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SMOOTH GEOMETRY OF DIFFUSION ALGEBRAS

ANDRÉS RUBIANO AND ARMANDO REYES

Dedicated to Professor Oswaldo Lezama on the occasion of his 70th birthday

Abstract. We establish sufficient conditions to assert the differential smooth-
ness of diffusion algebras on n generators introduced by Isaev et al. [J. Phys. A
34 (2001), pp. 5815–5834]. We present a detailed list of these algebras on four
and five generators to illustrate the obtained results.

1. Introduction

Isaev et al. [20] introduced diffusion algebras in 2001 in the context of one-
dimensional stochastic processes with exclusion in statistical mechanics. A year
later, Pyatov and Twarock [28] presented a construction for these algebras from a
mathematical point of view and proved the results formulated in [20]. Hinchcliffe, in
his Ph.D. thesis [19], and other researchers have investigated several ring-theoretical
and homological properties of diffusion algebras [16, 18, 42, 26, 30, 33, 32].

Our purpose in this paper is to investigate the differential smoothness, as defined
by Brzeziński and Sitarz [12], of difussion algebras. We begin with some preliminary
remarks.

Following Brzeziński and Lomp [11, Section 1], the study of smoothness of alge-
bras can be traced back at least to Grothendieck’s EGA [17]. Grothendieck’s notion
of a formally smooth commutative (topological) algebra was later extended to the
noncommutative setting by Schelter [40]. In this framework, an algebra is formally
smooth precisely when the kernel of the multiplication map is projective as a bi-
module; as observed by Schelter, this notion replaces a much broader smoothness
condition based only on finite global dimension. Cuntz and Quillen [13] refer to
such algebras as quasi-free. In the homological setting, Van den Bergh [3] called an
algebra homologically smooth if it admits a finite resolution by finitely generated
projective bimodules. The characterization of this kind of smoothness for the non-
commutative pillow, the quantum teardrops, and quantum homogeneous spaces
was made by Brzeziński [5, 7] and Krähmer [23].
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Brzeziński and Sitarz [12] defined another notion of smoothness of algebras,
termed differential smoothness, due to the use of differential graded algebras of a
specified dimension that admit a noncommutative version of the Hodge star isomor-
phism. This notion considers the existence of a top form in a differential calculus
over an algebra, and a strong version of Poincaré duality realized as an isomor-
phism between complexes of differential and integral forms. This new notion of
smoothness is different and more constructive than the homological smoothness
mentioned above. We quote from [12, pp. 413–414]: “The idea behind the differ-
ential smoothness of algebras is rooted in the observation that a classical smooth
orientable manifold, in addition to de Rham complex of differential forms, admits
also the complex of integral forms isomorphic to the de Rham complex [27, Sec-
tion 4.5]. The de Rham differential can be understood as a special left connection,
while the boundary operator in the complex of integral forms is an example of a
right connection”.

Brzeziński and several other authors [8, 9, 10, 11, 12, 15, 21, 22, 31] have char-
acterized the differential smoothness of algebras such as the quantum two- and
three-spheres, the disc, the plane, the noncommutative torus, the coordinate alge-
bras of the quantum group SUq(2), the noncommutative pillow algebra, the quan-
tum cone algebras, the quantum polynomial algebras, Hopf algebra domains of
Gelfand–Kirillov dimension two that are not PI, families of Ore extensions, some
three-dimensional skew polynomial algebras, diffusion algebras in three generators,
and noncommutative coordinate algebras of deformations of several classical orb-
ifolds, such as the pillow orbifold, singular cones, and lens spaces. Precisely, in [31]
the second author presented a first approach to the differential smoothness of diffu-
sion algebras on three generators. Since diffusion algebras on three generators are
related to three-dimensional skew polynomial algebras [2, 34], skew bi-quadratic
algebras [1] (see also double Ore extensions [1, p. 699] and [44]), and skew PBW
extensions [16], and since the smoothness of all these families of algebras has re-
cently been investigated in [33, 39, 35, 38, 36, 37], the purpose of this paper is to
continue this line of research for diffusion algebras on four and more generators.

The article is organized as follows. Section 2 contains the key facts on diffusion
algebras in order to set up notation and render this paper self-contained. We
adopt the terminology presented by Pyatov and Twarock [28]. Sections 2.1 and 2.2
recall the classification of diffusion algebras on three and n generators, respectively.
Next, Section 3 contains definitions and preliminaries on differential smoothness of
algebras. In Section 4 we present the original results of the paper. Table 1 presents
the diffusion algebras on four generators, while Table 2 contains diffusion algebras
on five generators. Our key results are Theorems 4.1 and 4.2: we describe explicitly
those diffusion algebras that are differentially smooth, and those for which there
are no one-dimensional connected integrable calculi, respectively.

Throughout the paper, N denotes the set of natural numbers, including zero.
The word ring means an associative ring with identity, not necessarily commutative.
All vector spaces and algebras (always associative and with unit) are over a fixed
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field k. As usual, the symbols R and C denote the fields of real and complex
numbers, respectively.

2. Diffusion algebras

Pyatov and Twarock [28] studied diffusion algebras from a mathematical point
of view and proved a construction theorem for diffusion algebras. Let us recall the
details of their treatment.

Let α, β be two elements belonging to the set IN := {1, . . . , n} with α < β.
Consider quadratic relations of the form

gαβDαDβ − gβαDβDα = xβDα − xαDβ , (2.1)
with gαβ ∈ R \ {0}, gβα ∈ R, and xα, xβ ∈ C.

Definition 2.1 ([28, Definition 1.1]). An algebra with set of generators given by
{Dα | α ∈ IN } and relations of type (2.1) is called a diffusion algebra if it admits
a linear PBW-basis of ordered monomials of the form

Dk1
α1

Dk2
α2

· · · DkN
αN

, with kj ∈ N and α1 > α2 > · · · > αN . (2.2)

Due to physical reasons, only relations with positive coefficients gαβ ∈ R>0 and
gβα ∈ R≥0 (α < β) are relevant, because they are interpreted as hopping rates in
stochastic models [28, p. 3268].

Note that the requirement of having a PBW basis (2.2) implies conditions on the
coefficients gαβ and xα in (2.1) according the the Diamond Lemma formulated by
Bergman [4]. This means that we have a criterion to verify under which conditions
the relations in (2.1) are of PBW type: this is the case precisely if each subset
of three generators {Dα, Dβ , Dγ} with ordering α < β < γ is reduction unique
with respect to the ordering, that is, if the two ways of reducing the monomial
DαDβDγ to the monomial DγDβDα lead to the same result when expressed in the
PBW basis (2.2).

Just as Pyatov and Twarock [28, p. 3269] asserted, the task of deriving all
diffusion algebras with N generators reduces to the following two steps:

(1) Find all diffusion algebras with three generators.
(2) Find all algebras with N generators such that each subset of three gener-

ators coincides with one of the cases listed before.
As can be seen, step (1) is equivalent to finding those coefficients gαβ and xα

in (2.1) for which a set {Dγ , Dβ , Dα} of three generators is reduction unique in
the above sense. The list of diffusion algebras of three generators is given in Sec-
tion 2.1. The second step is a combinatorial problem: it requires one to combine,
in a consistent way, the three-generator algebras listed before into algebras with
N generators for general N > 3.

Pyatov and Twarock considered a constructive method for approaching the sec-
ond step, the so-called blending procedure (Section 2.2), which is an inductive pro-
cedure for constructing diffusion algebras: “It uses the three generator cases and
augments them to larger units by attaching further generators in accordance with
the requirements of the diamond lemma, then giving a prescription of how these
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larger building blocks may be glued [. . . ] together in order to obtain a general
diffusion algebra of N generators” [28, p. 3269].

2.1. Diffusion algebras on three generators. Consider a set {Dα, Dβ , Dγ}
of three generators with an ordering induced by the ordering of the index set
α < β < γ and relations as in (2.1). Since gαβ ̸= 0 for all α, β ∈ I3 = {α, β, γ, }
with α < β by assumption, we get the relations of the algebra given by

DαDβ = qβαDβDα + xαβ
β Dα − xαβ

α Dβ ,

DαDγ = qγαDγDα + xαγ
γ Dα − xαγ

α Dγ , and

DβDγ = qγβDγDβ + xβγ
γ Dβ − xβγ

β Dγ ,

(2.3)

where qij := gji

gij
, xij

γ := xγ

gij
for i, j, k ∈ {α, β, γ} with i < j. Using (2.3), any

monomial can be expressed in terms of the PBW basis (2.2), and this is well
defined if we apply (2.3) in different orders and obtain the same result, that is, if
the reductions

DαDβDγ −→ DβDαDγ −→ DβDγDα −→ DγDβDα

and
DαDβDγ −→ DαDγDβ −→ DγDαDβ −→ DγDβDα

using (2.3) coincide when expressed in the PBW basis. These equalities lead to
restrictions on the coefficients gαβ and xα in (2.1), given by a set of six equations,
and their solutions determine all diffusion algebras of three generators.

Next, we recall the list of six equations. We assume that α < β < γ and xj ̸= 0
for j ∈ {α, β, γ}.

(1) The case of AI :

gDαDβ − gDβDα = xβDα − xαDβ ,

gDαDγ − gDγDα = xγDα − xαDγ , and
gDβDγ − gDγDβ = xγDβ − xβDγ ,

where g ̸= 0.
(2) The case of AII :

gαβDαDβ = xβDα − xαDβ ,

gαγDαDγ = xγDα − xαDγ , and
gβγDβDγ = xγDβ − xβDγ ,

where gij := gi − gj with gi ̸= gj for all i, j ∈ {α, β, γ} with i < j.
(3) The case of B(1):

gβDαDβ − (gβ − Λ)DβDα = −xαDβ ,

gDαDγ − (g − Λ)DγDα = xγDα − xαDγ , and
gβDβDγ − (gβ − Λ)DγDβ = xγDβ ,

where g, gβ ̸= 0.
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(4) The case of B(2):

gαβDαDβ = −xαDβ ,

gαγDαDγ − gγαDγDα = xγDα − xαDγ , and
gβγDβDγ = xγDβ ,

where gαβ , gαγ , gβγ ̸= 0.
(5) The case of B(3):

gDαDβ − (g − Λ)DβDα = xβDα − xαDβ ,

gγDαDγ = −xαDγ , and
(gγ − Λ)DβDγ = −xβDγ ,

where g ̸= 0 and gγ ̸= 0, Λ.
(6) The case of B(4):

(gα − Λ)DαDβ = xβDα,

gαDαDγ = xγDα, and
gDβDγ − (g − Λ)DγDβ = xγDβ − xβDγ ,

where g ̸= 0 and gα ̸= 0, Λ.
(7) The case of C(1):

gβDαDβ − (gβ − Λ)DβDα = −xαDβ ,

gγDαDγ − (gγ − Λ)DγDα = −xαDγ , and
gβγDβDγ − gγβDγDβ = 0,

where gβ , gγ , gβ,γ ̸= 0.
(8) The case of C(2):

gαβDαDβ − gβαDβDα = −xαDβ ,

gαγDαDγ − gγαDγDα = −xαDγ , and
DβDγ = 0,

where gαβ , gαγ ̸= 0.
(9) The case of D: With qji := gji

gij
, where i, j ∈ {α, β, γ} (recall that gij ̸= 0

for i < j), we have that

DαDβ − qβαDβDα = 0,

DαDγ − qγαDγDα = 0, and
DβDγ − qγβDγDβ = 0.

The division into algebras A, B, C, and D reflects the number of coefficients
xj , j ∈ {α, β, γ}, that are zero in the expression (2.1). As shown above, for these
algebras, none, one, two, or all three of the coefficients xi vanish, respectively.

Remark 2.2. The previous list is given, following Pyatov–Twarock, for an ordered
triple Dα, Dβ , Dγ with α < β < γ and with relations written in the corresponding
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PBW order. Thus, different items in the list should be regarded as presentations
rather than canonical representatives up to isomorphism.

More precisely, consider the transformations on generators generated by
(i) Di 7→ κiDi with κi ∈ R \ {0}, and
(ii) Di 7→ Dσ(i) with σ ∈ S3.

These operations preserve the relations and yield isomorphic algebras; in particular,
they can be used to normalize the nonzero parameters xi. Accordingly, within each
family A, B, C, D, the displayed relations provide convenient orbit representatives
for our later constructions, rather than an isomorphism-reduced list.

2.2. Diffusion algebras on N generators. Consider the following decomposi-
tion of the index set IN = {1, . . . , N}:

IN = I ∪ R, with I := {α ∈ IN | xα ̸= 0} and R := {α ∈ IN | xα = 0} .

Definition 2.3. (1) ([28, Definition 3.1]) The normal ordering of two generators
Dα and Dβ is defined as

(DαDβ) :=
{

DαDβ if α < β,

DβDα if β < α.

(2) ([28, Definition 3.2]) For α < β, consider the notation
[Dα, Dβ ]qβα

:= DαDβ − qβαDβDα,

where the index at the commutator is referring to the coefficients qβα in terms of
which the commutator is defined.

Considering the notation in Definition 2.3, the set R is subdivided into nonin-
tersecting and nonempty subsets

R := R1 ∪ R2 ∪ · · · ∪ RMR
(2.4)

according to the following requirements:
• Relations between generators from the sets Ra and Rb for a ̸= b are given

by
(Dr1Dr2) = 0 for all r1 ∈ Ra and r2 ∈ Rb. (2.5)

• Relations within a set Ra such that |Ra| ≥ 2 are given by
[Dr1 , Dr2 ]qr2r1

= 0 for all r1, r2 ∈ Ra with r1 < r2, (2.6)
where the coefficients in (2.6) are subject to the condition opposite to
(2.5), that is: for any subdivision Ra = R′ ∪ R′′ into two nonintersecting
and nonempty parts R′ and R′′,

there exist r1 ∈ R′ and r2 ∈ R′′ such that gr1r2gr2r1 ̸= 0. (2.7)
This means that for any pair of indices r, s ∈ Ra there exists a finite
sequence {rk ∈ Ra | k = 1, . . . , n} such that r1 = r, rN = s, and

N−1∏
k=1

grkrk+1grk+1rk
̸= 0. (2.8)
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Relations (2.7) and (2.8) may be represented graphically via a connectivity
condition on an ordered graph whose vertices are labeled by the indices
r ∈ Ra and whose edges connect only those vertices r1 < r2 for which
qr2r1 ̸= 0.

Furthermore, for |I| ≥ 2 the set R is split into two sets S and T as follows: For
any Ra ⊂ R, let

Ra :=
{

Sa if there exist r ∈ Ra and i ∈ I with girgri ̸= 0,

Ta otherwise.

Suppose that the MR sets Ra in (2.4) split into MS sets Sa and MT sets Ta.
Then MR = MS + MT . Number these sets as Sa for a = 1, . . . , MS , and Ta for
a = 1, . . . , MT , and introduce

S :=
MS⋃
a=1

Sa and T :=
MT⋃
a=1

Ta.

The decomposition of the set S into subsets Sa has been used in the definition of
the set S, and this will not be considered. However, the structure of the set T is
crucial and needs further refinement.

For every Ta ⊂ T , let

Ta :=


T •

a if ∃ i, j ∈ I with i < j such that Ta ⊂ {i + 1, i + 2, . . . , j − 1}
and I ∩ {i + 1, i + 2, . . . , j − 1} = ∅,

T ◦
a , otherwise.

In this way, we write
T = {T •

a | a = 1, . . . , M•
T } ∪ {T ◦

a | a = 1, . . . , M◦
T } , with MT = M•

T + M◦
T . (2.9)

2.2.1. List of diffusion algebras on N generators. From now on, the expression
“generators of a set I, S, T , or R” means the generators indexed by elements from
the corresponding set.

Definition 2.4 ([28, Definition 3.3]). A set of three generators {Dx, Dy, Dz} with
x ∈ X, y ∈ Y , and z ∈ Z, where X, Y , and Z are any of the sets I, R, S, and T ,
or any set in their decomposition, will be called a triplet (of type) {X, Y, Z}.

As can be seen, any triplet of type {I, I, I} in a diffusion algebra of N ≥ 3
generators gives rise to a diffusion algebra of type AI or AII ; any triple of type
{I, I, R} to a diffusion algebra of type B(1), B(2), B(3), or B(4); any triplet of
type {I, R, R} to a diffusion algebra of type C(1) or C(2); and any triplet of type
{R, R, R} to a diffusion algebra of type D.

