinate axes), and
where

�
Q

u stands for the average value 1
|Q|

�
Q

u(x) dx; the multi(sub)linear frac-
tional maximal and integral operators Mα and Iα, defined for 0 < α < mn by

Mα(f⃗ )(x) := sup
Q∋x

m∏
j=1

(
|Q| α

mn

 
Q

|fj(yj)| dyj

)
∀x ∈ Rn (1.2)

and

Iα(f⃗ )(x) :=
�

(Rn)m

( m∑
j=1

|x − yj |
)α−mn m∏

j=1
fj(yj)dyj ∀x ∈ Rn, (1.3)
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320 DIEGO MALDONADO

as well as multilinear sparse forms of the type

ΛS,r⃗(f1, . . . , fm, h) :=
∑
Q∈S

( 
Q

|h(x)|rm+1 dx

) 1
rm+1

m∏
j=1

( 
Q

|fj(x)|rj dx

) 1
rj

,

(1.4)
where r⃗ := (r1, . . . , rm+1) ∈ [1, ∞)m+1 with

∑m+1
j=1 1/rj > 1, and S is a sparse

family of cubes.
The multilinear weight classes that govern the weighted-norm estimates for M,

Mα, Iα, and ΛS,r⃗ are described in Sections 1.1, 1.2, and 1.3 below, and the purpose
of this note is to provide new, simpler characterizations of such classes. In practice,
our characterizations allow us to check whether an m-tuple w⃗ := (w1, . . . , wm)
belongs to one or more of the above classes by inspecting a condition of the type
“there exists some p ∈ (1, ∞) such that u ∈ Ap(Rn)”, instead of one of the type
“u ∈ Ap(Rn) for a specific value of p”, where u is a power of some wj .

Recall that for 1 < p < ∞, a weight w in Rn (that is, w ∈ L1
loc(Rn) with w ≥ 0

a.e. in Rn) is said to belong to the Muckenhoupt class Ap(Rn) if

[w]Ap
:= sup

Q

( 
Q

w

)( 
Q

w− 1
(p−1)

)p−1
< ∞.

The endpoint classes for p = 1 and p = ∞ are defined by

[w]A1 := sup
Q

( 
Q

w

)(
ess inf

Q
w
)−1

< ∞

and

[w]A∞ := sup
Q

( 
Q

w

)
exp

(
−
 

Q

ln w

)
< ∞.

As it turns out (see, for instance, [10, Section 9.3]), A∞(Rn) =
⋃

1≤p<∞ Ap(Rn).

1.1. The multilinear weight classes Ap,P⃗ and AP⃗ . At the core of the multi-
linear Fourier analysis theory developed by A. K. Lerner, S. Ombrosi, C. Pérez,
R. H. Torres, and R. Trujillo-González in [18] lies a multilinear version of the
Ap-condition that can be introduced as follows. Let ν, w1, . . . , wm be nonnegative
measurable functions defined in Rn, and set w⃗ := (w1, . . . , wm). Given 0 < p < ∞
and P⃗ := (p1, . . . , pm) ∈ [1, ∞)m, we write (ν, w⃗) ∈ Ap,P⃗ if

[(ν, w⃗)]Ap,P⃗
:= sup

Q

( 
Q

ν

) 1
p

m∏
j=1

( 
Q

w
1−p′

j

j

)1/p′
j

< ∞, (1.5)

and, if some pj = 1, then
(�

Q
w

1−p′
j

j

)1/p′
j

stands for 1/ infQ wj ; see [18, Section 3.2].
In other words, if the indices 1, . . . , m are split as

I=1 := {1 ≤ j ≤ m : pj = 1},

I>1 := {1 ≤ j ≤ m : pj > 1},
(1.6)
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then (ν, w⃗) ∈ Ap,P⃗ means

[(ν, w⃗)]Ap,P⃗
:= sup

Q

( 
Q

ν

) 1
p
( ∏

j∈I=1

1
infQ wj

) ∏
j∈I>1

( 
Q

w
1−p′

j

j

)1/p′
j

< ∞. (1.7)

Notice that the condition (1.7) along with Lebesgue’s differentiation theorem yields

ν(x) ≤ [(ν, w⃗)]pAp,P⃗

m∏
j=1

wj(x)p/pj a.e. x ∈ Rn. (1.8)

Following [18, Section 3.2], if the exponent 0 < p < ∞ is related to P⃗ by means of
the Hölder relation

1
p

=
m∑

j=1

1
pj

(1.9)

and ν is chosen as the product weight

νw⃗ :=
m∏

j=1
w

p/pj

j , (1.10)

then w⃗ is said to satisfy the AP⃗ -condition, in symbols w⃗ ∈ AP⃗ , if

[w⃗]AP⃗
:= sup

Q

( 
Q

νw⃗

) 1
p
( ∏

j∈I=1

1
infQ wj

) ∏
j∈I>1

( 
Q

w
1−p′

j

j

)1/p′
j

< ∞.

The key roles of the classes Ap,P⃗ and AP⃗ in multilinear Fourier and real analysis
stem from two fundamental results for the multi(sub)linear maximal function M
defined in (1.1): firstly, for 1 ≤ p1, . . . , pm < ∞ and p as in (1.9), by [18, Theo-
rem 3.3] the multilinear weighted weak-type estimate

∥M(f⃗ )∥Lp,∞(ν) ≤ C

m∏
j=1

∥fj∥Lpj (wj) (1.11)

holds true if and only if (ν, w⃗) ∈ Ap,P⃗ . Secondly, given 1 < p1, . . . , pm < ∞, and
with p still as in (1.9), by [18, Theorem 3.7] the multilinear weighted inequality

∥M(f⃗ )∥Lp(νw⃗) ≤ C

m∏
j=1

∥fj∥Lpj (wj) (1.12)

holds true if and only if w⃗ ∈ AP⃗ . Regarding sharp versions of (1.12), K. Li,
K. Moen, and W. Sun established in [20, Theorem 1.2] the inequality