Proposition 2.5 ([28, Lemma 3.4]). For any diffusion algebra with N ≥ 3 gener-
ators, the following statements hold:

(1) If |I| ≥ 3, then all subalgebras corresponding to triplets of type {I, I, I} are
of the same type, which is either AI (that is, gij = g for all i, j ∈ I) or AII
(that is, gji = 0, gij = gi − gj, gi ̸= gj for all i < j).
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(2) If |I| ≥ 3 and all subalgebras corresponding to triplets {I, I, I} are of
type AI , then for any s ∈ S and for all i ∈ I, we have that

gis = gsi = gs.

(3) If |I| ≥ 3 and all subalgebras corresponding to triplets {I, I, I} are of type
AII , then S = ∅.

(4) Let |I| ≥ 2. For any i ∈ I and every t, t′ ∈ Ta (Ta means both T ◦
a and

T •
a ) with t < i and t′ > i, the coefficients gti and git′ depend only on the

index a of the set Ta and not on the individual indices t or t′. If t, t′ ∈ T ◦
a ,

one furthermore has gti = −git′ .
For any i < j and every t, t′ ∈ Ta such that t < i and t′ > j,

gti + Λij = gtj and git′ = gjt′ + Λij , where Λij := gij − gji.

(5) Let |I| = 1. Denote the only index in I by i, in order to stress that it is
not a running index. For all r in Ra, one has

gir − gri = Λa. (2.10)

Note that both the left- and right-hand sides of (2.10) depend only on the
index a of the set Ra and not on the individual index r.

Diffusion algebras with N generators are listed as five families of algebras: AI ,
AII , B, C, and D. As in the case N = 3, the number of nonzero coefficients xα,
or equivalently, the cardinality of the set I, is used as a criterion for separating
diffusion algebras into families of the types A(|I| ≥ 3), B(|I| ≥ 2), C(|I| = 1), or
D(|I| = 0). Type A algebras are separated further into two families AI and AII ,
depending on the number of nonzero coefficients gij with indices i, j in the set I.

Next, we will see that different algebras in these families are obtained depending
on the choice of the decomposition of the set IN = {1, 2, . . . , N} into ordered subsets
I, S, T ◦

a (a = 1, . . . , M◦
T ), T •

b (b = 1, . . . , M•
T ) (or Ra, a = 1, . . . , MR for NI = 1), as

well as on the choice of coefficients in their defining relations. Next, we introduce
notation for diffusion algebras in which the corresponding decomposition of the
set IN is given explicitly as an argument to the family symbol. The subscript
indices a and b in our notation are treated as running indices, so that, e.g.

AI (I, S, T ◦
a , T •

b ) ≡ AI (I, S, T ◦
a , . . . , T ◦

M◦
T

, T •
b , . . . , T •

M•
T

),

where IN = I ∪ S ∪
(⋃M◦

T
a=1 T ◦

a

)
∪

(⋃M•
T

b=1 T •
a

)
, and I, S, T ◦

a , and T •
b are mutually

nonintersecting ordered subsets in IN . Notice that the values of the coefficients gαβ

are not shown explicitly in this notation, so that it displays connective components
in a variety of diffusion algebras rather than particular algebras.

Remark 2.6. For N > 3, the data in Proposition 2.5 may be viewed as a choice
of an ordered decomposition of the index set IN into subsets

IN = I ∪ S ∪
( ⋃

a

Ta

)
∪

( ⋃
a

Ra

)
,
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together with parameters in the defining relations. Two such presentations define
isomorphic diffusion algebras whenever they lie in the same orbit under the natural
group of changes of generators generated by

(i) (κ1, . . . , κN ) ∈ (R \ {0})N , Dα 7→ καDα, and
(ii) Dα 7→ Dσ(α), where σ is a permutation that preserves the PBW ordering

constraints and the admissible block structure.
This viewpoint explains why several coefficients in Proposition 2.5 depend only on
the block label a rather than on the individual index: permuting indices inside a
fixed block simply renames generators and hence yields an isomorphic algebra.

Next, relations in (2.11)–(2.15) below are to be complemented by relations (2.5),
(2.6) for the elements of the subset R together with the conditions (2.7) or (2.8)
on the coefficients involved.

Proposition 2.7 ([28, Theorem 3.5]). The following list contains all possible dif-
fusion algebras with N generators:

(1) Diffusion algebras of type AI (I, S, T ◦
a , T •

b ) with |I| ≥ 3:
gDiDj − gDjDi = xjDi − xiDj for all i, j ∈ I,

gsDsDi − gsDiDs = xiDs for all s ∈ S, i ∈ I,

g◦
a(DiDt) = −xiDt for all a, t ∈ T ◦

a , i ∈ I, (2.11)
g+

b DiDt = −xiDt for all b, t ∈ T •
b and every i < t,

g−
b DtDi = xiDt for all b, t ∈ T •

b and every i > t,

where g, gs, g◦
a, g±

b ̸= 0.
(2) Diffusion algebras of type AII (I, T ◦

a , T •
b ) with |I| ≥ 3:

(gi − gj)DiDj = xjDi − xiDj for all i < j,

(gi + g◦
a)(DiDt) = −xiDt for all a, t ∈ T ◦

a , i < t,

(gi + g+
a )DiDt = −xiDt for all b, t ∈ T •

b , i < t, (2.12)
(g−

b − gi)(DtDi) = xiDt for all b, t ∈ T •
b , i > t,

where gi ̸= gj for i ̸= j and gi /∈ {g◦
a, ±g±

b }.
(3) Diffusion algebras of type B(I = {i, j}, S, T ◦

a , T •
b ): We use the notation

i and j with i < j for the two elements of the set I to emphasize that they
are not running indices. Note that i < t < j for all t ∈ T •

b in this case:
gDiDj − (g − Λ)DjDi = xjDi − xiDj,

gsDiDs − (gs − Λ)DsDi = −xiDs for all s ∈ S,

gsDsDj − (gs − Λ)DjDs = xjDs for all s ∈ S,

g◦
a(DiDt) = −xiDt for all t ∈ T ◦

a , (2.13)
(g◦

a − Λ)(DjDt) = −xjDt for all t ∈ T ◦
a ,

g+
b DiDt = −xiDt for all t ∈ T •

b ,

g−
b DtDj = xjDt for all t ∈ T •

b ,
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where g ̸= 0, gs ̸= 0 for all s, and gs ̸= Λ for s such that either s < i or
s > j, g◦

a /∈ {0, Λ} and g±
b ̸= 0.

(4) Diffusion algebras of type C(I = {i}, Ra): The only element of I is denoted
by i, and hence

grDiDr − (gr − Λa)DrDi = −xiDr for all r ∈ Ra, (2.14)

where gr ̸= 0 for r < i, and gr ̸= Λa for r > i.
(5) Diffusion algebras of type D(R):

DrDs − qsrDsDr = 0 for all r, s ∈ R with r < s. (2.15)

Remark 2.8. (i) Hinchcliffe in his Ph.D. thesis [19, Definition 2.1.1] considered
the following notation for diffusion algebras. Let R be the algebra generated by
n indeterminates x1, x2, . . . , xn over C, subject to the relations

aijxixj − bijxjxi = rjxi − rixj

whenever i < j, for some parameters aij ∈ C \ 0 and bij ∈ C, for all i < j,
and ri ∈ C, for all i. He defined the standard monomials to be those of the
form xIN

n x
in−1
n−1 · · · xi2

2 xi1
1 . R is called a diffusion algebra if it admits a PBW basis

of these standard monomials. In other words, R is a diffusion algebra if these
standard monomials are a C-vector space basis for R. If all the elements qij :=
bij

aij
are nonzero, then the diffusion algebras have a PBW basis in any order of

the indeterminates [19, Remark 2.1.6]. From this definition, a diffusion algebra
generated by n indeterminates has Gelfand–Kirillov dimension n, since because of
the PBW basis, the vector subspace consisting of elements of total degree at most l
is isomorphic to that of a commutative polynomial ring in n indeterminates (cf. [29,
Theorems 4.14 and 4.18]). Notice that a diffusion algebra in one indeterminate is
precisely a commutative polynomial ring in one indeterminate. A diffusion algebra
with xt = 0, for all t = 1, . . . , n, is a multiparameter quantum affine n-space.

(ii) Fajardo et al. [16, Section 2.4] studied ring-theoretical properties of a graded
version of these algebras. The diffusion algebras of type 2 are affine algebras D gen-
erated by 2n variables {D1, . . . , Dn, x1, . . . , xn} over k that admit a linear PBW ba-
sis of ordered monomials of the form Bk1

α1
Bk2

α2
· · · Bkn

αn
, with Bαi ∈ {D1, . . . , Dn, x1,

. . . , xn}, for all i ≤ 2n, kj ∈ N, and α1 > α2 > · · · > αn, such that for all
1 ≤ i < j ≤ n, there exist elements λij ∈ k∗ satisfying the relations

λijDiDj − λjiDjDi = xjDi − xiDj . (2.16)

Following Krebs and Sandow [25], the relations (2.16) are a consequence of sub-
tracting (quadratic) operator relations of the type

Γαβ
γδ DαDβ = DγXδ − XγDδ for all γ, δ = 0, 1, . . . , n − 1,

where Γαβ
γδ ∈ k and Di and Xj are operators on a particular vector space such that

[Di, Xj ] = 0 does not necessarily hold [25, p. 3168].
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3. Differential smoothness of algebras

We follow Brzeziński and Sitarz’s presentation on differential smoothness carried
out in [12, Section 2] (cf. [5, 7]).

Definition 3.1 ([12, Section 2.1]). (i) A differential graded algebra is a non-
negatively graded algebra Ω with the product denoted by ∧, together with a degree-
one linear map

d : Ω• → Ω•+1

that satisfies the graded Leibniz rule and is such that d ◦ d = 0.
(ii) A differential graded algebra (Ω, d) is a calculus over an algebra A if Ω0A = A

and ΩnA = A dA ∧ dA ∧ · · · ∧ dA (dA appears n times) for all n ∈ N (the latter is
called the density condition). We write (ΩA, d) with

ΩA =
⊕
n∈N

ΩnA.

By using the Leibniz rule, it follows that ΩnA = dA∧dA∧· · ·∧dA A. A differential
calculus ΩA is said to be connected if ker(d|Ω0A) = k.

(iii) A calculus (ΩA, d) is said to have dimension n if ΩnA ̸= 0 and ΩmA = 0
for all m > n. An n-dimensional calculus ΩA admits a volume form if ΩnA is
isomorphic to A as a left and right A-module.

The existence of a right A-module isomorphism means that there is a free gen-
erator, say ω, of ΩnA (as a right A-module), i.e., ω ∈ ΩnA, such that all elements
of ΩnA can be uniquely expressed as ωa with a ∈ A. If ω is also a free generator
of ΩnA as a left A-module, this is said to be a volume form on ΩA.

The right A-module isomorphism ΩnA → A corresponding to a volume form ω
is denoted by πω, i.e.,

πω(ωa) = a for all a ∈ A. (3.1)
By using that ΩnA is also isomorphic to A as a left A-module, any free generator ω
induces an algebra endomorphism νω of A by the formula

aω = ωνω(a). (3.2)

Note that if ω is a volume form, then νω is an algebra automorphism.
Now, we proceed to recall the key ingredients of the integral calculus on A as

dual to its differential calculus. For more details, see Brzeziński et al. [5, 10].
Let (ΩA, d) be a differential calculus on A. The space of n-forms ΩnA is an

A-bimodule. Consider InA the right dual of ΩnA, the space of all right A-linear
maps ΩnA → A, that is, InA := HomA(Ωn(A), A). Notice that each of the InA is
an A-bimodule with the actions

(a · ϕ · b)(ω) = aϕ(bω) for all ϕ ∈ InA, ω ∈ ΩnA, and a, b ∈ A.

The direct sum of all the InA, that is, IA =
⊕

n InA, is a right ΩA-module
with action given by

(ϕ · ω)(ω′) = ϕ(ω ∧ ω′) for all ϕ ∈ In+mA, ω ∈ ΩnA, and ω′ ∈ ΩmA. (3.3)
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Definition 3.2 ([5, Definition 2.1]). A divergence (also called hom-connection)
on A is a linear map ∇ : I1A → A such that

∇(ϕ · a) = ∇(ϕ)a + ϕ(da) for all ϕ ∈ I1A and a ∈ A. (3.4)

If A is an algebra of functions on the Euclidean space Rn and Ω1(A) is the stan-
dard module of one-forms, then we obtain the classical divergence from elementary
vector calculus [6, p. 892].

Note that a divergence can be extended to the whole of IA,

∇n : In+1A → InA,

by considering

∇n(ϕ)(ω) = ∇(ϕ · ω) + (−1)n+1ϕ(dω) for all ϕ ∈ In+1(A) and ω ∈ ΩnA. (3.5)

By putting together (3.4) and (3.5), we get the Leibniz rule

∇n(ϕ · ω) = ∇m+n(ϕ) · ω + (−1)m+nϕ · dω

for all elements ϕ ∈ Im+n+1A and ω ∈ ΩmA [5, Lemma 3.2]. In the case n = 0,
if HomA(A, M) is canonically identified with M , then ∇0 reduces to the classical
Leibniz rule.

Definition 3.3 ([5, Definition 3.4]). The right A-module map

F = ∇0 ◦ ∇1 : HomA(Ω2A, M) → M

is called a curvature of a hom-connection (M, ∇0). (M, ∇0) is said to be flat if
its curvature is the zero map, that is, if ∇ ◦ ∇1 = 0. This condition implies that
∇n ◦ ∇n+1 = 0 for all n ∈ N.

IA, together with ∇n, form a chain complex called the complex of integral forms
over A. The cokernel map of ∇, that is,

Λ : A → Coker ∇ = A/ Im ∇

is said to be the integral on A associated to IA.
Given a left A-module X with action a · x, for all a ∈ A, x ∈ X, and an algebra

automorphism ν of A, the notation νX stands for X with the A-module structure
twisted by ν, i.e., with the A-action a ⊗ x 7→ ν(a) · x.

The following definition of an integrable differential calculus seeks to portray a
version of Hodge star isomorphisms between the complex of differential forms of a
differentiable manifold and a complex of dual modules of it [8, p. 112].

Definition 3.4 ([12, Definition 2.1]). An n-dimensional differential calculus (ΩA, d)
is said to be integrable if (ΩA, d) admits a complex of integral forms (IA, ∇) for
which there exist an algebra automorphism ν of A and A-bimodule isomorphisms

Θk : ΩkA →ν In−kA, k = 0, . . . , n,

Rev. Un. Mat. Argentina, Vol. 69, No. 1 (2026)



SMOOTH GEOMETRY OF DIFFUSION ALGEBRAS 349

rendering the following diagram commutative:

A Ω1A Ω2A · · · Ωn−1A ΩnA

νInA νIn−1A νIn−2A · · · νI1A νA

d

Θ0 Θ1

d

Θ2

d d

Θn−1

d

Θn

∇n−1 ∇n−2 ∇n−3 ∇1 ∇

The n-form ω := Θ−1
n (1) ∈ ΩnA is called an integrating volume form.

The algebra of complex matrices Mn(C) with the n-dimensional calculus gener-
ated by derivations presented by Dubois-Violette et al. [14, 15], the quantum group
SUq(2) with the three-dimensional left-covariant calculus developed by Woronowicz
[43], and the quantum standard sphere with the restriction of the above calculus are
examples of algebras admitting integrable calculi. For more details on the subject,
see Brzeziński et al. [10].

The following proposition shows that the integrability of a differential calculus
can be defined without explicit reference to integral forms. This allows us to
guarantee the integrability by considering the existence of finitely many generating
elements that allow us to determine left and right components of any homogeneous
element of Ω(A).

Proposition 3.5 ([12, Theorem 2.2]). Let (ΩA, d) be an n-dimensional differential
calculus over an algebra A. The following assertions are equivalent:

(1) (ΩA, d) is an integrable differential calculus.
(2) There exist an algebra automorphism ν of A and A-bimodule isomorphisms

Θk : ΩkA → νIn−kA, k = 0, . . . , n,

such that, for all ω′ ∈ ΩkA and ω′′ ∈ ΩmA,

Θk+m(ω′ ∧ ω′′) = (−1)(n−1)mΘk(ω′) · ω′′.

(3) There exist an algebra automorphism ν of A and an A-bimodule map
ϑ : ΩnA → νA such that all left multiplication maps

ℓk
ϑ : ΩkA → In−kA,

ω′ 7→ ϑ · ω′, k = 0, 1, . . . , n,

where the actions · are defined by (3.3), are bijective.
(4) (ΩA, d) has a volume form ω such that all left multiplication maps

ℓk
πω

: ΩkA → In−kA,

ω′ 7→ πω · ω′, k = 0, 1, . . . , n − 1,

where πω is defined by (3.1), are bijective.

A volume form ω ∈ ΩnA is an integrating form if and only if it satisfies condi-
tion (4) of Proposition 3.5 [12, Remark 2.3].

The most interesting cases of differential calculi are those where ΩkA are finitely
generated and projective right or left (or both) A-modules [6].
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Proposition 3.6. The following statements hold:
(1) [12, Lemma 2.6] Consider (ΩA, d) an integrable and n-dimensional calculus

over A with integrating form ω. Then ΩkA is a finitely generated projective
right A-module if there exist a finite number of forms ωi ∈ ΩkA and ωi ∈
Ωn−kA such that, for all ω′ ∈ ΩkA, we have

ω′ =
∑

i

ωiπω(ωi ∧ ω′).

(2) [12, Lemma 2.7] Let (ΩA, d) be an n-dimensional calculus over A admitting
a volume form ω. Assume that for all k = 1, . . . , n − 1, there exists a finite
number of forms ωk

i , ωk
i ∈ Ωk(A) such that for all ω′ ∈ ΩkA, we have that

ω′ =
∑

i

ωk
i πω(ωn−k

i ∧ ω′) =
∑

i

ν−1
ω (πω(ω′ ∧ ωn−k

i ))ωk
i ,

where πω and νω are defined by (3.1) and (3.2), respectively. Then ω is an
integral form and all the ΩkA are finitely generated and projective as left
and right A-modules.

Brzeziński and Sitarz [12, p. 421] point out that, in order to relate the dimension
of an integrable calculus (ΩA, d) with the “size” of the underlying affine algebra A, a
suitable notion of dimension is needed: its Gelfand–Kirillov dimension GKdim(A).
For more details about this dimension, see [24]. In the setting of diffusion algebras
on N generators, we get that GKdim(D) = N (see Remark 2.8).

After the preliminaries above, we arrive at the key notion of this paper.

Definition 3.7 ([12, Definition 2.4]). An affine algebra A with integer Gelfand–
Kirillov dimension n is said to be differentially smooth if it admits an n-dimensional
connected integrable differential calculus (ΩA, d).

From Definition 3.7 it follows that a differentially smooth algebra comes equipped
with a well-behaved differential structure and with the precise concept of integra-
tion [11, p. 2414].

As we said in the Introduction, different authors have characterized the differ-
ential smoothness of several noncommutative algebras [8, 9, 10, 11, 12, 15, 21, 22,
31, 39, 35].

Remark 3.8. There are examples of algebras that are not differentially smooth.
Consider the commutative algebra A = C[x, y]/⟨xy⟩. A proof by contradiction
shows that for this algebra there are no one-dimensional connected integrable calculi
over A, so it cannot be differentially smooth [12, Example 2.5].

4. Differential smoothness of diffusion algebras

Throughout this section, D denotes a diffusion algebra on N ≥ 3 generators.
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4.1. Diffusion algebras on four generators. The explicit four-generator de-
scription is given in Table 1. It is worth noting that several of these algebras
appear to be isomorphic upon some index change. This task is beyond the scope
of this paper, as for now we are only interested in describing possible combinations
of algebras.

4.2. Diffusion algebras on five generators. As in Subsection 4.1, all possible
diffusion algebras on five generators are shown. These can be found in Table 2.

4.3. Differential smoothness of diffusion algebras on N generators. Our
aim in this section is to find an integral calculus of degree N that guarantees the
differentiable smoothness of diffusion algebras.

Theorem 4.1. Let D be a diffusion algebra on N ≥ 3 generators. If D satisfies
any one of the following properties:

(i) |I| = L and |S| = N − L, for 3 ≤ L ≤ N ;
(ii) |I| = 1, |S| = N − 1, and gs = G ̸∈ {0, Λa} for all s ∈ S;
(iii) |I| = 2, |S| = N − 2, and gs = G ̸∈ {0, Λ} for all s ∈ S; or
(iv) |I| = 0,

then D is diferentially smooth.

Proof. In view of Definition 3.7, to prove that D is differentially smooth it suffices to
exhibit an N -dimensional connected integrable differential calculus (ΩD, d) over D.
We now construct an explicit calculus adapted to the chosen set of generators of D.

To this end, we choose Ω1(D) to be a free right D-module of rank N with basis
{dDa}N

a=1, and we endow it with a left D-module structure,
p dDa = dDa νDa

(p), a ∈ I ∪ S, p ∈ D,

where νDa
are algebra automorphisms of D.

(i) Consider the maps given by
νDi

(Dj) = Dj − g−1xj , for i, j ∈ I,

νDi(Ds) = Ds, for i ∈ I, s ∈ S,

νDs
(Di) = Di − g−1

s xi, for i ∈ I, s ∈ S, and
νDs

(Dl) = Dl, for s, l ∈ S.

It can be seen that, for each i ∈ I and s ∈ S, the maps νDi
and νDs

can be
extended to algebra homomorphisms of D. As a matter of fact, these maps respect
the relations (2.11) for D and commute with each other.

Consider Ω1(D) a free right D-module of rank N with generators dDi, dDs for
all i ∈ I and s ∈ S. For every element p ∈ D, define a left D-module structure by

pdDa = dDaνDa(p), with a ∈ I ∪ S. (4.1)
The relations in Ω1(D) are given by

DidDj = dDj(Di − g−1xi), i, j ∈ I,

DidDs = dDs(Di − g−1
s xi), i ∈ I, s ∈ S,

Rev. Un. Mat. Argentina, Vol. 69, No. 1 (2026)
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DsdDi = dDiDs, i ∈ I, s ∈ S, and (4.2)
DsdDl = dDlDs, s, l ∈ S.

We want to extend the correspondences
Da 7→ dDa for every a ∈ I ∪ S

to a map d : D → Ω1(D) satisfying the Leibniz rule. This is possible if it is
compatible with the nontrivial relations (2.11), i.e., if the equalities

gdDiDj + gDidDj − gdDjDi − gDjdDi = xjdDi − xidDj for i, j ∈ I,

and
gsdDsDi + gsDsdDi − gsdDiDs − gsDidDs = xidDs for i ∈ I, s ∈ S,

hold.
Define k-linear maps

∂Da : D → D for every a ∈ I ∪ S,

such that
d(p) =

∑
a∈I∪S

dDa∂Da(p) for all p ∈ D.

Since dDa with a ∈ I ∪ S are free generators of the right D-module Ω1(D), these
maps are well defined. Note that d(p) = 0 if and only if ∂Da

(p) = 0 for each
a ∈ I ∪ S. By using the relations in (4.2) and the definitions of the maps νDa

with
a ∈ I ∪ S, we get that

∂Da
(Dk1

1 · · · DkN

N ) = ka(D1 − g−1
a x1)k1 · · · (Da−1 − g−1

a xa−1)ka−1Dka−1
a · · · DkN

N ,

where g−1
a = g−1 if a ∈ I, and g−1

a = g−1
s if r = s ∈ S. Thus, d(p) = 0 if and only

if p is a scalar multiple of the identity. This shows that (ΩD, d) is connected with
Ω(D) =

⊕n−1
k=0 Ωk(D).

The universal extension of d to higher forms compatible with (4.1) gives the
following rules for Ωk(D) (2 ≤ k ≤ N − 1):

k∧
r=1

dDq(r) = (−1)♯
k∧

r=1
dDp(r),

where q : {1, . . . , k} → {1, . . . , N} is an injective map, p : {1, . . . , k} → Im(q)
is an increasing injective map, and ♯ is the number of 2-permutations needed to
transform q into p.

By using the fact that, for every i ∈ I and s ∈ S, the automorphisms νDi
and

νDs
commute with each other, there are no additional relations beyond the previous

ones. In this way,
ΩN−1(D) = [dD1 ∧ dD2 ∧ · · · ∧ dDN−1 ⊕ dD1 ∧ dD3 ∧ · · · ∧ dDN

⊕ · · · ⊕ dD2 ∧ · · · ∧ dDN ]D.

Since ΩN (D) = ωD ∼= D as a right and left D-module with
ω = dD1 ∧ · · · ∧ dDN and νω = νD1 ◦ · · · ◦ νDN

,
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we have that ω is a volume form of D. From Proposition 3.6 (2) we obtain that ω
is an integral form by setting

ωj
i =

j∧
k=1

dDpi,j(k) for 1 ≤ i ≤
(

N

j

)
, and

ω̄N−j
i = (−1)♯i

n∧
k=j+1

dDp̄i,j(k) for 1 ≤ i ≤
(

N

j

)
,

where
pi,j : {1, . . . , j} → {1, . . . , N} and p̄i,j : {j + 1, . . . , N} → (Im(pi,j))c

are increasing injective maps and ♯i,j is the number of 2-permutations needed to
transform {p̄i,j(j + 1), . . . , p̄i,j(N), pi,j(1), . . . , pi,j(j)} into {1, . . . , N}.

Let ω′ ∈ Ωj(D). Then

ω′ =
(N

j )∑
i=1

j∧
k=1

dDpi,j(k)ai, with ai ∈ k.

This implies that we have the equalities given by
(N

j )∑
i=1

ωj
i πω(ω̄N−j

i ∧ ω′)

=
(N

j )∑
i=1

j∧
k=1

dDpi,j(k)πω

(
ai(−1)♯i,j

N∧
k=j+1

dDp̄i,j(k) ∧
j∧

k=1
dDpi,j(k)

)

=
(N

j )∑
i=1

j∧
k=1

dxpi,j(k)ai

= ω′.

By Proposition 3.6 (2) it follows that D is differentially smooth.
(ii) Consider the maps given by

νDi(Di) = Di,

νDi(Ds) = G(G − Λa)−1Ds,

νDs
(Di) = G−1((G − Λa)Di − xi),

νDs
(Dl) = Dl for s, l ∈ S.

It is straightforward to show that the map νDi and, for each s ∈ S, the map νDs

can be extended to algebra homomorphisms of D and respect the relations (2.14)
for D. Again, these maps commute with each other.

Consider Ω1(D) a free right D-module of rank N with generators dDi for every
dDs and s ∈ S. For all p ∈ D define a left D-module structure by

pdDa = dDaνDa
(p) for every a ∈ {i} ∪ S. (4.3)
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The relations in Ω1(D) are given by

DidDs = dDsG−1((G − Λa)Di − xi), s ∈ S,

DsdDi = dDiG(G − Λa)−1Ds, s ∈ S, and
DsdDl = dDlDs, s, l ∈ S. (4.4)

We want to extend the correspondences

Da 7→ dDa, with a ∈ {i} ∪ S

to a map d : D → Ω1(D) satisfying the Leibniz rule. By using the relations (2.14),
the equality

GdDiDs + GDidDs − (G − Λa)dDsDi − (G − Λa)DsdDi = −xidDs for all s ∈ S

must be satisfied.
Define k-linear maps

∂Da
: D → D for each a ∈ {i} ∪ S

such that
d(p) =

∑
a∈{i}∪S

dDa∂Da
(p) for all p ∈ D.

Since dDa, a ∈ {i} ∪ S, are free generators of the right D-module Ω1(D), these
maps are well defined, and d(p) = 0 if and only if ∂Da

(p) = 0, a ∈ {i} ∪ S. By
using the relations in (4.4) and the definitions of the maps νDa , a ∈ {i} ∪ S, we
obtain

∂Di (Dk1
1 · · · D

ki
i · · · D

kN
N ) =

i−1∏
j=1

Gkj (G − Λa)−kj kiD
k1
1 · · · D

ki−1
i · · · D

kN
N ,

∂Ds (Dk1
1 · · · D

ki
i · · · D

kN
N ) = ksDk1

1 · · · Dks−1
s · · · D

kN
N for s < i,

∂Ds (Dk1
1 · · · D

ki
i · · · D

kN
N ) = ksG−ki Dk1

1 · · · ((G − Λa)Di − xi)ki · · · Dks−1
s · · · D

kN
N for s > i,

Thus d(p) = 0 if and only if p is a scalar multiple of the identity, whence it
follows that (ΩD, d) is connected, where Ω(D) =

⊕n−1
k=0 Ωk(D).

From this treatment, the rest of the proof is completely analogous to case (i).
Thus, D is differentially smooth.

(iii) For all elements s, l ∈ S, consider the following maps:

νDi(Di) = g−1((g − Λ)Di − xi),
νDi(Dj) = (g − Λ)−1(gDj − xj),
νDi(Ds) = (G − Λ)−1GDs,

νDj(Di) = g−1((g − Λ)Di − xi),
νDj(Dj) = g−1((g − Λ)Dj − xj),
νDj(Ds) = (G − Λ)−1GDs,

νDs(Di) = G−1((G − Λ)Di − xi),
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νDs(Dj) = (G − Λ)−1(GDj − xj), and
νDs(Dl) = Dl.

Notice that these morphisms are similar to the corresponding ones in case (ii),
so by using similar reasoning we can prove that all of them guarantee that D is
differentially smooth.

(iv) In this case, the algebra D is precisely the quantum affine N -space, whence
its differential smoothness follows by [22, Corollary 6 and Theorem 9] or [11, Corol-
lary 4.9]. □

Following an argument similar to the one presented by Brzezińki and Sitarz [12,
Example 2.5], we obtain the following result.

Theorem 4.2. If |T | ̸= 0, then there are no one-dimensional connected integrable
calculi on the diffusion algebra D.

Proof. Consider the sets T ◦ and T • as the only connective components in the
decomposition in expression (2.9) of the subset T ∈ IN .

(i) Suppose that |T ◦| ≥ 1. We can write the relations relevant to T ◦ in the
unique form given by

G(DiDt) = −xiDt, i ∈ I, t ∈ T ◦
a , (4.5)

where G ∈ {g◦
a, gi + g◦

a, g◦
a − Λ} depending on the case in Proposition 2.7.

By applying the differential d to the expression (4.5) we get that
Gd((DiDt)) = d(−xiDt), i ∈ I, t ∈ T ◦

a .

If (DiDt) = DiDt, using that d is k-linear the Leibniz rule yields
GdDiDt + GDidDt + xidDt = 0, i ∈ I, t ∈ T ◦

a .

Since Ω1(D) is a D-bimodule, and we work with a calculus in which Ω1(D) is
free as a right D-module with generators {dD1, . . . , dDN }, for each t there is an
algebra automorphism νDt

: D → D encoding the left action on the generator dDt,
namely

p dDt = dDt νDt
(p) ∀ p ∈ D.

We emphasize that νDt
comes from the bimodule structure of Ω1(D) and should

not be confused with the automorphism νω in (3.2), which is defined only after
choosing a volume form ω ∈ ΩN (D). Then

GdDiDt + GdDtνDt
(Di) + xidDt = 0, i ∈ I, t ∈ T ◦

a .

In this case, we have
GDt = 0, t ∈ T ◦

a ,

which occurs only if G = 0. This contradicts all the cases in Proposition 2.7.
On the other hand, if (DiDt) = DtDi, by an argument similar to the previous

one we obtain
GνDi

(Dt) = 0, i ∈ I, t ∈ T ◦
a .