∥M(f⃗ )∥Lp(νw⃗) ≤ Cm,n,P⃗ [w⃗]max{p′
1/p,...,p′

m/p}
AP⃗

m∏
j=1

∥fj∥Lpj (wj)

and proved that max{p′
1/p, . . . , p′

m/p} is the best possible exponent.
The classes Ap,P⃗ and AP⃗ also shape weighted inequalities such as (1.11) and

(1.12) for a number of other operators, including multilinear Calderón–Zygmund
operators [9, Theorem 1.5], [18, Corollary 3.9], [20, Theorem 1.4]; multilinear square
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functions [11, Theorem 3.1]; multilinear singular integrals with rough kernels [2,
Theorem 3.2]; commutators with singular integrals [2, Theorem 3.4]; multilinear
Fourier multipliers [22, Theorem 1.2]; multilinear pseudodifferential operators; ex-
trapolation estimates for multilinear operators [14, Theorem 2.9]; etc.

The first characterization of the multilinear class AP⃗ comes from [18, Theo-
rem 3.6].

Theorem A ([18, Theorem 3.6]). Fix 1 ≤ p1, . . . , pm < ∞ and let p > 0 be related
to P⃗ by means of the Hölder relation (1.9). Then w⃗ ∈ AP⃗ if and only if

(i) νw⃗ ∈ Amp(Rn), and
(ii) w

1−p′
j

j ∈ Amp′
j
(Rn) for j = 1, . . . , m. If pj = 1, then the condition w

1−p′
j

j ∈
Amp′

j
(Rn) is understood as w

1/m
j ∈ A1(Rn).

Later on, and always under the Hölder relation (1.9), D. Cruz-Uribe and K. Moen
extended Theorem A, within the case pj > 1 for every j = 1, . . . , m, as follows.

Theorem B ([8, Theorem 1.8]). Fix 1 < p1, . . . , pm < ∞ and let p > 0 be related
to P⃗ by means of the Hölder relation (1.9). Then w⃗ ∈ AP⃗ if and only if

(i) νw⃗ ∈ A∞(Rn), and
(ii) w

1−p′
j

j ∈ A∞(Rn) for j = 1, . . . , m.

Along these lines, we now extend Theorems A and B so as to accommodate any
A∞(Rn)-weight ν satisfying ν ≲ νw⃗ (which, due to (1.8), is a necessary condition
for (1.5) to hold), as well as the cases when pj = 1 for some j = 1, . . . , m, and
when p and P⃗ are not necessarily related through the Hölder relation (1.9). More
precisely, we prove

Theorem 1.1. Fix 1 ≤ p1, . . . , pm < ∞ and 0 < p < ∞, not necessarily satisfying
the Hölder relation (1.9). Let w⃗ = (w1, . . . , wm) be a vector weight and let ν be a
weight satisfying

(i) ν ∈ A∞(Rn) and there exists a constant C0 > 0 such that

ν(x) ≤ C0

m∏
j=1

wj(x)p/pj a.e. x ∈ Rn; (1.13)

(ii) w
1−p′

j

j ∈ A∞(Rn) for j = 1, . . . , m. If pj = 1, then the condition w
1−p′

j

j ∈
A∞(Rn) is understood as w

αj

j ∈ A1(Rn) for some αj > 0.
Then (ν, w⃗) ∈ Ap,P⃗ with the estimate

[(ν, w⃗)]Ap,P⃗
≤ C

1
p

0 [2(m + 1)]
qm+1−1

p [ν]
1
p

Aqm+1

( ∏
j∈I>1

[2(m + 1)]
qj −1

p′
j
[
w

1−p′
j

j

]1/p′
j

Aqj

)

×
∏

j∈I=1

[2(m + 1)]1/αj
[
w

αj

j

] 1
αj

A1
,

(1.14)
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where the index sets I>1 and I=1 are as in (1.6), 1 < qj < ∞ satisfies w
1−p′

j

j ∈
Aqj

(Rn) for each j ∈ I>1, and 1 ≤ qm+1 < ∞ such that ν ∈ Aqm+1(Rn).

1.2. The multilinear weight class A(P⃗ ,q). The following version of the condition
(1.5) has been studied by K. Moen [24]; by S. Chen, H. Wu, and Q. Xue in [3], and
by X. Chen and Q. Xue in [4]: Given 1 ≤ p1, . . . , pm < ∞ and 0 < q < ∞, we say
that w⃗ := (w1, . . . , wm) belongs to A(P⃗ ,q) if

[w⃗]A(P⃗ ,q)
:= sup

Q

( 
Q

( m∏
j=1

wj

)q
)1/q( ∏

j∈I=1

1
infQ wj

) ∏
j∈I>1

( 
Q

w
−p′

j

j

)1/p′
j

< ∞,

(1.15)
where the sets I=1 and I>1 are as in (1.6). Here are some known facts for w⃗ ∈
A(P⃗ ,q). The multilinear class A(P⃗ ,q) arises from the study of the boundedness
properties in weighted Lebesgue spaces of the operators Mα and Iα defined in
(1.2) and (1.3). More precisely, by [24, Theorems 3.5 and 3.6], if 0 < α < nm and
1 < p1, . . . , pm < ∞ with pα < n, where p is as in (1.9), and if 0 < q < ∞ is
defined by

1
q

:= 1
p

− α

n
, (1.16)

then the inequality(�
Rn

[
|Tα(f⃗ )|

m∏
j=1

wj

]q
)1/q

≤ C

m∏
j=1

(�
Rn

(|fj |wj)pj

)1/pj

, (1.17)

where Tα = Mα or Iα, holds for every f⃗ := (f1, . . . , fm) ∈ Lp1(wp1
1 ) × · · · ×

Lpm(wpm
m ) if and only if w⃗ ∈ A(P⃗ ,q). Sharp versions of the inequality (1.17) in

terms of powers of [w⃗]A(P⃗ ,q)
are proved in [21, Section 1]. The class A(P⃗ ,q) also

models weighted estimates for multilinear fractional maximal and integral operators
with homogeneous kernels [4, Theorems 2.5 and 2.6]; fractional Leibniz rules [1,
Corollary 15], extrapolation estimates for multilinear operators [14, Theorem 2.9];
etc.

A necessary condition for membership in A(P⃗ ,q) comes from [24, Theorem 3.4].

Theorem C ([24, Theorem 3.4]). Let 1 < p1, . . . , pm < ∞, let 0 < p < ∞ be
defined by the Hölder relation (1.9), and let p ≤ q < ∞. Then w⃗ ∈ A(P⃗ ,q) implies

(i)
(∏m

j=1 wj

)q

∈ Amq(Rn), and

(ii) w
−p′

j

j ∈ Amp′
j
(Rn) for j = 1, . . . , m.

Later on, in [3], S. Chen, H. Wu, and Q. Xue extended Theorem C by proving
the following characterization.

Theorem D ([3, Theorem 3.5]). Fix 1 ≤ p1, . . . , pm < ∞, let 0 < p < ∞ be
defined by the Hölder relation (1.9), and let p ≤ q < ∞. Then w⃗ ∈ A(P⃗ ,q) if and
only if
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(i)
(∏m

j=1 wj

)q

∈ Amq(Rn), and

(ii) w
−p′

j

j ∈ Amp′
j
(Rn) for j = 1, . . . , m. If pj = 1, then the condition w

−p′
j

j ∈
Amp′

j
(Rn) is understood as w

1/m
j ∈ A1(Rn).

Our next result weakens the assumptions (i) and (ii) from Theorem D (con-
sidered as testing conditions for membership in A(P⃗ ,q)) by replacing the classes
Ap(Rn) for specific values of p with the class A∞(Rn) and, in the case pj = 1, by
replacing the exponent 1/m with any 0 < αj < ∞. Moreover, the Hölder relation
(1.9) is not assumed. Namely, we prove

Theorem 1.2. Let 1 ≤ p1, . . . , pm < ∞ and 0 < q < ∞ (notice there’s no “p”
involved) and suppose that

(i)
(∏m

j=1 wj

)q

∈ A∞(Rn), and

(ii) w
−p′

j

j ∈ A∞(Rn) for j = 1, . . . , m. If pj = 1, then the condition w
−p′

j

j ∈
A∞(Rn) is understood as w

αj

j ∈ A1(Rn) for some αj > 0.
Then w⃗ ∈ A(P⃗ ,q) with the estimate

[w⃗]A(P⃗ ,q)
≤ [2(m + 1)]

qm+1−1
q

( m∏
j=1

wj

)q
 1

q

Aqm+1

( ∏
j∈I>1

[2(m + 1)]
qj −1

p′
j
[
w

−p′
j

j

]1/p′
j

Aqj

)

×
∏

j∈I=1

[2(m + 1)]1/αj
[
w

αj

j

] 1
αj

A1
, (1.18)

where 1 < qj < ∞ satisfies w
−p′

j

j ∈ Aqj (Rn) for each j ∈ I>1, and 1 ≤ qm+1 < ∞
is such that ν ∈ Aqm+1(Rn).

By combining Theorems D and 1.2 we immediately obtain the following charac-
terization of the multilinear class A(P⃗ ,q).

Corollary 1.3. Fix 1 ≤ p1, . . . , pm < ∞, let 0 < p < ∞ be defined by the Hölder
relation (1.9), and let p ≤ q < ∞. Then w⃗ ∈ A(P⃗ ,q) if and only if

(i)
(∏m

j=1 wj

)q

∈ A∞(Rn) and

(ii) w
−p′

j

j ∈ A∞(Rn) for j = 1, . . . , m. If pj = 1, then the condition w
−p′

j

j ∈
Amp′

j
(Rn) is understood as w

1/m
j ∈ A1(Rn).

Notice that there is no “α” involved in Theorems C, D, 1.2, or Corollary 1.3.
Now, regarding 0 < α < mn, X. Chen and Q. Xue [4] proved the following necessary
condition for w⃗ ∈ A(P⃗ ,q) with 0 < p < ∞ as in (1.9) and 0 < q < ∞ as in (1.16).

Theorem E ([4, Theorem 2.2]). Fix 0 < α < mn and 1 ≤ p1, . . . , pm < ∞. Let
0 < p < ∞ be defined by the Hölder relation (1.9), and let 0 < q < ∞ as in (1.16).
Then w⃗ ∈ A(P⃗ ,q) implies
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(i)
(∏m

j=1 wj

)q

∈ Aq(m−α/n)(Rn), and

(ii) w
−p′

j

j ∈ Ap′
j
(m−α/n)(Rn) for j = 1, . . . , m whenever α/n < (m−2)+1/pi +

1/pj for any 1 ≤ i, j ≤ m. If pj = 1, the condition w
−p′

j

j ∈ Ap′
j
(m−α/n)(Rn)

is understood as w
n/(mn−α)
j ∈ A1(Rn).

Later in [3], S. Chen, H. Wu, and Q. Xue completed the characterization of
w⃗ ∈ A(P⃗ ,q) with q as in (1.16) by proving

Theorem F ([3, Theorem 3.7]). Fix 0 < α < mn and 1 ≤ p1, . . . , pm < ∞. Let
0 < p < ∞ be defined by the Hölder relation (1.9), and let 0 < q < ∞ be defined by
(1.16). Then w⃗ ∈ A(P⃗ ,q) if and only if

(i)
(∏m

j=1 wj

)q

∈ Aq(m−α/n)(Rn), and

(ii) w
−p′

j

j ∈ Ap′
j
(m−α/n)(Rn) for j = 1, . . . , m. If pj = 1, the condition w

−p′
j

j ∈
Ap′

j
(m−α/n)(Rn) is understood as w

n/(mn−α)
j ∈ A1(Rn).