If G = 0, this again contradicts all the cases in Proposition 2.7. On the other
hand, if νDi

(Dt) = 0, this contradicts the fact that νDi
is an automorphism.
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(ii) Suppose that |T •| ≥ 1. We can write the relations relevant to T • in the
following unique form:

G(DiDt) = sgn(i − t)xiDt, i ∈ I, t ∈ T •
b ,

where G ∈ {g+
b , g−

b , gi + g+
b , g−

b − gi}, depending on the case in Proposition 2.7.
The proof is exactly the same as in the expression (4.5); we only need to change
the sign of i − t. □
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Table 1. Diffusion algebras on four generators

Diffusion
algebra Relations Conditions Restrictions

AI gD2D1 − gD1D2 = x2D1 − x1D2, gD3D1 − gD1D3 = x3D1 − x1D3,
I = {1, 2, 3}, S = {4} g, g4 ̸= 0gD3D2 − gD2D3 = x3D2 − x2D3, g4D4D1 − g4D1D4 = x1D4,

g4D4D2 − g4D2D4 = x2D4, g4D4D3 − g4D3D4 = x1D4

gD3D1 − gD1D3 = x3D1 − x1D3, gD4D1 − gD1D4 = x4D1 − x1D4,
I = {1, 3, 4}, S = {2} g, g2 ̸= 0gD4D3 − gD3D4 = x4D3 − x3D4, g2D2D1 − g2D1D2 = x1D2,

g2D3D2 − g2D2D3 = x3D2, g2D4D2 − g2D2D4 = x4D2

gD2D1 − gD1D2 = x2D1 − x1D2, gD4D1 − gD1D4 = x4D1 − x1D4,
I = {1, 2, 4}, S = {3} g, g3 ̸= 0gD4D3 − gD3D4 = x4D3 − x3D4, g3D3D1 − g3D1D3 = x1D3,

g3D3D2 − g3D2D3 = x2D3, g3D3D4 − g3D4D3 = x4D3

gD3D2 − gD2D3 = x3D2 − x2D3, gD4D2 − gD2D4 = x4D2 − x2D4,
I = {2, 3, 4}, S = {1} g, g1 ̸= 0gD4D3 − gD3D4 = x4D3 − x3D4, g1D2D1 − g1D1D2 = x2D1,

g1D3D1 − g1D1D3 = x3D1, g1D4D1 − g1D1D4 = x4D1

AII (g1 − g2)D1D2 = x2D1 − x1D2, (g1 − g3)D1D3 = x3D1 − x1D3,
I = {1, 2, 3, 4} gi ̸= gj for i, j ∈ I, i ̸= j(g1 − g4)D1D4 = x4D1 − x1D4, (g2 − g3)D2D3 = x3D2 − x2D3,

(g2 − g4)D2D4 = x4D2 − x2D4, (g3 − g4)D3D4 = x4D3 − x3D4

(g1 − g2)D1D2 = x2D1 − x1D2, (g1 − g3)D1D3 = x3D1 − x1D3,
I = {1, 2, 3}, T ◦

a = {4} gi ̸= gj for i, j ∈ I, i ̸= j, gi ̸= g◦
1(g2 − g3)D3D2 = x3D2 − x2D3, (g1 + g◦

1)D1D4 = −x1D4,
(g2 + g◦

1)D2D4 = −x2D4, (g3 + g◦
1)D3D4 = −x3D4

(g2 − g3)D2D3 = x3D2 − x2D3, (g2 − g4)D2D4 = x4D2 − x2D4,
I = {2, 3, 4}, T ◦

a = {1} gi ̸= gj for i, j ∈ I, i ̸= j, gi ̸= g◦
1(g3 − g4)D4D3 = x4D3 − x3D4, (g2 + g◦

1)D1D2 = −x2D1,
(g3 + g◦

1)D1D3 = −x3D1, (g4 + g◦
1)D1D4 = −x4D1

(g1 − g3)D1D3 = x3D1 − x1D3, (g1 − g4)D1D4 = x4D1 − x1D4,
I = {1, 3, 4}, T •

b = {2} gi ̸= gj for i, j ∈ I, i ̸= j, gi ̸= ∓g±
1(g3 − g4)D4D3 = x4D3 − x3D4, (g1 + g+

1 )D1D2 = −x1D2,
(g−

1 − g3)D2D3 = x3D2, (g−
1 − g4)D2D4 = x4D2

(g1 − g2)D1D2 = x2D1 − x1D2, (g1 − g4)D1D4 = x4D1 − x1D4,
I = {1, 2, 4}, T •

b = {3} gi ̸= gj for i, j ∈ I, i ̸= j, gi ̸= ∓g±
1(g2 − g4)D2D4 = x4D2 − x2D4, (g1 + g+

1 )D1D3 = −x1D3,
(g2 + g+

1 )D2D3 = −x2D3, (g−
1 − g4)D3D4 = x4D3

B gD1D2 − (g − Λ)D2D1 = x2D1 − x1D2, g3D1D3 − (g3 − Λ)D3D1 = −x1D3,
I = {1, 2}, S = {3, 4} g ̸= 0, gs ̸∈ {0, Λ}, s ∈ Sg4D1D4 − (g4 − Λ)D4D1 = −x1D4, g3D2D3 − (g3 − Λ)D3D2 = −x2D3,

g4D2D4 − (g4 − Λ)D4D2 = −x2D4

gD1D3 − (g − Λ)D3D1 = x3D1 − x1D3, g2D1D2 − (g2 − Λ)D2D1 = −x1D2,
I = {1, 3}, S = {2, 4} g ̸= 0, g2 ̸= 0, g4 ̸∈ {0, Λ}g4D1D4 − (g4 − Λ)D4D1 = −x1D4, g2D3D2 − (g2 − Λ)D2D3 = −x3D2,

g4D3D4 − (g4 − Λ)D4D3 = −x3D4

gD1D4 − (g − Λ)D4D1 = x4D1 − x1D4, g3D1D3 − (g3 − Λ)D3D1 = −x1D3,
I = {1, 4}, S = {2, 3} g ̸= 0, gs ̸= 0, s ∈ Sg2D1D2 − (g2 − Λ)D2D1 = −x1D2, g3D4D3 − (g3 − Λ)D3D4 = −x4D3,

g2D4D2 − (g2 − Λ)D2D4 = −x4D2

gD2D3 − (g − Λ)D3D2 = x3D2 − x2D3, g1D2D1 − (g1 − Λ)D1D2 = −x2D1,
I = {2, 3}, S = {1, 4} g ̸= 0, gs ̸∈ {0, Λ}, s ∈ Sg4D2D4 − (g4 − Λ)D4D2 = −x2D4, g1D3D1 − (g1 − Λ)D1D3 = −x3D1,

g4D3D4 − (g4 − Λ)D4D3 = −x3D4

gD2D4 − (g − Λ)D4D2 = x4D2 − x2D4, g1D2D1 − (g1 − Λ)D1D2 = −x2D1,
I = {2, 4}, S = {1, 3} g ̸= 0, g3 ̸= 0, g1 ̸∈ {0, Λ}g3D2D3 − (g3 − Λ)D3D2 = −x2D3, g1D4D1 − (g1 − Λ)D1D4 = −x4D1,

g3D4D3 − (g3 − Λ)D3D4 = −x4D3

gD3D4 − (g − Λ)D4D3 = x4D3 − x3D4, g1D3D1 − (g1 − Λ)D1D3 = −x3D1,
I = {3, 4}, S = {1, 2} g ̸= 0, gs ̸∈ {0, Λ}, s ∈ Sg2D3D2 − (g2 − Λ)D2D3 = −x3D2, g1D4D1 − (g1 − Λ)D1D4 = −x4D1,

g2D4D2 − (g2 − Λ)D2D4 = −x4D2

gD1D2 − (g − Λ)D2D1 = x2D1 − x1D2, g3D1D3 − (g3 − Λ)D3D1 = −x1D3,
I = {1, 2}, S = {3}, T ◦

a = {4} g ̸= 0, g3, g◦
a ̸∈ {0, Λ}g3D2D3 − (g3 − Λ)D3D2 = −x2D3, g◦

aD1D4 = −x1D4,
(g◦

a − Λ)D2D4 = −x2D4,

gD1D2 − (g − Λ)D2D1 = x2D1 − x1D2, g4D1D4 − (g4 − Λ)D4D1 = −x1D4,
I = {1, 2}, S = {4}, T ◦

a = {3} g ̸= 0, g4, g◦
a ̸∈ {0, Λ}g4D2D4 − (g4 − Λ)D4D2 = −x2D4, g◦

aD1D3 = −x1D3,
(g◦

a − Λ)D2D3 = −x2D3,

gD1D3 − (g − Λ)D3D1 = x3D1 − x1D3, g2D1D2 − (g2 − Λ)D2D1 = −x1D2,
I = {1, 3}, S = {2}, T ◦

a = {4} g ̸= 0, g2 ̸= 0, g◦
a ̸∈ {0, Λ}g2D3D2 − (g2 − Λ)D2D3 = −x3D2, g◦

aD1D4 = −x1D4,
(g◦

a − Λ)D3D4 = −x3D4,

gD2D3 − (g − Λ)D3D2 = x3D2 − x2D3, g1D2D1 − (g1 − Λ)D1D2 = −x2D1,
I = {2, 3}, S = {1}, T ◦

a = {4} g ̸= 0, g1, g◦
a ̸∈ {0, Λ}g1D3D1 − (g1 − Λ)D1D3 = −x3D1, g◦

aD2D4 = −x2D4,
(g◦

a − Λ)D3D4 = −x3D4,
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Table 1. Diffusion algebras on four generators (continued)

Diffusion
algebra Relations Conditions Restrictions

B gD2D3 − (g − Λ)D3D2 = x3D2 − x2D3, g4D2D4 − (g4 − Λ)D4D2 = −x2D4,
I = {2, 3}, S = {4}, T ◦

a = {1} g ̸= 0, g4, g◦
a ̸∈ {0, Λ}g4D3D4 − (g4 − Λ)D4D3 = −x3D4, g◦

aD1D2 = −x2D1,
(g◦

a − Λ)D1D3 = −x3D1,

gD2D4 − (g − Λ)D4D2 = x4D2 − x2D4, g3D2D3 − (g3 − Λ)D3D2 = −x2D3,
I = {2, 4}, S = {3}, T ◦

a = {1} g ̸= 0, g3 ̸= 0, g◦
a ̸∈ {0, Λ}g3D4D3 − (g3 − Λ)D3D4 = −x4D3, g◦

aD1D2 = −x2D1,
(g◦

a − Λ)D1D4 = −x4D1,

gD3D4 − (g − Λ)D4D3 = x4D3 − x3D4, g1D3D1 − (g1 − Λ)D1D3 = −x3D1,
I = {3, 4}, S = {1}, T ◦

a = {2} g ̸= 0, g1, g◦
a ̸∈ {0, Λ}g1D4D1 − (g1 − Λ)D1D4 = −x4D1, g◦

aD2D3 = −x3D2,
(g◦

a − Λ)D2D4 = −x4D2,

gD3D4 − (g − Λ)D4D3 = x4D3 − x3D4, g2D3D2 − (g2 − Λ)D2D3 = −x3D2,
I = {3, 4}, S = {2}, T ◦

a = {1} g ̸= 0, g2, g◦
a ̸∈ {0, Λ}g2D4D2 − (g2 − Λ)D2D4 = −x4D2, g◦

aD1D3 = −x3D1,
(g◦

a − Λ)D1D4 = −x4D1,

gD1D3 − (g − Λ)D3D1 = x3D1 − x1D3, g4D1D4 − (g4 − Λ)D4D1 = −x1D4,
I = {1, 3}, S = {4}, T •

b = {2} g ̸= 0, g4 ̸∈ {0, Λ}, g±
b ̸= 0g4D3D4 − (g4 − Λ)D4D3 = −x3D4, g+

b D1D2 = −x1D2,
g−

b D2D3 = x2D3,

gD1D4 − (g − Λ)D4D1 = x4D1 − x1D4, g2D1D2 − (g2 − Λ)D2D1 = −x1D2,
I = {1, 4}, S = {2}, T •

b = {3} g ̸= 0, g2 ̸= 0, g±
b ̸= 0g2D4D2 − (g2 − Λ)D2D4 = −x4D2, g+

b D1D3 = −x1D3,
g−

b D3D4 = x4D3,

gD1D4 − (g − Λ)D4D1 = x4D1 − x1D4, g3D1D3 − (g3 − Λ)D3D1 = −x1D3,
I = {1, 4}, S = {3}, T •

b = {2} g ̸= 0, g3 ̸= 0, g±
b ̸= 0g3D4D3 − (g3 − Λ)D3D4 = −x4D3, g+

b D1D2 = −x1D2,
g−

b D2D4 = x4D2,

gD2D4 − (g − Λ)D4D2 = x4D2 − x2D4, g1D2D1 − (g1 − Λ)D1D2 = −x2D1,
I = {2, 4}, S = {1}, T •

b = {3} g ̸= 0, g1 ̸∈ {0, Λ}, g±
b ̸= 0g1D4D1 − (g1 − Λ)D1D4 = −x4D1, g+

b D2D3 = −x2D3,
g−

b D3D4 = x4D3,

gD1D2 − (g − Λ)D2D1 = x1D2 − x2D1, g◦
aD1D3 = −x1D3,

I = {1, 2}, T ◦
a = {3, 4} g ̸= 0, g◦

a ̸∈ {0, Λ}g◦
aD1D4 = −x1D4, (g◦

a − Λ)D2D3 = −x2D3,
(g◦

a − Λ)D2D4 = −x2D4,

gD1D3 − (g − Λ)D3D1 = x1D3 − x3D1, g◦
aD1D4 = −x1D4,

I = {1, 3}, T •
b = {2}, T ◦

a = {4} g ̸= 0, g◦
a ̸∈ {0, Λ}, g±

b ̸= 0(g◦
a − Λ)D3D4 = −x3D4, g+

b D1D2 = −x1D2,
g−

b D2D3 = x3D2,

gD1D4 − (g − Λ)D4D1 = x1D4 − x4D1, g+
b D1D2 = −x1D2,

I = {1, 4}, T •
b = {2, 3} g ̸= 0, g±

b ̸= 0g−
b D2D4 = x4D2, g+

b D1D3 = −x1D3,
g−

b D3D4 = x4D3,

gD2D3 − (g − Λ)D3D2 = x2D3 − x3D2, g◦
aD1D2 = −x1D2,

I = {2, 3}, T ◦
a = {1, 4} g ̸= 0, g◦

a ̸∈ {0, Λ}g◦
aD1D3 = −x1D3, (g◦

a − Λ)D1D3 = −x3D1,
(g◦

a − Λ)D3D4 = −x3D4,

gD2D4 − (g − Λ)D4D2 = x2D4 − x4D2, g◦
aD1D2 = −x2D1,

I = {2, 4}, T ◦
a = {1}, T •

b = {3} g ̸= 0, g◦
a ̸∈ {0, Λ}, g±

b ̸= 0(g◦
a − Λ)D1D4 = −x4D1, g+

b D2D3 = −x2D3,
g−

b D3D4 = x4D3,

gD3D4 − (g − Λ)D4D3 = x3D4 − x4D3, g◦
aD1D3 = −x3D1,

I = {3, 4}, T ◦
a = {1, 2} g ̸= 0, g◦

a ̸∈ {0, Λ}g◦
aD2D3 = −x3D2, (g◦

a − Λ)D1D4 = −x4D1,
(g◦

a − Λ)D2D4 = −x4D2,

C g2D1D2 − (g2 − Λa)D2D1 = −x1D2, g3D1D3 − (g3 − Λa)D3D1 = −x1D3,
I = {1}, Ra = {2, 3, 4} g2, g3, g4 ̸= Λag4D1D4 − (g4 − Λa)D4D1 = −x1D4,

g1D2D1 − (g1 − Λa)D1D2 = −x2D1, g3D2D3 − (g3 − Λa)D3D2 = −x2D3,
I = {2}, Ra = {1, 3, 4} g1 ̸= 0, g3, g4 ̸= Λag4D2D4 − (g4 − Λa)D4D2 = −x2D4,

g1D3D1 − (g1 − Λa)D1D3 = −x3D1, g2D3D2 − (g2 − Λa)D2D3 = −x3D2,
I = {3}, Ra = {1, 2, 4} g1, g2 ̸= 0, g4 ̸= Λag4D3D4 − (g4 − Λa)D4D3 = −x3D4,

g1D4D1 − (g1 − Λa)D1D4 = −x4D1, g2D4D2 − (g2 − Λa)D2D4 = −x4D2,
I = {4}, Ra = {1, 2, 3} g1, g2, g3 ̸= 0g3D4D3 − (g3 − Λa)D3D4 = −x4D3,

D

D1D2 − q21D2D1 = 0, D1D3 − q31D3D1 = 0,
R = {1, 2, 3, 4} q21, q31, q41, q32, q42, q43 ̸= 0D1D4 − q41D4D1 = 0, D2D3 − q32D3D2 = 0,

D2D4 − q42D4D2 = 0, D3D4 − q43D4D3 = 0
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Table 2. Diffusion algebras on five generators