As a consequence of Theorem 1.2 and Theorem F we now obtain the following
characterization of w⃗ ∈ A(P⃗ ,q), with 0 < p < ∞ as in (1.9) and 0 < q < ∞ as
in (1.16), that extends both Theorem E and Theorem F by replacing the specific
Ap(Rn) with A∞(Rn).

Corollary 1.4. Fix 0 < α < mn and 1 ≤ p1, . . . , pm < ∞. Let 0 < p < ∞ be as
in (1.9) and q > 0 as in (1.16). Then w⃗ ∈ A(P⃗ ,q) if and only if

(i)
(∏m

j=1 wj

)q

∈ A∞(Rn), and

(ii) w
−p′

j

j ∈ A∞(Rn) for j = 1, . . . , m. If pj = 1, the condition w
−p′

j

j ∈ A∞(Rn)
is understood as w

n/(mn−α)
j ∈ A1(Rn).

Proof. If w⃗ ∈ A(P⃗ ,q), then (i) and (ii) follow from Theorem F; in turn, the fact
that (i) and (ii) imply w⃗ ∈ A(P⃗ ,q) is provided by Theorem 1.2. □

1.3. The multilinear weight class AP⃗ ,r⃗. In [19], K. Li, J. M. Martell, and
S. Ombrosi introduced an extension of the multilinear class of weights AP⃗ , de-
fined as follows. Given P⃗ := (p1, . . . , pm) ∈ [1, ∞)m and r⃗ := (r1, . . . , rm+1) ∈
[1, ∞)m+1, let 0 < p < ∞ be defined by the Hölder relation (1.9), and write r⃗ ⪯ P⃗

if rj ≤ pj for every j = 1, . . . , m and r′
m+1 > p. Also, r⃗ ≺ P⃗ if r⃗ ⪯ P⃗ and rj < pj

for every j = 1, . . . , m. Then a vector weight w⃗ := (w1, . . . , wm) belongs to AP⃗ ,r⃗ if

[w⃗]AP⃗ ,r⃗
:= sup

Q

 
Q

ν

r′
m+1

r′
m+1−p

w⃗


1
p − 1

r′
m+1 m∏

j=1

( 
Q

w

rj
rj −pj

j

) 1
rj

− 1
pj

< ∞, (1.19)

where, if rm+1 = 1, the factor corresponding to νw⃗ is replaced by
(�

Q
νw⃗

) 1
p (always

with νw⃗ standing for the product weight defined in (1.10)), and if pj = rj for
some j = 1, . . . , m, then the corresponding term involving wj is replaced with
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1/ infQ w
1/pj

j . Notice that AP⃗ = AP⃗ ,(1,...,1). Also, as described in [19, p. 23], by
introducing

1
pm+1

:= 1 − 1
p

and 1
δj

:= 1
rj

− 1
pj

, j = 1, . . . , m + 1, (1.20)

as well as the sets
I< := {1 ≤ j ≤ m : rj < pj} and I= := {1 ≤ j ≤ m : rj = pj}, (1.21)

the relation r⃗ ⪯ P⃗ means rj ≤ pj for j = 1, . . . , m and rm+1 < pm+1, and the
condition w⃗ ∈ AP⃗ ,r⃗ defined in (1.19) can be recast as

[w⃗]AP⃗ ,r⃗
:= sup

Q

( 
Q

ν
δm+1/p
w⃗

) 1
δm+1

( ∏
j∈I=

inf
Q

w
− 1

pj

j

) ∏
j∈I<

( 
Q

w
−δj/pj

j

) 1
δj

< ∞.

(1.22)
The class AP⃗ ,r⃗ shapes weighted norm inequalities for the multilinear sparse form
ΛS,r⃗ defined in (1.4). Indeed, by [19, Remark 2.14], when r⃗ ≺ P⃗ the condition
w⃗ ∈ AP⃗ ,r⃗ is necessary and sufficient for the estimate

ΛS,r⃗(f1, . . . , fm, h) ≤ C[w⃗]
1

r−1
AP⃗ ,r⃗

∥h∥
Lp′ (ν1−p′

w⃗
)

m∏
j=1

∥fj∥Lpj (wj) (1.23)

to hold for every measurable f1, . . . , fm, and h. As a consequence of (1.23), if a
multilinear operator T satisfies the inequality∣∣∣∣ �

Rn

hT (f1, . . . , fm)
∣∣∣∣ ≤ C sup

S
ΛS,r⃗(f1, . . . , fm, h) (1.24)

for every f1, . . . , fm, h ∈ C∞
c (Rn), where the supremum is taken over all sparse

families with a given sparsity constant (see [19, Section 2] for details), then the
following weighted estimate for T holds:

∥T (f1, . . . , fm)∥Lp(νw⃗) ≲ [w⃗]
1

r−1
AP⃗ ,r⃗

m∏
j=1

∥fj∥Lpj (wj).

Examples of operators T satisfying (1.24) under suitable choices of indices r⃗ in-
clude bilinear rough singular integral operators, the bilinear Hilbert transform,
and commutators with BMO functions; see [19, Sections 2.4, 2.5, 2.6].

In [19, Lemma 3.2], K. Li, J. M. Martell, and S. Ombrosi proved the following
characterization of the weights in AP⃗ ,r⃗.

Theorem G ([19, Lemma 3.2]). Let P⃗ := (p1, . . . , pm) ∈ [1, ∞)m and r⃗ :=
(r1, . . . , rm+1) ∈ [1, ∞)m+1 be such that r⃗ ⪯ P⃗ . Let 0 < p < ∞ be defined by
the Hölder relation (1.9). For j = 1, . . . , m+1, let δj be as in (1.20), and introduce

1
r

:=
m+1∑
j=1

1
rj

,
1
ϱ

:= 1
δm

+ 1
δm+1

, and 1
θj

:= 1 − r

r
− 1

δj
for j = 1, . . . , m.