Diffusion
algebra Relations Conditions Restrictions

AI gD2D1 − gD1D2 = x1D2 − x2D1, gD3D1 − gD1D3 = x1D3 − x3D1,

I = {1, 2, 3, 4}, S = {5} g, g5 ̸= 0
gD4D1 − gD1D4 = x1D4 − x4D1, g5D5D1 − g5D1D5 = x1D5,
gD3D2 − gD2D3 = x2D3 − x3D2, gD4D2 − gD2D4 = x2D4 − x4D2,
g5D5D2 − g5D2D5 = x2D5, gD4D3 − gD3D4 = x3D4 − x4D3,
g5D5D3 − g5D3D5 = x3D5, g5D5D4 − g5D4D5 = x4D5

gD2D1 − gD1D2 = x1D2 − x2D1, gD3D1 − gD1D3 = x1D3 − x3D1,

I = {1, 2, 3, 5}, S = {4} g, g4 ̸= 0
gD5D1 − gD1D5 = x1D5 − x5D1, g4D4D1 − g4D1D4 = x1D4,
gD3D2 − gD2D3 = x2D3 − x3D2, gD5D2 − gD2D5 = x2D5 − x5D2,
g4D4D2 − g4D2D4 = x2D4, gD5D3 − gD3D5 = x3D5 − x5D3,
g4D4D3 − g4D3D4 = x3D4, g4D4D5 − g4D5D4 = x5D4

gD2D1 − gD1D2 = x1D2 − x2D1, gD4D1 − gD1D4 = x1D4 − x4D1,

I = {1, 2, 4, 5}, S = {3} g, g3 ̸= 0
gD5D1 − gD1D5 = x1D5 − x5D1, g3D3D1 − g3D1D3 = x1D3,
gD4D2 − gD2D4 = x2D4 − x4D2, gD5D2 − gD2D5 = x2D5 − x5D2,
g3D3D2 − g3D2D3 = x2D3, gD5D4 − gD4D5 = x4D5 − x5D4,
g3D3D4 − g3D4D3 = x4D3, g3D3D5 − g3D5D3 = x5D3

gD3D1 − gD1D3 = x1D3 − x3D1, gD4D1 − gD1D4 = x1D4 − x4D1,

I = {1, 3, 4, 5}, S = {2} g, g2 ̸= 0
gD5D1 − gD1D5 = x1D5 − x5D1, g2D2D1 − g2D1D2 = x1D2,
gD4D3 − gD3D4 = x3D4 − x4D3, gD5D3 − gD3D5 = x3D5 − x5D3,
g2D2D3 − g2D3D2 = x3D2, gD5D4 − gD4D5 = x4D5 − x5D4,
g2D2D4 − g2D4D2 = x4D2, g2D2D5 − g2D5D2 = x5D2

gD3D2 − gD2D3 = x2D3 − x3D2, gD4D2 − gD2D4 = x2D4 − x4D2,

I = {2, 3, 4, 5}, S = {1} g, g1 ̸= 0
gD5D2 − gD2D5 = x2D5 − x5D2, g1D1D2 − g1D2D1 = x2D1,
gD4D3 − gD3D4 = x3D4 − x4D3, gD5D3 − gD3D5 = x3D5 − x5D3,
g1D1D3 − g1D3D1 = x3D1, gD5D4 − gD4D5 = x4D5 − x5D4,
g1D1D4 − g1D4D1 = x4D1, g1D1D5 − g1D5D1 = x5D1

gD2D1 − gD1D2 = x1D2 − x2D1, gD3D1 − gD1D3 = x1D3 − x3D1,

I = {1, 2, 3}, S = {4}, T ◦
a = {5} g, g4, g◦

a ̸= 0
gD3D2 − gD2D3 = x2D3 − x3D2, g4D4D1 − g4D1D4 = x1D4,
g4D4D2 − g4D2D4 = x2D4, g4D4D3 − g4D3D4 = x3D4,
g◦

aD5D1 = −x1D5, g◦
aD5D2 = −x2D5,

g◦
aD5D3 = −x3D5

gD2D1 − gD1D2 = x1D2 − x2D1, gD3D1 − gD1D3 = x1D3 − x3D1,

I = {1, 2, 3}, S = {5}, T ◦
a = {4} g, g5, g◦

a ̸= 0
gD3D2 − gD2D3 = x2D3 − x3D2, g5D5D1 − g5D1D5 = x1D5,
g5D5D2 − g5D2D5 = x2D5, g5D5D3 − g5D3D5 = x3D5,
g◦

aD4D1 = −x1D4, g◦
aD4D2 = −x2D4,

g◦
aD4D3 = −x3D4

gD2D1 − gD1D2 = x1D2 − x2D1, gD3D1 − gD1D3 = x1D3 − x3D1,

I = {1, 2, 3}, S = {4, 5} g, g4, g5 ̸= 0
gD3D2 − gD2D3 = x2D3 − x3D2, g5D5D1 − g5D1D5 = x1D5,
g5D5D2 − g5D2D5 = x2D5, g5D5D3 − g5D3D5 = x3D5,
g4D4D1 − g4D1D4 = x1D4, g4D4D2 − g4D2D4 = x2D4,
g4D4D3 − g4D3D4 = x3D4

gD2D1 − gD1D2 = x1D2 − x2D1, gD4D1 − gD1D4 = x1D4 − x4D1,

I = {1, 2, 4}, S = {3}, T ◦
a = {5} g, g3, g◦

a ̸= 0
gD4D2 − gD2D4 = x2D4 − x4D2, g3D3D1 − g3D1D3 = x1D3,
g3D3D2 − g3D2D3 = x2D3, g3D3D4 − g3D4D3 = x4D3,
g◦

aD5D1 = −x1D5, g◦
aD5D2 = −x2D5,

g◦
aD5D4 = −x4D5
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Table 2. Diffusion algebras on five generators (continued)

Diffusion
algebra Relations Conditions Restrictions

AI gD2D1 − gD1D2 = x1D2 − x2D1, gD4D1 − gD1D4 = x1D4 − x4D1,

I = {1, 2, 4}, S = {5}, T •
b = {3} g, g5, g±

b ̸= 0
gD4D2 − gD2D4 = x2D4 − x4D2, g5D5D1 − g5D1D5 = x1D5,
g5D5D2 − g5D2D5 = x2D5, g5D5D4 − g5D4D5 = x4D5,
g+

b D1D3 = −x1D3, g+
b D2D3 = −x2D3,

g−
b D3D4 = x4D3

gD2D1 − gD1D2 = x1D2 − x2D1, gD4D1 − gD1D4 = x1D4 − x4D1,

I = {1, 2, 4}, S = {3, 5} g, g3, g5 ̸= 0
gD4D2 − gD2D4 = x2D4 − x4D2, g5D5D1 − g5D1D5 = x1D5,
g5D5D2 − g5D2D5 = x2D5, g5D5D4 − g5D4D5 = x4D5,
g3D3D1 − g3D1D3 = x1D3, g3D3D2 − g3D2D3 = x2D3,
g3D3D4 − g3D4D3 = x4D3

gD2D1 − gD1D2 = x1D2 − x2D1, gD5D1 − gD1D5 = x1D5 − x5D1,

I = {1, 2, 5}, S = {3}, T •
b = {4} g, g3, g±

b ̸= 0
gD5D2 − gD2D5 = x2D5 − x5D2, g3D3D1 − g3D1D3 = x1D3,
g3D3D2 − g3D2D3 = x2D3, g3D3D5 − g3D5D3 = x5D3,
g+

b D1D4 = −x1D4, g+
b D2D4 = −x2D4,

g−
b D4D5 = x5D4

gD2D1 − gD1D2 = x1D2 − x2D1, gD5D1 − gD1D5 = x1D5 − x5D1,

I = {1, 2, 5}, S = {4}, T •
b = {3} g, g4, g±

b ̸= 0
gD5D2 − gD2D5 = x2D5 − x5D2, g4D4D1 − g4D1D4 = x1D4,
g4D4D2 − g4D2D4 = x2D4, g4D4D5 − g4D5D4 = x5D4,
g+

b D1D3 = −x1D3, g+
b D2D3 = −x2D3,

g−
b D3D5 = x5D3

gD2D1 − gD1D2 = x1D2 − x2D1, gD5D1 − gD1D5 = x1D5 − x5D1,

I = {1, 2, 5}, S = {3, 4} g, g3, g4 ̸= 0
gD5D2 − gD2D5 = x2D5 − x5D2, g4D4D1 − g4D1D4 = x1D4,
g4D4D2 − g4D2D4 = x2D4, g4D4D5 − g4D5D4 = x5D4,
g3D3D1 − g3D1D3 = x1D3, g3D3D2 − g3D2D3 = x2D3,
g3D3D5 − g3D5D3 = x5D3

gD3D1 − gD1D3 = x1D3 − x3D1, gD4D1 − gD1D4 = x1D4 − x4D1,

I = {1, 3, 4}, S = {2}, T ◦
a = {5} g, g2, g◦

a ̸= 0
gD4D3 − gD3D4 = x3D4 − x4D3, g2D2D1 − g2D1D2 = x1D2,
g2D2D3 − g2D3D2 = x3D2, g2D2D4 − g2D4D2 = x4D2,
g◦

aD5D1 = −x1D5, g◦
aD5D3 = −x3D5,

g◦
aD5D4 = −x4D5

gD3D1 − gD1D3 = x1D3 − x3D1, gD4D1 − gD1D4 = x1D4 − x4D1,

I = {1, 3, 4}, S = {5}, T •
b = {2} g, g5, g±

b ̸= 0
gD4D3 − gD3D4 = x3D4 − x4D3, g5D5D1 − g5D1D5 = x1D5,
g5D5D3 − g5D3D5 = x3D5, g5D5D4 − g5D4D5 = x4D5,
g+

b D1D2 = −x1D2, g−
b D2D3 = x3D2,

g−
b D2D4 = x4D2

gD3D1 − gD1D3 = x1D3 − x3D1, gD4D1 − gD1D4 = x1D4 − x4D1,

I = {1, 3, 4}, S = {2, 5} g, g2, g5 ̸= 0
gD4D3 − gD3D4 = x3D4 − x4D3, g5D5D1 − g5D1D5 = x1D5,
g5D5D3 − g5D3D5 = x3D5, g5D5D4 − g5D4D5 = x4D5,
g2D2D1 − g2D1D2 = x1D2, g2D2D3 − g2D3D2 = x3D2,
g2D2D4 − g2D4D2 = x4D2

gD3D1 − gD1D3 = x1D3 − x3D1, gD5D1 − gD1D5 = x1D5 − x5D1,

I = {1, 3, 5}, S = {2}, T •
b = {4} g, g2, g±

b ̸= 0
gD5D3 − gD3D5 = x3D5 − x5D3, g2D2D1 − g2D1D2 = x1D2,
g2D2D3 − g2D3D2 = x3D2, g2D2D5 − g2D5D2 = x5D2,
g+

b D1D4 = −x1D4, g+
b D3D4 = −x3D4,

g−
b D4D5 = x5D4
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Table 2. Diffusion algebras on five generators (continued)

Diffusion
algebra Relations Conditions Restrictions

AI gD3D1 − gD1D3 = x1D3 − x3D1, gD5D1 − gD1D5 = x1D5 − x5D1,

I = {1, 3, 5}, S = {4}, T •
b = {2} g, g4, g±

b ̸= 0
gD5D3 − gD3D5 = x3D5 − x5D3, g4D4D1 − g4D1D4 = x1D4,
g4D4D3 − g4D3D4 = x3D4, g4D4D5 − g4D5D4 = x5D4,
g+

b D1D2 = −x1D2, g−
b D2D3 = x3D2,

g−
b D2D5 = x5D2

gD3D1 − gD1D3 = x1D3 − x3D1, gD5D1 − gD1D5 = x1D5 − x5D1,

I = {1, 3, 5}, S = {2, 4} g, g2, g4 ̸= 0
gD5D3 − gD3D5 = x3D5 − x5D3, g4D4D1 − g4D1D4 = x1D4,
g4D4D3 − g4D3D4 = x3D4, g4D4D5 − g4D5D4 = x5D4,
g2D2D1 − g2D1D2 = x1D2, g2D2D3 − g2D3D2 = x3D2,
g2D2D5 − g2D5D2 = x5D2

gD4D1 − gD1D4 = x1D4 − x4D1, gD5D1 − gD1D5 = x1D5 − x5D1,

I = {1, 4, 5}, S = {2}, T •
b = {3} g, g2, g±

b ̸= 0
gD5D4 − gD4D5 = x4D5 − x5D4, g2D2D1 − g2D1D2 = x1D2,
g2D2D4 − g2D4D2 = x4D2, g2D2D5 − g2D5D2 = x5D2,
g+

b D1D3 = −x1D3, g−
b D3D4 = x4D3,

g−
b D3D5 = x5D3

gD4D1 − gD1D4 = x1D4 − x4D1, gD5D1 − gD1D5 = x1D5 − x5D1,

I = {1, 4, 5}, S = {3}, T •
b = {2} g, g3, g±

b ̸= 0
gD5D4 − gD4D5 = x4D5 − x5D4, g3D3D1 − g3D1D3 = x1D3,
g3D3D4 − g3D4D3 = x4D3, g3D3D5 − g3D5D3 = x5D3,
g+

b D1D2 = −x1D2, g−
b D2D4 = x4D2,

g−
b D2D5 = x5D2

gD4D1 − gD1D4 = x1D4 − x4D1, gD5D1 − gD1D5 = x1D5 − x5D1,

I = {1, 4, 5}, S = {2, 3} g, g2, g3 ̸= 0
gD5D4 − gD4D5 = x4D5 − x5D4, g3D3D1 − g3D1D3 = x1D3,
g3D3D4 − g3D4D3 = x4D3, g3D3D5 − g3D5D3 = x5D3,
g2D2D1 − g2D1D2 = x1D2, g2D2D4 − g2D4D2 = x4D2,
g2D2D5 − g2D5D2 = x5D2

gD2D4 − gD4D2 = x4D2 − x2D4, gD3D4 − gD4D3 = x4D3 − x3D4,

I = {2, 3, 4}, S = {1}, T ◦
a = {5} g, g1, g◦

a ̸= 0
gD3D2 − gD2D3 = x2D3 − x3D2, g1D1D4 − g1D4D1 = x4D1,
g1D1D2 − g1D2D1 = x2D1, g1D1D3 − g1D3D1 = x3D1,
g◦

aD4D5 = −x4D5, g◦
aD2D5 = −x2D5,

g◦
aD3D5 = −x3D5

gD2D4 − gD4D2 = x4D2 − x2D4, gD3D4 − gD4D3 = x4D3 − x3D4,

I = {2, 3, 4}, S = {5}, T ◦
a = {1} g, g5, g◦

a ̸= 0
gD3D2 − gD2D3 = x2D3 − x3D2, g5D5D4 − g5D4D5 = x4D5,
g5D5D2 − g5D2D5 = x2D5, g5D5D3 − g5D3D5 = x3D5,
g◦

aD1D4 = −x4D1, g◦
aD1D2 = −x2D1,

g◦
aD1D3 = −x3D1

gD2D4 − gD4D2 = x4D2 − x2D4, gD3D4 − gD4D3 = x4D3 − x3D4,

I = {2, 3, 4}, S = {1, 5} g, g1, g5 ̸= 0
gD3D2 − gD2D3 = x2D3 − x3D2, g5D5D4 − g5D4D5 = x4D5,
g5D5D2 − g5D2D5 = x2D5, g5D5D3 − g5D3D5 = x3D5,
g1D1D4 − g1D4D1 = x4D1, g1D1D2 − g1D2D1 = x2D1,
g1D1D3 − g1D3D1 = x3D1

gD2D5 − gD5D2 = x5D2 − x2D5, gD3D5 − gD5D3 = x5D3 − x3D5,

I = {2, 3, 5}, S = {1}, T •
b = {4} g, g1, g±

b ̸= 0
gD3D2 − gD2D3 = x2D3 − x3D2, g1D1D5 − g1D5D1 = x5D1,
g1D1D2 − g1D2D1 = x2D1, g1D1D3 − g1D3D1 = x3D1,
g+

b D2D4 = −x2D4, g+
b D3D4 = −x3D4,

g−
b D4D5 = x5D4
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Table 2. Diffusion algebras on five generators (continued)