(1.25)
Then the following hold:
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(i) Given w⃗ := (w1, . . . , wm) ∈ AP⃗ ,r⃗, set

ŵ :=
(

m−1∏
j=1

w
1

pj

j

)ϱ

and W := ν
rm

p

w⃗ ŵ
− rm

δm+1 .

Then
(i.1) w

θj/pj

j ∈ A 1−r
r θj

with
[
w

θj/pj

j

]
A 1−r

r
θj

≤ [w⃗]θj

AP⃗ ,r⃗
for j = 1, . . . , m;

(i.2) ŵ ∈ A 1−r
r ϱ with [ŵ]A 1−r

r
ϱ

≤ [w⃗]ϱAP⃗ ,r⃗
; and

(i.3) W ∈ A pm
rm

,
δm+1

rm

(ŵ) with [W ]
A pm

rm
,

δm+1
rm

(ŵ) ≤ [w⃗]δm+1
AP⃗ ,r⃗

.

(ii) Given w
θj/pj

j ∈ A 1−r
r θj

for j = 1, . . . , m − 1, such that

ŵ :=
(

m−1∏
j=1

w
1

pj

j

)ϱ

∈ A 1−r
r ϱ and W ∈ A pm

rm
,

δm+1
rm

(ŵ),

let us set wm := W
pm
rm ŵ− pm

δm . Then w⃗ := (w1, . . . , wm) ∈ AP⃗ ,r⃗ with

[w⃗]AP⃗ ,r⃗
≤ [W ]

1
δm+1

A pm
rm

,
δm+1

rm

(ŵ)
[ŵ]

1
ϱ

A 1−r
r

ϱ

m−1∏
j=1

[
w

θj/pj

j

] 1
θj

A 1−r
r

θj

.

Remark 1.5. The definition of A pm
rm

,
δm+1

rm

(ŵ) can be found in [19, p. 22] and it
will not be used in what follows. The actual item (i.1) in [19, Lemma 3.2, p. 24]
states the condition w

θj/pj

j ∈ A 1−r
r θj

only for j = 1, . . . , m − 1, but from its proof
on [19, p. 26] it follows that the condition holds for j = m as well.

Based directly on the condition (1.22), our next result provides a characterization
of the class AP⃗ ,r⃗ in terms of A∞(Rn). More precisely, we prove

Theorem 1.6. Let P⃗ := (p1, . . . , pm) ∈ [1, ∞)m and r⃗ := (r1, . . . , rm+1) ∈
[1, ∞)m+1 be such that r⃗ ⪯ P⃗ . With 0 < p < ∞ defined by the Hölder relation
(1.9), along with all the preceding notation, the following are equivalent:

(i) w⃗ := (w1, . . . , wm) ∈ AP⃗ ,r⃗;
(ii) ν

δm+1/p
w⃗ ∈ A∞(Rn) and w

−δj/pj

j ∈ A∞(Rn) for every j = 1, . . . , m. In
the case δ−1

j = 0 (that is, if pj = rj), the condition w
−δj/pj

j ∈ A∞(Rn) is
understood as w

θj/pj

j ∈ A1(Rn).

Remark 1.7. Let us illustrate an application of Theorem 1.6 with m = 2 and the
power weights w1(x) := |x|−α1 and w2(x) := |x|−α2 . Given 1 ≤ p1, p2 < ∞ and
1 ≤ r1, r2, r3 < ∞ with r⃗ ≺ P⃗ , that is, r1 < p1, r2 < p2, and r3 < p3, where

1
p3

:= 1 − 1
p

= 1 − 1
p1

− 1
p2

,

set 1/δj := 1/rj − 1/pj for j = 1, 2, 3. Then wj(x)−
δj
pj = |x|

αj δj
pj for j = 1, 2, and

νw⃗(x)
δ3
p = |x|−δ3

(
α1
p1

+ α2
p2

)
. Recalling that a weight |x|β ∈ A∞(Rn) if and only if
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β > −n (see, for instance, [10, Example 9.1.7]), it follows from Theorem 1.6 that
w⃗ := (|x|−α1 , |x|−α2) ∈ AP⃗ ,r⃗ if and only if

α1

p1
> − n

δ1
,

α2

p2
> − n

δ2
, and

(
α1

p1
+ α2

p2

)
<

n

δ3
. (1.26)

As proved in [19, pp. 13–14], when m = 2 the condition
1

min{r1, 2}
+ 1

min{r2, 2}
+ 1

min{r3, 2}
< 2 (1.27)

for r⃗ := (r1, r2, r3) ∈ (1, ∞)3 along with r⃗ ≺ P⃗ , p > 1, and w⃗ = (w1, w2) ∈ AP⃗ ,r⃗

guarantees the Lp1(w1) × Lp2(w2) → Lp(w) boundedness, with w := w
p

p1
1 w

p
p2
2 , of

the bilinear Hilbert transform

BH(f, g)(x) := p.v.

�
R

f(x − t)g(x + t)dt

t
.

In particular, it follows that

BH : Lp1(|x|−α1) × Lp2(|x|−α2) → Lp(|x|−
α1p
p1 |x|−

α2p
p2 ),

for indices r⃗ := (r1, r2, r3) ∈ (1, ∞)3 satisfying (1.27), 1 < p, p1, p2 < ∞ with
r1 < p1, r2 < p2, 1/p = 1/p1 + 1/p2, and α1, α2 as in (1.26).

2. Preliminaries

Our proofs will be based on the following lemma from [23].