Diffusion
algebra Relations Conditions Restrictions

AI gD2D5 − gD5D2 = x5D2 − x2D5, gD3D5 − gD5D3 = x5D3 − x3D5,

I = {2, 3, 5}, S = {4}, T ◦
a = {1} g, g4, g◦

a ̸= 0
gD3D2 − gD2D3 = x2D3 − x3D2, g4D4D5 − g4D5D4 = x5D4,
g4D4D2 − g4D2D4 = x2D4, g4D4D3 − g4D3D4 = x3D4,
g◦

aD1D5 = −x5D1, g◦
aD1D2 = −x2D1,

g◦
aD1D3 = −x3D1

gD2D5 − gD5D2 = x5D2 − x2D5, gD3D5 − gD5D3 = x5D3 − x3D5,

I = {2, 3, 5}, S = {1, 4} g, g1, g5 ̸= 0
gD3D2 − gD2D3 = x2D3 − x3D2, g4D4D5 − g4D5D4 = x5D4,
g4D4D2 − g4D2D4 = x2D4, g4D4D3 − g4D3D4 = x3D4,
g1D1D5 − g1D5D1 = x5D1, g1D1D2 − g1D2D1 = x2D1,
g1D1D3 − g1D3D1 = x3D1

gD2D5 − gD5D2 = x5D2 − x2D5, gD4D5 − gD5D4 = x5D4 − x4D5,

I = {2, 4, 5}, S = {1}, T •
b = {3} g, g1, g±

b ̸= 0
gD4D2 − gD2D4 = x2D4 − x4D2, g1D1D5 − g1D5D1 = x5D1,
g1D1D2 − g1D2D1 = x2D1, g1D1D4 − g1D4D1 = x4D1,
g+

b D2D3 = −x2D3, g−
b D3D4 = x4D3,

g−
b D3D5 = x5D3

gD2D5 − gD5D2 = x5D2 − x2D5, gD4D5 − gD5D4 = x5D4 − x4D5,

I = {2, 4, 5}, S = {3}, T ◦
a = {1} g, g5, g◦

a ̸= 0
gD4D2 − gD2D4 = x2D4 − x4D2, g3D3D5 − g3D5D3 = x5D3,
g3D3D2 − g3D2D3 = x2D3, g3D3D4 − g3D4D3 = x4D3,
g◦

aD1D5 = −x5D1, g◦
aD1D2 = −x2D1,

g◦
aD1D4 = −x4D1

gD2D5 − gD5D2 = x5D2 − x2D5, gD4D5 − gD5D4 = x5D4 − x4D5,

I = {2, 4, 5}, S = {1, 3} g, g1, g5 ̸= 0
gD4D2 − gD2D4 = x2D4 − x4D2, g3D3D5 − g3D5D3 = x5D3,
g3D3D2 − g3D2D3 = x2D3, g3D3D4 − g3D4D3 = x4D3,
g1D1D5 − g1D5D1 = x5D1, g1D1D2 − g1D2D1 = x2D1,
g1D1D4 − g1D4D1 = x4D1

gD5D4 − gD4D5 = x4D5 − x5D4, gD3D4 − gD4D3 = x4D3 − x3D4,

I = {3, 4, 5}, S = {1}, T ◦
a = {2} g, g1, g◦

a ̸= 0
gD3D5 − gD5D3 = x5D3 − x3D5, g1D1D4 − g1D4D1 = x4D1,
g1D1D5 − g1D5D1 = x5D1, g1D1D3 − g1D3D1 = x3D1,
g◦

aD2D4 = −x4D2, g◦
aD2D5 = −x5D2,

g◦
aD2D3 = −x3D2

gD5D4 − gD4D5 = x4D5 − x5D4, gD3D4 − gD4D3 = x4D3 − x3D4,

I = {3, 4, 5}, S = {2}, T ◦
a = {1} g, g2, g◦

a ̸= 0
gD3D5 − gD5D3 = x5D3 − x3D5, g2D2D4 − g2D4D2 = x4D2,
g2D2D5 − g2D5D2 = x5D2, g2D2D3 − g2D3D2 = x3D2,
g◦

aD1D4 = −x4D1, g◦
aD1D5 = −x5D1,

g◦
aD1D3 = −x3D1

gD5D4 − gD4D5 = x4D5 − x5D4, gD3D4 − gD4D3 = x4D3 − x3D4,

I = {3, 4, 5}, S = {1, 2} g, g1, g2 ̸= 0
gD3D5 − gD5D3 = x5D3 − x3D5, g2D2D4 − g2D4D2 = x4D2,
g2D2D5 − g2D5D2 = x5D2, g2D2D3 − g2D3D2 = x3D2,
g1D1D4 − g1D4D1 = x4D1, g1D1D5 − g1D5D1 = x5D1,
g1D1D3 − g1D3D1 = x3D1
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Table 2. Diffusion algebras on five generators (continued)

Diffusion
algebra Relations Conditions Restrictions

AII (g1 − g2)D1D2 = x2D1 − x1D2, (g1 − g3)D1D3 = x3D1 − x1D3,

I = {1, 2, 3, 4, 5} gi ̸= gj for i, j ∈ I, i ̸= j

(g1 − g4)D1D4 = x4D1 − x1D4, (g1 − g5)D1D5 = x5D1 − x1D5,
(g2 − g3)D2D3 = x3D2 − x2D3, (g2 − g4)D2D4 = x4D2 − x2D4,
(g2 − g5)D2D5 = x5D2 − x2D5, (g3 − g4)D3D4 = x4D3 − x3D4,
(g3 − g5)D3D5 = x5D3 − x3D5, (g4 − g5)D4D5 = x5D4 − x4D5

(g1 − g2)D1D2 = x2D1 − x1D2, (g1 − g3)D1D3 = x3D1 − x1D3,

I = {1, 2, 3, 4}, T ◦
a = {5} gi ̸= gj , i ̸= j, gi ̸= g◦

a, for i, j ∈ I

(g1 − g4)D1D4 = x4D1 − x1D4, (g2 − g3)D2D3 = x3D2 − x2D3,
(g2 − g4)D2D4 = x4D2 − x2D4, (g3 − g4)D3D4 = x4D3 − x3D4,
(g1 + g◦

a)D1D5 = −x1D5, (g2 + g◦
a)D2D5 = −x2D5,

(g3 + g◦
a)D3D5 = −x3D5, (g4 + g◦

a)D4D5 = −x4D5

(g1 − g2)D1D2 = x2D1 − x1D2, (g1 − g3)D1D3 = x3D1 − x1D3,

I = {1, 2, 3, 5}, T •
b = {4} gi ̸= gj , i ̸= j, gi ̸∈ {∓g±

b }, for i, j ∈ I

(g1 − g5)D1D5 = x5D1 − x1D5, (g2 − g3)D2D3 = x3D2 − x2D3,
(g2 − g5)D2D5 = x5D2 − x2D5, (g3 − g5)D3D5 = x5D3 − x3D5,
(g1 + g+

b )D1D4 = −x1D4, (g2 + g+
b )D2D4 = −x2D4,

(g3 + g+
b )D3D4 = −x3D4, (g−

b − g5)D4D5 = x5D4

(g1 − g2)D1D2 = x2D1 − x1D2, (g1 − g4)D1D4 = x4D1 − x1D4,

I = {1, 2, 4, 5}, T •
b = {3} gi ̸= gj , i ̸= j, gi ̸∈ {∓g±

b }, for i, j ∈ I

(g1 − g5)D1D5 = x5D1 − x1D5, (g2 − g4)D2D4 = x4D2 − x2D4,
(g2 − g5)D2D5 = x5D2 − x2D5, (g4 − g5)D4D5 = x5D4 − x4D5,
(g1 + g+

b )D1D3 = −x1D3, (g2 + g+
b )D2D3 = −x2D3,

(g−
b − g4)D3D4 = x4D3, (g−

b − g5)D3D5 = x5D3

(g1 − g3)D1D3 = x3D1 − x1D3, (g1 − g4)D1D4 = x4D1 − x1D4,

I = {1, 3, 4, 5}, T •
b = {2} gi ̸= gj , i ̸= j, gi ̸∈ {∓g±

b }, for i, j ∈ I

(g1 − g5)D1D5 = x5D1 − x1D5, (g3 − g4)D3D4 = x4D3 − x3D4,
(g3 − g5)D3D5 = x5D3 − x3D5, (g4 − g5)D4D5 = x5D4 − x4D5,
(g1 + g+

b )D1D2 = −x1D2, (g−
b − g3)D2D3 = x3D2,

(g−
b − g4)D2D4 = x4D2, (g−

b − g5)D2D5 = x5D2

(g2 − g3)D2D3 = x3D2 − x2D3, (g2 − g4)D2D4 = x4D2 − x2D4,

I = {2, 3, 4, 5}, T ◦
a = {1} gi ̸= gj , i ̸= j, gi ̸= g◦

a, for i, j ∈ I

(g2 − g5)D2D5 = x5D2 − x2D5, (g3 − g4)D3D4 = x4D3 − x3D4,
(g3 − g5)D3D5 = x5D3 − x3D5, (g4 − g5)D4D5 = x5D4 − x4D5,
(g2 + g◦

a)D1D2 = −x2D1, (g3 + g◦
a)D1D3 = −x3D1,

(g4 + g◦
a)D1D4 = −x4D1, (g5 + g◦

a)D1D5 = −x5D1

(g1 − g2)D1D2 = x2D1 − x1D2, (g1 − g3)D1D3 = x3D1 − x1D3,

I = {1, 2, 3}, T ◦
a = {4, 5} gi ̸= gj , i ̸= j, gi ̸= g◦

a, for i, j ∈ I

(g2 − g3)D2D3 = x3D2 − x2D3, (g1 + g◦
a)D1D4 = −x1D4,

(g2 + g◦
a)D2D4 = −x2D4, (g3 + g◦

a)D3D4 = −x3D4,
(g1 + g◦

a)D1D5 = −x1D5, (g2 + g◦
a)D2D5 = −x2D5,

(g3 + g◦
a)D3D5 = −x3D5

(g4 − g2)D4D2 = x2D4 − x4D2, (g4 − g3)D4D3 = x3D4 − x4D3,

I = {2, 3, 4}, T ◦
a = {1, 5} gi ̸= gj , i ̸= j, gi ̸= g◦

a, for i, j ∈ I

(g2 − g3)D2D3 = x3D2 − x2D3, (g4 + g◦
a)D1D4 = −x4D1,

(g2 + g◦
a)D1D2 = −x2D1, (g3 + g◦

a)D1D3 = −x3D1,
(g4 + g◦

a)D4D5 = −x4D5, (g2 + g◦
a)D2D5 = −x2D5,

(g3 + g◦
a)D3D5 = −x3D5

(g4 − g5)D4D5 = x5D4 − x4D5, (g4 − g3)D4D3 = x3D4 − x4D3,

I = {3, 4, 5}, T ◦
a = {1, 2} gi ̸= gj , i ̸= j, gi ̸= g◦

a, for i, j ∈ I

(g5 − g3)D5D3 = x3D5 − x5D3, (g4 + g◦
a)D1D4 = −x4D1,

(g5 + g◦
a)D1D5 = −x5D1, (g3 + g◦

a)D1D3 = −x3D1,
(g4 + g◦

a)D2D4 = −x4D2, (g5 + g◦
a)D2D4 = −x5D2,

(g3 + g◦
a)D2D3 = −x3D2

(g1 − g2)D1D2 = x2D1 − x1D2, (g1 − g4)D1D4 = x4D1 − x1D4,

I = {1, 2, 4}, T •
b = {3} T ◦

a = {5} gi ̸= gj , i ̸= j, gi ̸∈ {g◦
a, ∓g±

b }, for i, j ∈ I

(g2 − g4)D2D4 = x4D2 − x2D4, (g1 + g+
b )D1D3 = −x1D3,

(g2 + g+
b )D2D3 = −x2D3, (g−

b − g4)D3D4 = x4D3,
(g1 + g◦

a)D1D5 = −x1D5, (g2 + g◦
a)D2D5 = −x2D5,

(g4 + g◦
a)D4D5 = −x4D5

(g1 − g3)D1D3 = x3D1 − x1D3, (g1 − g4)D1D4 = x4D1 − x1D4,

I = {1, 2, 4}, T •
b = {3} T ◦

a = {5} gi ̸= gj , i ̸= j, gi ̸∈ {g◦
a, ∓g±

b }, for i, j ∈ I

(g3 − g4)D3D4 = x4D3 − x3D4, (g1 + g+
b )D1D2 = −x1D2,

(g−
b − g3)D2D3 = x3D2, (g−

b − g4)D2D4 = x4D2,
(g1 + g◦

a)D1D5 = −x1D5, (g3 + g◦
a)D3D5 = −x3D5,

(g4 + g◦
a)D4D5 = −x4D5
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Table 2. Diffusion algebras on five generators (continued)

Diffusion
algebra Relations Conditions Restrictions

AII (g2 − g3)D2D3 = x3D2 − x2D3, (g2 − g5)D2D5 = x5D2 − x2D5,

I = {2, 3, 5}, T •
b = {4} T ◦

a = {1} gi ̸= gj , i ̸= j, gi ̸∈ {g◦
a, ∓g±

b }, for i, j ∈ I

(g3 − g5)D3D5 = x5D3 − x3D5, (g2 + g+
b )D2D4 = −x2D4,

(g3 + g+
b )D3D4 = −x3D4, (g−

b − g5)D4D5 = x5D4,
(g2 + g◦

a)D1D2 = −x2D1, (g3 + g◦
a)D1D3 = −x3D1,

(g5 + g◦
a)D1D5 = −x1D5

(g2 − g4)D2D4 = x4D2 − x2D4, (g2 − g5)D2D5 = x5D2 − x2D5,

I = {2, 4, 5}, T •
b = {3} T ◦

a = {1} gi ̸= gj , i ̸= j, gi ̸∈ {g◦
a, ∓g±

b }, for i, j ∈ I

(g4 − g5)D4D5 = x5D4 − x4D5, (g2 + g+
b )D2D3 = −x2D3,

(g−
b − g4)D3D4 = x4D3, (g−

b − g5)D3D5 = x5D3,
(g2 + g◦

a)D1D2 = −x2D1, (g4 + g◦
a)D1D4 = −x4D1,

(g5 + g◦
a)D1D5 = −x1D5

(g2 − g4)D2D4 = x4D2 − x2D4, (g2 − g5)D2D5 = x5D2 − x2D5,

I = {2, 4, 5}, T •
b = {3} T ◦

a = {1} gi ̸= gj , i ̸= j, gi ̸∈ {g◦
a, ∓g±

b }, for i, j ∈ I

(g4 − g5)D4D5 = x5D4 − x4D5, (g2 + g+
b )D2D3 = −x2D3,

(g−
b − g4)D3D4 = x4D3, (g−

b − g5)D3D5 = x5D3,
(g2 + g◦

a)D1D2 = −x2D1, (g4 + g◦
a)D1D4 = −x4D1,

(g5 + g◦
a)D1D5 = −x1D5

(g1 − g2)D1D2 = x2D1 − x1D2, (g1 − g5)D1D5 = x5D1 − x1D5,

I = {1, 2, 5}, T •
b = {3, 4} gi ̸= gj , i ̸= j, gi ̸∈ {∓g±

b }, for i, j ∈ I

(g2 − g5)D2D5 = x5D2 − x2D5, (g1 + g+
b )D1D3 = −x1D3,

(g2 + g+
b )D2D3 = −x2D3, (g−

b − g5)D3D5 = x5D3,
(g1 + g+

b )D1D4 = −x1D4, (g2 + g+
b )D2D4 = −x2D4,

(g−
b − g5)D4D5 = x5D4

(g1 − g3)D1D3 = x3D1 − x1D3, (g1 − g5)D1D5 = x5D1 − x1D5,

I = {1, 3, 5}, T •
b = {2, 4} gi ̸= gj , i ̸= j, gi ̸∈ {∓g±

b }, for i, j ∈ I

(g3 − g5)D3D5 = x5D3 − x3D5, (g1 + g+
b )D1D2 = −x1D2,

(g−
b − g3)D2D3 = x2D3, (g−

b − g5)D2D5 = x5D2,
(g1 + g+

b )D1D4 = −x1D4, (g3 + g+
b )D3D4 = −x3D4,

(g−
b − g5)D4D5 = x5D4

(g1 − g4)D1D4 = x4D1 − x1D4, (g1 − g5)D1D5 = x5D1 − x1D5,

I = {1, 4, 5}, T •
b = {2, 3} gi ̸= gj , i ̸= j, gi ̸∈ {∓g±

b }, for i, j ∈ I

(g4 − g5)D4D5 = x5D4 − x4D5, (g1 + g+
b )D1D2 = −x1D2,

(g−
b − g4)D2D4 = −x4D2, (g−

b − g5)D2D5 = x5D2,
(g1 + g+

b )D1D3 = −x1D3, (g−
b − g4)D3D4 = x4D3,

(g−
b − g5)D3D5 = x5D3

B gD1D2 − (g − Λ)D2D1 = x2D1 − x1D2, g3D1D3 − (g3 − Λ)D3D1 = −x1D3,

I = {1, 2}, S = {3, 4, 5} g ̸= 0, gs ̸∈ {0, Λ}, s ∈ S
g3D3D2 − (g3 − Λ)D2D3 = x2D3, g4D1D4 − (g4 − Λ)D4D1 = −x1D4,
g4D4D2 − (g4 − Λ)D2D4 = x2D4, g5D1D5 − (g5 − Λ)D5D1 = −x1D5,
g5D5D2 − (g5 − Λ)D2D5 = x2D5,

gD1D2 − (g − Λ)D2D1 = x2D1 − x1D2, g3D1D3 − (g3 − Λ)D3D1 = −x1D3,

I = {1, 2}, S = {3, 4}, T ◦
a = {5} g ̸= 0, gs, g◦

a ̸∈ {0, Λ}, s ∈ S
g3D3D2 − (g3 − Λ)D2D3 = x2D3, g4D1D4 − (g4 − Λ)D4D1 = −x1D4,
g4D4D2 − (g4 − Λ)D2D4 = x2D4, g◦

aD1D5 = −x1D5,
(g◦

a − Λ)D2D5 = −x2D5,

gD1D2 − (g − Λ)D2D1 = x2D1 − x1D2, g3D1D3 − (g3 − Λ)D3D1 = −x1D3,

I = {1, 2}, S = {3, 5}, T ◦
a = {4} g ̸= 0, gs, g◦

a ̸∈ {0, Λ}, s ∈ S
g3D3D2 − (g3 − Λ)D2D3 = x2D3, g5D1D5 − (g5 − Λ)D5D1 = −x1D5,
g5D5D2 − (g5 − Λ)D2D5 = x2D5, g◦

aD1D4 = −x1D4,
(g◦

a − Λ)D2D4 = −x2D4,

gD1D2 − (g − Λ)D2D1 = x2D1 − x1D2, g4D1D4 − (g4 − Λ)D4D1 = −x1D4,

I = {1, 2}, S = {4, 5}, T ◦
a = {3} g ̸= 0, gs, g◦

a ̸∈ {0, Λ}, s ∈ S
g4D4D2 − (g4 − Λ)D2D4 = x2D4, g5D1D5 − (g5 − Λ)D5D1 = −x1D5,
g5D5D2 − (g5 − Λ)D2D5 = x2D5, g◦

aD1D3 = −x1D3,
(g◦

a − Λ)D2D3 = −x2D3,

gD1D2 − (g − Λ)D2D1 = x2D1 − x1D2, g3D1D3 − (g3 − Λ)D3D1 = −x1D3,

I = {1, 2}, S = {3}, T ◦
a = {4, 5} g ̸= 0, g3, g◦

a ̸∈ {0, Λ}g3D3D2 − (g3 − Λ)D2D3 = x2D3, g◦
aD1D4 = −x1D4,

(g◦
a − Λ)D2D4 = −x2D4, g◦

aD1D5 = −x1D5,
(g◦

a − Λ)D2D5 = −x2D5,

gD1D2 − (g − Λ)D2D1 = x2D1 − x1D2, g4D1D4 − (g4 − Λ)D4D1 = −x1D4,

I = {1, 2}, S = {4}, T ◦
a = {3, 5} g ̸= 0, g4, g◦

a ̸∈ {0, Λ}g4D4D2 − (g4 − Λ)D2D4 = x2D4, g◦
aD1D3 = −x1D3,

(g◦
a − Λ)D2D3 = −x2D3, g◦

aD1D5 = −x1D5,
(g◦

a − Λ)D2D5 = −x2D5,

gD1D2 − (g − Λ)D2D1 = x2D1 − x1D2, g5D1D5 − (g5 − Λ)D5D1 = −x1D5,

I = {1, 2}, S = {5}, T ◦
a = {3, 4} g ̸= 0, g5, g◦

a ̸∈ {0, Λ}g5D5D2 − (g5 − Λ)D2D5 = x2D5, g◦
aD1D3 = −x1D3,

(g◦
a − Λ)D2D3 = −x2D3, g◦

aD1D4 = −x1D4,
(g◦

a − Λ)D2D4 = −x2D4,

gD1D2 − (g − Λ)D2D1 = x2D1 − x1D2, g◦
aD1D3 = −x1D3,

I = {1, 2}, T ◦
a = {3, 4, 5} g ̸= 0, g◦

a ̸∈ {0, Λ}(g◦
a − Λ)D2D3 = −x2D3, g◦

aD1D4 = −x1D4,
(g◦

a − Λ)D2D4 = −x2D4, g◦
aD1D5 = −x1D5,

(g◦
a − Λ)D2D5 = −x2D5,
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Table 2. Diffusion algebras on five generators (continued)

Diffusion
algebra Relations Conditions Restrictions

B gD1D3 − (g − Λ)D3D1 = x3D1 − x1D3, g2D1D2 − (g2 − Λ)D2D1 = −x1D2,

I = {1, 3}, S = {2, 4, 5} g, g2 ̸= 0, g4, g5 ̸∈ {0, Λ}g2D2D3 − (g2 − Λ)D3D2 = x3D2, g4D1D4 − (g4 − Λ)D4D1 = −x1D4,
g4D4D3 − (g4 − Λ)D3D4 = x3D4, g5D1D5 − (g5 − Λ)D5D1 = −x1D5,
g5D5D3 − (g5 − Λ)D3D5 = x3D5,

gD1D3 − (g − Λ)D3D1 = x3D1 − x1D3, g2D1D2 − (g2 − Λ)D2D1 = −x1D2,

I = {1, 3}, S = {2, 4}, T ◦
a = {5} g, g2 ̸= 0, g4, g◦

a ̸∈ {0, Λ}g2D2D3 − (g2 − Λ)D3D2 = x3D2, g4D1D4 − (g4 − Λ)D4D1 = −x1D4,
g4D4D3 − (g4 − Λ)D3D4 = x3D4, g◦

aD1D5 = −x1D5,
(g◦

a − Λ)D3D5 = −x3D5,

gD1D3 − (g − Λ)D3D1 = x3D1 − x1D3, g2D1D2 − (g2 − Λ)D2D1 = −x1D2,

I = {1, 3}, S = {2, 5}, T ◦
a = {4} g, g2 ̸= 0, g5, g◦

a ̸∈ {0, Λ}g2D2D3 − (g2 − Λ)D3D2 = x3D2, g5D1D5 − (g5 − Λ)D5D1 = −x1D5,
g5D5D3 − (g5 − Λ)D3D5 = x3D5, g◦

aD1D4 = −x1D4,
(g◦

a − Λ)D3D4 = −x3D4,

gD1D3 − (g − Λ)D3D1 = x3D1 − x1D3, g4D1D4 − (g4 − Λ)D4D1 = −x1D4,

I = {1, 3}, S = {4, 5}, T •
b = {2} g, g±

b ̸= 0, gs ̸∈ {0, Λ}, s ∈ S
g4D4D3 − (g4 − Λ)D3D4 = x3D4, g5D1D5 − (g5 − Λ)D5D1 = −x1D5,
g5D5D3 − (g5 − Λ)D3D5 = x3D5, g+

b D1D2 = −x1D2,
g−

b D2D3 = x3D2,

gD1D3 − (g − Λ)D3D1 = x3D1 − x1D3, g2D1D2 − (g2 − Λ)D2D1 = −x1D2,

I = {1, 3}, S = {2}, T ◦
a = {4, 5} g, g2 ̸= 0, g◦

a ̸∈ {0, Λ}g2D2D3 − (g2 − Λ)D3D2 = x3D2, g◦
aD1D4 = −x1D4,

(g◦
a − Λ)D3D4 = −x3D4, g◦

aD1D5 = −x1D5,
(g◦

a − Λ)D3D5 = −x3D5,

gD1D3 − (g − Λ)D3D1 = x3D1 − x1D3, g4D1D4 − (g4 − Λ)D4D1 = −x1D4,

I = {1, 3}, S = {4}, T •
b = {2}, T ◦

a = {5} g, g±
b ̸= 0, g4, g◦

a ̸∈ {0, Λ}g4D4D3 − (g4 − Λ)D3D4 = x3D4, g+
b D1D2 = −x1D2,

g−
b D2D3 = x3D2, g◦

aD1D5 = −x1D5,
(g◦

a − Λ)D3D5 = −x3D5,

gD1D3 − (g − Λ)D3D1 = x3D1 − x1D3, g5D1D5 − (g5 − Λ)D5D1 = −x1D5,

I = {1, 3}, S = {5}, T •
b = {2}, T ◦

a = {4} g, g±
b ̸= 0, g5, g◦

a ̸∈ {0, Λ}g5D5D3 − (g5 − Λ)D3D5 = x3D5, g+
b D1D2 = −x1D2,

g−
b D2D3 = x3D2, g◦

aD1D4 = −x1D4,
(g◦

a − Λ)D3D4 = −x3D4,

gD1D3 − (g − Λ)D3D1 = x3D1 − x1D3, g◦
aD1D5 = −x1D5,

I = {1, 3}, T •
b = {2}, T ◦

a = {4, 5} g, g±
b ̸= 0, g◦

a ̸∈ {0, Λ}(g◦
a − Λ)D3D5 = −x3D5, g+

b D1D2 = −x1D2,
g−

b D2D3 = x3D2, g◦
aD1D4 = −x1D4,

(g◦
a − Λ)D3D4 = −x3D4,

gD1D4 − (g − Λ)D4D1 = x4D1 − x1D4, g2D1D2 − (g2 − Λ)D2D1 = −x1D2,

I = {1, 4}, S = {2, 3, 5} g, g2, g3 ̸= 0, g5 ̸∈ {0, Λ}g2D2D4 − (g2 − Λ)D4D2 = x4D2, g3D1D3 − (g3 − Λ)D3D1 = −x1D3,
g3D3D4 − (g3 − Λ)D4D3 = x4D3, g5D1D5 − (g5 − Λ)D5D1 = −x1D5,
g5D5D4 − (g5 − Λ)D4D5 = x4D5,

gD1D4 − (g − Λ)D4D1 = x4D1 − x1D4, g2D1D2 − (g2 − Λ)D2D1 = −x1D2,

I = {1, 4}, S = {2, 3}, T ◦
a = {5} g, gs ̸= 0, g◦

a ̸∈ {0, Λ}, s ∈ S
g2D2D4 − (g2 − Λ)D4D2 = x4D2, g3D1D3 − (g3 − Λ)D3D1 = −x1D3,
g3D3D4 − (g3 − Λ)D4D3 = x4D3, g◦

aD1D5 = −x1D5,
(g◦

a − Λ)D4D5 = −x4D5,

gD1D4 − (g − Λ)D4D1 = x4D1 − x1D4, g2D1D2 − (g2 − Λ)D2D1 = −x1D2,

I = {1, 4}, S = {2, 5}, T •
b = {3} g, g2 ̸= 0, g5, g◦

a ̸∈ {0, Λ}g2D2D4 − (g2 − Λ)D4D2 = x4D2, g5D1D5 − (g5 − Λ)D5D1 = −x1D5,
g5D5D4 − (g5 − Λ)D4D5 = x4D5, g+

b D1D3 = −x1D3,
g−

b D3D4 = x4D3,

gD1D4 − (g − Λ)D4D1 = x4D1 − x1D4, g3D1D3 − (g3 − Λ)D3D1 = −x1D3,

I = {1, 4}, S = {3, 5}, T •
b = {2} g, g3, g5, g±

b ̸= 0g3D3D4 − (g3 − Λ)D4D3 = x4D3, g5D1D5 − (g5 − Λ)D5D1 = −x1D5,
g5D5D4 − (g5 − Λ)D4D5 = x4D5, g+

b D1D2 = −x1D2,
g−

b D2D4 = x4D2,

gD1D4 − (g − Λ)D4D1 = x4D1 − x1D4, g2D1D2 − (g2 − Λ)D2D1 = −x1D2,

I = {1, 4}, S = {2}, T •
b = {3}, T ◦

a = {5} g, g2, g±
b ̸= 0, g◦

a ̸∈ {0, Λ}g2D2D4 − (g2 − Λ)D4D2 = x4D2, g+
b D1D3 = −x1D3,

g−
b D3D4 = x4D3, g◦

aD1D5 = −x1D5,
(g◦

a − Λ)D4D5 = −x4D5,

gD1D4 − (g − Λ)D4D1 = x4D1 − x1D4, g3D1D3 − (g3 − Λ)D3D1 = −x1D3,

I = {1, 4}, S = {3}, T •
b = {2}, T ◦

a = {5} g, g3, g±
b ̸= 0, g◦

a ̸∈ {0, Λ}g3D3D4 − (g3 − Λ)D4D3 = x4D3, g+
b D1D2 = −x1D2,

g−
b D2D4 = x4D2, g◦

aD1D5 = −x1D5,
(g◦

a − Λ)D4D5 = −x4D5,
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366 ANDRÉS RUBIANO AND ARMANDO REYES

Table 2. Diffusion algebras on five generators (continued)

Diffusion
algebra Relations Conditions Restrictions

B gD1D4 − (g − Λ)D4D1 = x4D1 − x1D4, g5D1D5 − (g5 − Λ)D5D1 = −x1D5,

I = {1, 4}, S = {5}, T •
b = {2, 3} g, g±

b ̸= 0, g5 ̸∈ {0, Λ}g5D5D4 − (g5 − Λ)D4D5 = x4D5, g+
b D1D2 = −x1D2,

g−
b D2D4 = x4D2, g+

b D1D3 = −x1D3,
g−

b D3D4 = x4D3,

gD1D4 − (g − Λ)D4D1 = x4D1 − x1D4, g◦
aD1D5 = −x1D5,

I = {1, 4}, T •
b = {2, 3}, T ◦

a = {5} g, g±
b ̸= 0, g◦

a ̸∈ {0, Λ}(g◦
a − Λ)D4D5 = −x4D5, g+

b D1D2 = −x1D2,
g−

b D2D4 = x4D2, g+
b D1D3 = −x1D3,

g+
b D3D4 = x4D3,

gD1D5 − (g − Λ)D5D1 = x5D1 − x1D5, g2D1D2 − (g2 − Λ)D2D1 = −x1D2,

I = {1, 5}, S = {2, 3, 4} g, gs ̸= 0, s ∈ S
g2D2D5 − (g2 − Λ)D5D2 = x5D2, g3D1D3 − (g3 − Λ)D3D1 = −x1D3,
g3D3D5 − (g3 − Λ)D5D3 = x5D3, g4D1D4 − (g4 − Λ)D4D1 = −x1D4,
g4D4D5 − (g4 − Λ)D5D4 = x5D4,

gD1D5 − (g − Λ)D5D1 = x5D1 − x1D5, g2D1D2 − (g2 − Λ)D2D1 = −x1D2,

I = {1, 5}, S = {2, 3}, T •
b = {4} g, gs ̸= 0, g◦

a ̸∈ {0, Λ}, s ∈ S
g2D2D5 − (g2 − Λ)D5D2 = x5D2, g3D1D3 − (g3 − Λ)D3D1 = −x1D3,
g3D3D5 − (g3 − Λ)D5D3 = x5D3, g+

b D1D4 = −x1D4,
g−

b D4D5 = x5D4,

gD1D5 − (g − Λ)D5D1 = x5D1 − x1D5, g2D1D2 − (g2 − Λ)D2D1 = −x1D2,

I = {1, 5}, S = {2, 4}, T •
b = {3} g, gs ̸= 0, g◦

a ̸∈ {0, Λ}, s ∈ S
g2D2D5 − (g2 − Λ)D5D2 = x5D2, g4D1D4 − (g4 − Λ)D4D1 = −x1D4,
g4D4D5 − (g4 − Λ)D5D4 = x5D4, g+