Lemma 2.1. Fix 1 ≤ p < ∞ and w ∈ Ap(Rn). Then, for every cube Q and N > 1,
there exists a set FN ⊂ Q such that

|Q| ≤ (N + 1)
N − 1 |FN | (2.1)

and
ess sup

FN

w ≤ (N + 1)
 

Q

w dx ≤ (N + 1)p[w]Ap
ess inf

FN

w. (2.2)

Remark 2.2. Notice that if w ∈ A∞(Rn) and p∗(w) := inf{p ∈ [1, ∞) : w ∈
Ap(Rn)}, then by letting p → p∗(w) the inequality (2.2) also holds with p∗(w)
instead of p.

Remark 2.3. In the case of multiple A∞(Rn)-weights, Lemma 2.1 will be used
as follows. Fix K weights w1, . . . , wK ∈ A∞(Rn), a cube Q, and N > 1. For
j = 1, . . . , K, let 1 ≤ qj < ∞ be an index such that wj ∈ Aqj

(Rn) and let FN,wj

be the set FN from Lemma 2.1 applied to wj , Q, and N . Then (2.1) implies

|Q| ≤ (N + 1)
N − 1 |FN,wj

| (2.3)

for each j = 1, . . . , K. Moreover, we have∣∣∣∣Q \
K⋂

j=1
FN,wj

∣∣∣∣ =
∣∣∣∣ K⋃

j=1
(Q \ FN,wj

)
∣∣∣∣ ≤

K∑
j=1

|Q \ FN,wj
| ≤ 2K

N + 1 |Q|,
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since |Q \ FN,wj | ≤ 2
N+1 |Q| due to (2.3). Thus, by setting FN,K :=

⋂K
j=1 FN,wj

and choosing N > 2K − 1, we obtain

|FN,K | ≥
(

1 − 2K

N + 1

)
|Q| > 0. (2.4)

In particular, the inequality (2.2) yields

ess sup
FN,K

wj ≤ (N + 1)
 

Q

wj dx ≤ (N + 1)qj [wj ]Aqj
ess inf

FN,K

w ∀j = 1, . . . , K. (2.5)

In the proof of Theorem 1.6 we will use the following well-known characterization
of the class A∞(Rn) (see, for instance, [10, Section 9.3.2]).

Theorem H. Let w be a weight in Rn. The following are equivalent:
(i) w ∈ A∞(Rn);
(ii) there exist constants γ, β ∈ (0, 1) such that

∣∣{x ∈ Q : w(x) ≥ γ
�

Q
w
}∣∣ ≥

β|Q| for every cube Q ⊂ Rn.

3. Proofs of Theorems 1.1, 1.2, and 1.6

3.1. Proof of Theorem 1.1. In keeping with the notation I>1 and I=1 from
(1.6), set σj := w

1−p′
j

j ∈ A∞(Rn) for j ∈ I>1, σj := w
αj

j ∈ A1(Rn) for j ∈ I=1,
and σm+1 := ν ∈ A∞(Rn). Given N > 2(m + 1) − 1 and a cube Q ⊂ Rn, let
FN,σj

be the set FN ⊂ Q from Lemma 2.1 corresponding to each σj ∈ A∞(Rn),
j = 1, . . . , m+1, and define F̃N :=

⋂m+1
j=1 FN,σj

so that (2.4) (used with K = m+1)
implies |F̃N | ≥ [1 − 2(m + 1)/(N + 1)]|Q| > 0. Thus, from (2.5) we get 

Q

w
1−p′

j

j ≤ (N + 1)qj−1[w1−p′
j

j

]
Aqj

wj(x)1−p′
j a.e. x ∈ FN,σj

, j ∈ I>1, (3.1)

where 1 < qj < ∞ satisfies w
1−p′

j

j ∈ Aqj
(Rn), and (when pj = 1)

ess sup
FN,σj

w
αj

j ≤ (N + 1)
 

Q

w
αj

j ≤ (N + 1)[wαj

j ]A1 ess inf
Q

w
αj

j ∀j ∈ I=1, (3.2)

as well as (for j = m + 1) 
Q

ν ≤ (N + 1)qm+1−1[ν]Aqm+1
ν(x) a.e. x ∈ FN,σm+1 , (3.3)

with 1 ≤ qm+1 < ∞ such that ν ∈ Aqm+1(Rn). Then, by raising (3.1) to the power
1/p′

j , ( 
Q

w
1−p′

j

j

)1/p′
j

≤ (N + 1)(qj−1)/p′
j
[
w

1−p′
j

j

]1/p′
j

Aqj

wj(x)(1−p′
j)/p′

j (3.4)

for a.e. x ∈ FN,σj
and every j ∈ I>1. By raising (3.2) to the power 1/αj , we get

ess sup
FN,σj

wj ≤ (N + 1)1/αj
[
w

αj

j

]1/αj

A1
inf
Q

wj ∀j ∈ I=1. (3.5)
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Now, for a.e. x ∈ F̃N , by multiplying (3.4) over j ∈ I>1 and using (3.3) raised to
the power 1/p we obtain( 

Q

ν

) 1
p ∏

j∈I>1

( 
Q

w
1−p′

j

j

)1/p′
j

≤ (N + 1)
qm+1−1

p [ν]
1
p

Aqm+1
ν(x)

1
p

∏
j∈I>1

(N + 1)
qj −1

p′
j
[
w

1−p′
j

j

]1/p′
j

Aqj

wj(x)
1−p′

j

p′
j

≤ C
1
p

0 (N + 1)
qm+1−1

p [ν]
1
p

Aqm+1

(
m∏

j=1
wj(x)

1
pj

)

×
∏

j∈I>1

(N + 1)
qj −1

p′
j
[
w

1−p′
j

j

]1/p′
j

Aqj

wj(x)
1−p′

j

p′
j

= C
1
p

0 (N + 1)
qm+1−1

p [ν]
1
p

Aqm+1

( ∏
j∈I>1

(N + 1)
qj −1

p′
j
[
w

1−p′
j

j

]1/p′
j

Aqj

) ∏
j∈I=1

wj(x)
1

pj ,

where for the second inequality we used the hypothesis (1.13). Next, since w
1

pj

j =
wj for j ∈ I=1 (because then pj = 1), from (3.5) we get∏

j∈I=1

wj(x)
1

pj =
∏

j∈I=1

wj(x) ≤
∏

j∈I=1

(N + 1)1/αj
[
w

αj

j

] 1
αj

A1
inf
Q

wj , (3.6)

and (1.7) follows with the estimate

[(ν, w⃗)]Ap,P⃗
≤ C

1
p

0 (N + 1)
qm+1−1

p [ν]
1
p

Aqm+1

( ∏
j∈I>1

(N + 1)
qj −1

p′
j
[
w

1−p′
j

j

]1/p′
j

Aqj

)

×
∏

j∈I=1

(N + 1)1/αj
[
w

αj

j

] 1
αj

A1
,

and (1.14) follows after letting N → 2(m + 1) − 1. □

3.2. Proof of Theorem 1.2. The proof is similar to that of Theorem 1.1. For
j ∈ I>1, set σj := w

−p′
j

j ∈ A∞(Rn); for j ∈ I=1, let σj := w
αj

j ∈ A1(Rn) and
σm+1 :=

(∏m
j=1 wj

)q ∈ A∞(Rn). As before, given N > 2(m + 1) − 1 and a
cube Q ⊂ Rn, let FN,σj

be the set FN ⊂ Q from Lemma 2.1 corresponding to
each σj ∈ A∞(Rn), j = 1, . . . , m + 1. Set F̃N :=

⋂m+1
j=1 FN,σj

so that |F̃N | ≥
[1 − 2(m + 1)/(N + 1)]|Q| > 0. Then (2.5) gives

 
Q

w
−p′

j

j ≤ (N + 1)qj−1[w−p′
j

j

]
Aqj

wj(x)−p′
j a.e. x ∈ FN,σj

, j ∈ I>1, (3.7)
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where 1 < qj < ∞ satisfies w
−p′

j

j ∈ Aqj (Rn), as well as (3.5) and, for j = m + 1,
 

Q

(
m∏

j=1
wj

)q

≤ (N + 1)qm+1−1

[(
m∏

j=1
wj

)q ]
Aqm+1

(
m∏

j=1
wj(x)

)q

(3.8)

for a.e. x ∈ FN,σm+1 , with 1 ≤ qm+1 < ∞ such that
(∏m

j=1 wj

)q ∈ Aqm+1(Rn). By
raising (3.7) to the power 1/p′

j and by multiplying over j ∈ I>1 for a.e. x ∈ F̃N ,
we get ∏

j∈I>1

( 
Q

w
−p′

j

j

)1/p′
j

≤
∏

j∈I>1

(N + 1)
qj −1

p′
j
[
w

−p′
j

j

]1/p′
j

Aqj

wj(x)−1,

which multiplied by (3.8) (raised to the power 1/q) gives, always for a.e. x ∈ F̃N , 
Q

(
m∏

j=1
wj

)q
 1

q ∏
j∈I>1

( 
Q

w
−p′

j

j

)1/p′
j

≤ (N + 1)
qm+1−1

q

( m∏
j=1

wj

)q
 1

q

Aqm+1

(
m∏

j=1
wj(x)

)

×
∏

j∈I>1

(N + 1)
qj −1

p′
j
[
w

−p′
j

j

]1/p′
j

Aqj

wj(x)−1

= (N + 1)
qm+1−1

q

( m∏
j=1

wj

)q
 1

q

Aqm+1

( ∏
j∈I>1

(N + 1)
qj −1

p′
j
[
w

−p′
j

j

]1/p′
j

Aqj

) ∏
j∈I=1

wj(x)

and, by recalling (3.6), the condition (1.15) holds with

[w⃗]A(P⃗ ,q)
≤ (N + 1)

qm+1−1
q

( m∏
j=1

wj

)q
 1

q

Aqm+1

( ∏
j∈I>1

(N + 1)
qj −1

p′
j
[
w

−p′
j

j

]1/p′
j

Aqj

)

×
∏

j∈I=1

(N + 1)1/αj
[
w

αj

j

] 1
αj

A1
,

and (1.18) follows after letting N → 2(m + 1) − 1. □

3.3. Proof of Theorem 1.6. (i) ⇒ (ii). Recall the definition of the sets I< and
I= from (1.21). By (i.1) of Theorem G, w⃗ := (w1, . . . , wm) ∈ AP⃗ ,r⃗ implies that
w

θj/pj

j ∈ A 1−r
r θj

for j ∈ I<, and the definition of θj from (1.25) yields 1−r
r θj =

1 + θj/δj . Hence w
θj/pj

j ∈ A1+θj/δj
, which means

[
w

θj/pj

j

]
A1+θj /δj

= sup
Q

(
1

|Q|

�
Q

w
θj/pj

j

)(
1

|Q|

�
Q

(
w

θj/pj

j

)− 1
θj /δj

)θj/δj

< ∞,
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with[
w

θj/pj

j

]
A1+θj /δj

= sup
Q

( 
Q

w
θj/pj

j

)( 
Q

w
−δj/pj

j

)θj/δj

= sup
Q

( 
Q

(
w

−δj/pj

j

)− 1
δj
θj

)( 
Q

w
−δj/pj

j

)θj/δj

=
[
w

−δj/pj

j

] θj
δj

A
1+

δj
θj

.

Consequently, w
−δj/pj

j ∈ A∞(Rn) for j ∈ I<. Now, if j ∈ I=, the proof of [19,
Lemma 3.2 (p. 26, line 8)] yields w

θj/pj

j ∈ A1(Rn) with [wθj/pj

j ]A1(Rn) ≤ [w⃗]θj

AP⃗ ,r⃗
.

Next, let us see that ν
δm+1/p
w⃗ ∈ A∞(Rn). Given a cube Q ⊂ Rn, fix N > 2|I<|−1

(if |I<| = 0, take N > 1) and let FN,σj be the set FN ⊂ Q from Lemma 2.1
corresponding to each w

−δj/pj

j ∈ A∞(Rn) for j ∈ I<. Set F̃N :=
⋂

j∈I<
FN,σj

so
that

|F̃N | ≥ [1 − 2|I<|/(N + 1)]|Q| > 0. (3.9)

We will prove that Theorem H (ii) holds true for ν
δm+1/p
w⃗ and therefore ν

δm+1/p
w⃗ ∈

A∞(Rn). Now, the first inequality from (2.2) implies

ess sup
F̃N

w
−δj/pj

j ≤ (N + 1)
 

Q

w
−δj/pj

j ∀j ∈ I<. (3.10)

Next, for a.e. x ∈ F̃N ⊂ Q, the definition of w⃗ := (w1, . . . , wm) ∈ AP⃗ ,r⃗ in (1.22)
and the inequality (3.10) (raised to the power −1/δj) yield( 

Q

ν
δm+1/p
w⃗

)1/δm+1

≤ [w⃗]AP⃗ ,r⃗

∏
j∈I<

( 
Q

w
−δj/pj

j

)− 1
δj

( ∏
j∈I=

inf
Q

w
1

pj

j

)

≤ [w⃗]AP⃗ ,r⃗

∏
j∈I<

(N + 1)1/δj wj(x)
1

pj

( ∏
j∈I=

inf
Q

w
1

pj

j

)

≤ [w⃗]AP⃗ ,r⃗

( ∏
j∈I<

(N + 1)1/δj

)
νw⃗(x)

1
p .

Hence, Theorem H (ii) holds true for ν
δm+1/p
w⃗ with β, γ ∈ (0, 1) defined by

1/γ := [w⃗]δm+1
AP⃗ ,r⃗

( ∏
j∈I<

(N + 1)1/δj

)δm+1

and, by recalling (3.9), β := 1 − 2|I<|/(N + 1); consequently, ν
δm+1/p
w⃗ ∈ A∞(Rn),

as claimed.
(ii) ⇒ (i). Set σj := w

−δj/pj

j ∈ A∞(Rn) for j ∈ I<, σj := w
θj/pj

j ∈ A1(Rn)
for j ∈ I=, and σm+1 := ν

δm+1/p
w⃗ ∈ A∞(Rn). Given N > 2(m + 1) − 1 and

a cube Q ⊂ Rn, let FN,σj
be the set FN ⊂ Q from Lemma 2.1 corresponding
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to each σj ∈ A∞(Rn), j = 1, . . . , m + 1, and set F̃N :=
⋂m+1

j=1 FN,σj
so that

|F̃N | ≥ [1 − 2(m + 1)/(N + 1)]|Q| > 0. Then, for a.e. x ∈ F̃N , we have
 

Q

w
−δj/pj

j ≤ (N + 1)qj−1[w−δj/pj

j

]
Aqj

wj(x)−δj/pj ∀j ∈ I<, (3.11)

where 1 < qj < ∞ satisfies w
−δj/pj

j ∈ Aqj
(Rn),

ess sup
F̃N

w
θj/pj

j ≤ (N + 1)
 

Q

w
θj/pj

j ≤ (N + 1)[wθj/pj

j ]A1 ess inf
Q

w
θj/pj

j ∀j ∈ I=,

(3.12)
and  

Q

ν
δm+1/p
w⃗ ≤ (N + 1)qm+1−1[νδm+1/p

w⃗

]
Aqm+1

νw⃗(x)δm+1/p, (3.13)

with 1 ≤ qm+1 < ∞ such that ν
δm+1/p
w⃗ ∈ Aqm+1(Rn). Then, always for a.e. x ∈ F̃N ,

(3.11) and (3.13) give( 
Q

ν
δm+1/p
w⃗

) 1
δm+1 ∏

I<

( 
Q

w
−δj/pj

j

) 1
δj

≤ (N + 1)
qm+1−1

δm+1
[
ν

δm+1/p
w⃗

] 1
δm+1
Aqm+1

νw⃗(x)1/p
∏
I<

(N + 1)
qj −1

δj
[
w

−δj/pj

j

] 1
δj

Aqj
wj(x)−1/pj

= (N + 1)
qm+1−1

δm+1
[
ν

δm+1/p
w⃗

] 1
δm+1
Aqm+1

(∏
I<

(N + 1)
qj −1

δj
[
w

−δj/pj

j

] 1
δj

Aqj

)∏
I=

wj(x)
1

pj ,

whereas (3.12) implies∏
I=

wj(x)
1

pj ≤
∏
I=

(N + 1)1/θj
[
w

θj/pj

j

]1/θj

A1
ess inf

Q
w

1/pj

j ,

and then (1.22) holds with

[w⃗]AP⃗ ,r⃗
≤ (N + 1)

qm+1−1
δm+1

[
ν

δm+1/p
w⃗

] 1
δm+1
Aqm+1

(∏
I<

(N + 1)
qj −1

δj
[
w

−δj/pj

j

] 1
δj

Aqj

)

×
∏
I=

(N + 1)1/θj
[
w

θj/pj

j

]1/θj

A1
,

where N + 1 above can be replaced by 2(m + 1) by letting N → 2(m + 1) − 1. □

Remark 3.1. Notice that the Hölder relation (1.9) has not been used in the proof
of the implication (ii) ⇒ (i) from Theorem 1.6. Moreover, that implication still
holds true if, in the case rj = pj , the assumption w

θj/pj

j ∈ A1(Rn) in (ii) is replaced
with w

αj

j ∈ A1(Rn) for some αj > 0, since the latter also implies (3.12) with w
θj/pj

j

replaced by w
αj

j .
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