b D1D3 = −x1D3,
g−

b D3D5 = x5D3,

gD1D5 − (g − Λ)D5D1 = x5D1 − x1D5, g3D1D3 − (g3 − Λ)D3D1 = −x1D3,

I = {1, 5}, S = {3, 4}, T •
b = {2} g, gs ̸= 0, g±

b ̸= 0, s ∈ S
g3D3D5 − (g3 − Λ)D5D3 = x5D3, g4D1D4 − (g4 − Λ)D4D1 = −x1D4,
g4D4D5 − (g4 − Λ)D5D4 = x5D4, g+

b D1D2 = −x1D2,
g−

b D2D5 = x5D2,

gD1D5 − (g − Λ)D5D1 = x5D1 − x1D5, g2D1D2 − (g2 − Λ)D2D1 = −x1D2,

I = {1, 5}, S = {2}, T •
b = {3, 4} g, g2, g±

b ̸= 0g2D2D5 − (g2 − Λ)D5D2 = x5D2, g+
b D1D3 = −x1D3,

g−
b D3D5 = x5D3, g+

b D1D4 = −x1D4,
g−

b D4D5 = x5D4,

gD1D5 − (g − Λ)D5D1 = x5D1 − x1D5, g3D1D3 − (g3 − Λ)D3D1 = −x1D3,

I = {1, 5}, S = {3}, T •
b = {2, 4} g, g3, g±

b ̸= 0g3D3D5 − (g3 − Λ)D5D3 = x5D3, g+
b D1D2 = −x1D2,

g−
b D2D5 = x5D2, g+

b D1D4 = −x1D4,
g−

b D4D5 = x5D4,

gD1D5 − (g − Λ)D5D1 = x5D1 − x1D5, g4D1D4 − (g4 − Λ)D4D1 = −x1D4,

I = {1, 5}, S = {4}, T •
b = {2, 3} g, g4, g±

b ̸= 0g4D4D5 − (g4 − Λ)D5D4 = x5D4, g+
b D1D2 = −x1D2,

g−
b D2D5 = x5D2, g+

b D1D3 = −x1D3,
g−

b D3D5 = x5D3,

gD1D5 − (g − Λ)D5D1 = x5D1 − x1D5, g+
b D1D4 = −x1D4,

I = {1, 5}, T •
b = {2, 3, 4} g, g±

b ̸= 0g−
b D4D5 = x5D4, g+

b D1D2 = −x1D2,
g−

b D2D5 = x5D2, g+
b D1D3 = −x1D3,

g+
b D3D5 = x5D3,

gD3D2 − (g − Λ)D2D3 = x2D3 − x3D2, g1D3D1 − (g1 − Λ)D1D3 = −x3D1,

I = {2, 3}, S = {1, 4, 5} g ̸= 0, gs ̸∈ {0, Λ}, s ∈ S
g1D1D2 − (g1 − Λ)D2D1 = x2D1, g4D3D4 − (g4 − Λ)D4D3 = −x3D4,
g4D4D2 − (g4 − Λ)D2D4 = x2D4, g5D3D5 − (g5 − Λ)D5D3 = −x3D5,
g5D5D2 − (g5 − Λ)D2D5 = x2D5,

gD3D2 − (g − Λ)D2D3 = x2D3 − x3D2, g1D3D1 − (g1 − Λ)D1D3 = −x3D1,

I = {2, 3}, S = {1, 4}, T ◦
a = {5} g ̸= 0, gs, g◦

a ̸∈ {0, Λ}, s ∈ S
g1D1D2 − (g1 − Λ)D2D1 = x2D1, g4D3D4 − (g4 − Λ)D4D3 = −x3D4,
g4D4D2 − (g4 − Λ)D2D4 = x2D4, g◦

aD3D5 = −x3D5,
(g◦

a − Λ)D2D5 = −x2D5,

gD3D2 − (g − Λ)D2D3 = x2D3 − x3D2, g1D3D1 − (g1 − Λ)D1D3 = −x3D1,

I = {2, 3}, S = {1, 5}, T ◦
a = {4} g ̸= 0, gs, g◦

a ̸∈ {0, Λ}, s ∈ S
g1D1D2 − (g1 − Λ)D2D1 = x2D1, g5D3D5 − (g5 − Λ)D5D3 = −x3D5,
g5D5D2 − (g5 − Λ)D2D5 = x2D5, g◦

aD3D4 = −x3D4,
(g◦

a − Λ)D2D4 = −x2D4,

gD3D2 − (g − Λ)D2D3 = x2D3 − x3D2, g4D3D4 − (g4 − Λ)D4D3 = −x3D4,

I = {2, 3}, S = {4, 5}, T ◦
a = {1} g ̸= 0, gs, g◦

a ̸∈ {0, Λ}, s ∈ S
g4D4D2 − (g4 − Λ)D2D4 = x2D4, g5D3D5 − (g5 − Λ)D5D3 = −x3D5,
g5D5D2 − (g5 − Λ)D2D5 = x2D5, g◦

aD1D3 = −x3D1,
(g◦

a − Λ)D1D2 = −x2D1,
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Table 2. Diffusion algebras on five generators (continued)

Diffusion
algebra Relations Conditions Restrictions

B gD3D2 − (g − Λ)D2D3 = x2D3 − x3D2, g1D3D1 − (g1 − Λ)D1D3 = −x3D1,

I = {2, 3}, S = {1}, T ◦
a = {4, 5} g ̸= 0, g1, g◦

a ̸∈ {0, Λ}g1D1D2 − (g1 − Λ)D2D1 = x2D1, g◦
aD3D4 = −x3D4,

(g◦
a − Λ)D2D4 = −x2D4, g◦

aD3D5 = −x3D5,
(g◦

a − Λ)D2D5 = −x2D5,

gD3D2 − (g − Λ)D2D3 = x2D3 − x3D2, g4D3D4 − (g4 − Λ)D4D3 = −x3D4,

I = {2, 3}, S = {4}, T ◦
a = {1, 5} g ̸= 0, g4, g◦

a ̸∈ {0, Λ}g4D4D2 − (g4 − Λ)D2D4 = x2D4, g◦
aD1D3 = −x3D1,

(g◦
a − Λ)D1D2 = −x2D1, g◦

aD3D5 = −x3D5,
(g◦

a − Λ)D2D5 = −x2D5,

gD3D2 − (g − Λ)D2D3 = x2D3 − x3D2, g5D3D5 − (g5 − Λ)D5D3 = −x3D5,

I = {2, 3}, S = {5}, T ◦
a = {1, 4} g ̸= 0, g5, g◦

a ̸∈ {0, Λ}g5D5D2 − (g5 − Λ)D2D5 = x2D5, g◦
aD1D3 = −x3D1,

(g◦
a − Λ)D1D2 = −x2D1, g◦

aD3D4 = −x3D4,
(g◦

a − Λ)D2D4 = −x2D4,

gD3D2 − (g − Λ)D2D3 = x2D3 − x3D2, g◦
aD1D3 = −x3D1,

I = {2, 3}, T ◦
a = {1, 4, 5} g ̸= 0, g◦

a ̸∈ {0, Λ}(g◦
a − Λ)D1D2 = −x2D1, g◦

aD3D4 = −x3D4,
(g◦

a − Λ)D2D4 = −x2D4, g◦
aD3D5 = −x3D5,

(g◦
a − Λ)D2D5 = −x2D5,

gD2D4 − (g − Λ)D4D2 = x4D2 − x2D4, g1D2D1 − (g1 − Λ)D1D2 = −x2D1,

I = {2, 4}, S = {1, 3, 5} g, g3 ̸= 0, g1, g5 ̸∈ {0, Λ}g1D1D4 − (g1 − Λ)D4D1 = x4D1, g3D2D3 − (g3 − Λ)D3D2 = −x2D3,
g3D3D4 − (g3 − Λ)D4D3 = x4D3, g5D2D5 − (g5 − Λ)D5D2 = −x2D5,
g5D5D4 − (g5 − Λ)D4D5 = x4D5,

gD2D4 − (g − Λ)D4D2 = x4D2 − x2D4, g1D2D1 − (g1 − Λ)D1D2 = −x2D1,

I = {2, 4}, S = {1, 3}, T ◦
a = {5} g, g3 ̸= 0, g1, g◦

a ̸∈ {0, Λ}g1D1D4 − (g1 − Λ)D4D1 = x4D1, g3D2D3 − (g3 − Λ)D3D2 = −x2D3,
g3D3D4 − (g3 − Λ)D4D3 = x4D3, g◦

aD2D5 = −x2D5,
(g◦

a − Λ)D4D5 = −x4D5,

gD2D4 − (g − Λ)D4D2 = x4D2 − x2D4, g1D2D1 − (g1 − Λ)D1D2 = −x2D1,

I = {2, 4}, S = {1, 5}, T •
b = {3} g, g±

b ̸= 0, gs ̸∈ {0, Λ}, s ∈ S
g1D1D4 − (g1 − Λ)D4D1 = x4D1, g5D2D5 − (g5 − Λ)D5D2 = −x2D5,
g5D5D4 − (g5 − Λ)D4D5 = x4D5, g+

b D2D3 = −x2D3,
g−

b D3D4 = x4D3,

gD2D4 − (g − Λ)D4D2 = x4D2 − x2D4, g3D2D3 − (g3 − Λ)D3D2 = −x2D3,

I = {2, 4}, S = {3, 5}, T ◦
a = {1} g, g3 ̸= 0, g5, g◦

a ̸∈ {0, Λ}g3D3D4 − (g3 − Λ)D4D3 = x4D3, g5D2D5 − (g5 − Λ)D5D2 = −x2D5,
g5D5D4 − (g5 − Λ)D4D5 = x4D5, g◦

aD1D2 = −x2D1,
(g◦

a − Λ)D1D4 = −x4D1,

gD2D4 − (g − Λ)D4D2 = x4D2 − x2D4, g1D2D1 − (g1 − Λ)D1D2 = −x2D1,

I = {2, 4}, S = {1}, T •
b = {3}, T ◦

a = {5} g, g±
b ̸= 0, g1, g◦

a ̸∈ {0, Λ}g1D1D4 − (g1 − Λ)D4D1 = x4D1, g+
b D2D3 = −x2D3,

g−
b D3D4 = x4D3, g◦

aD2D5 = −x2D5,
(g◦

a − Λ)D4D5 = −x4D5,

gD2D4 − (g − Λ)D4D2 = x4D2 − x2D4, g3D2D3 − (g3 − Λ)D3D2 = −x2D3,

I = {2, 4}, S = {3}, T ◦
a = {1, 5} g, g3 ̸= 0, g◦

a ̸∈ {0, Λ}g3D3D4 − (g3 − Λ)D4D3 = x4D3, g◦
aD1D2 = −x2D1,

(g◦
a − Λ)D1D4 = −x4D1, g◦

aD2D5 = −x2D5,
(g◦

a − Λ)D4D5 = −x4D5,

gD2D4 − (g − Λ)D4D2 = x4D2 − x2D4, g5D2D5 − (g5 − Λ)D5D2 = −x2D5,

I = {2, 4}, S = {5}, T •
b = {3}, T ◦

a = {1} g, g±
b ̸= 0, g5, g◦

a ̸∈ {0, Λ}g5D5D4 − (g5 − Λ)D4D5 = x4D5, g+
b D2D3 = −x2D3,

g−
b D3D4 = x4D3, g◦

aD1D1 = −x2D1,
(g◦

a − Λ)D1D4 = −x4D1,

gD2D4 − (g − Λ)D4D2 = x4D2 − x2D4, g◦
aD2D5 = −x2D5,

I = {2, 4}, T •
b = {3}, T ◦

a = {1, 5} g, g±
b ̸= 0, g◦

a ̸∈ {0, Λ}(g◦
a − Λ)D4D5 = −x4D5, g+

b D2D3 = −x2D3,
g−

b D3D4 = x4D3, g◦
aD2D5 = −x2D5,

(g◦
a − Λ)D4D5 = −x4D5,

gD2D5 − (g − Λ)D5D2 = x5D2 − x2D5, g1D2D1 − (g1 − Λ)D1D2 = −x2D1,

I = {2, 5}, S = {1, 3, 4} g, g3, g4 ̸= 0, g1 ̸∈ {0, Λ}g1D1D5 − (g1 − Λ)D5D1 = x5D1, g3D2D3 − (g3 − Λ)D3D2 = −x2D3,
g3D3D5 − (g3 − Λ)D5D3 = x5D3, g4D2D4 − (g4 − Λ)D4D2 = −x2D4,
g4D4D5 − (g4 − Λ)D5D4 = x5D4,

gD2D5 − (g − Λ)D5D2 = x5D2 − x2D5, g1D2D1 − (g1 − Λ)D1D2 = −x2D1,

I = {2, 5}, S = {1, 3}, T •
b = {4} g, g3, g±

b ̸= 0, g1 ̸∈ {0, Λ}g1D1D5 − (g1 − Λ)D5D1 = x5D1, g3D2D3 − (g3 − Λ)D3D2 = −x2D3,
g3D3D5 − (g3 − Λ)D5D3 = x5D3, g+

b D2D4 = −x2D4,
g−

b D4D5 = x5D4,

gD2D5 − (g − Λ)D5D2 = x5D2 − x2D5, g1D2D1 − (g1 − Λ)D1D2 = −x2D1,

I = {2, 5}, S = {1, 4}, T •
b = {3} g, g4, g±

b ̸= 0, g1 ̸∈ {0, Λ}g1D1D5 − (g1 − Λ)D5D1 = x5D1, g4D2D4 − (g4 − Λ)D4D2 = −x2D4,
g4D4D5 − (g4 − Λ)D5D4 = x5D4, g+

b D2D3 = −x2D3,
g−

b D3D5 = x5D3,
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Table 2. Diffusion algebras on five generators (continued)

Diffusion
algebra Relations Conditions Restrictions

B gD2D5 − (g − Λ)D5D2 = x5D2 − x2D5, g3D2D3 − (g3 − Λ)D3D2 = −x2D3,

I = {2, 5}, S = {3, 4}, T ◦
a = {1} g, gs ̸= 0, g◦

a ̸∈ {0, Λ}, s ∈ S
g3D3D5 − (g3 − Λ)D5D3 = x5D3, g4D2D4 − (g4 − Λ)D4D2 = −x2D4,
g4D4D5 − (g4 − Λ)D5D4 = x5D4, g◦

aD1D2 = −x2D1,
(ga◦ − Λ)D1D5 = −x5D1,

gD2D5 − (g − Λ)D5D2 = x5D2 − x2D5, g1D2D1 − (g1 − Λ)D1D2 = −x2D1,

I = {2, 5}, S = {1}, T •
b = {3, 4} g, g±

b ̸= 0, g1 ̸∈ {0, Λ}g1D1D5 − (g1 − Λ)D5D1 = x5D1, g+
b D2D3 = −x2D3,

g−
b D3D5 = x5D3, g+

b D2D4 = −x2D4,
g−

b D4D5 = x5D4,

gD2D5 − (g − Λ)D5D2 = x5D2 − x2D5, g3D2D3 − (g3 − Λ)D3D2 = −x2D3,

I = {2, 5}, S = {3}, T ◦
a = {1}, T •

b = {4} g, g3, g±
b ̸= 0, g◦

a ̸∈ {0, Λ}g3D3D5 − (g3 − Λ)D5D3 = x5D3, g◦
aD1D2 = −x2D1,

(g◦
a − Λ)D1D5 = −x5D1, g+

b D2D4 = −x2D4,
g−

b D4D5 = x5D4,

gD2D5 − (g − Λ)D5D2 = x5D2 − x2D5, g4D2D4 − (g4 − Λ)D4D2 = −x2D4,

I = {2, 5}, S = {4}, T ◦
a = {1}, T •

b = {3} g, g4, g±
b ̸= 0, g◦

a ̸∈ {0, Λ}g4D4D5 − (g4 − Λ)D5D4 = x5D4, g◦
aD1D2 = −x2D1,

(g◦
a − Λ)D1D5 = −x5D1, g+

b D2D3 = −x2D3,
g−

b D3D5 = x5D3,

gD2D5 − (g − Λ)D5D2 = x5D2 − x2D5, g+
b D2D4 = −x2D4,

I = {2, 5}, T •
b = {3, 4}, T ◦

a = {1} g, g±
b ̸= 0, g◦

a ̸∈ {0, Λ}g−
b D4D5 = x5D4, g+

b D2D3 = −x2D3,
g−

b D3D5 = x5D3, g◦
aD1D2 = −x2D1,

(g◦
a − Λ)D1D5 = −x5D1,

gD3D4 − (g − Λ)D4D3 = x4D3 − x3D4, g1D3D1 − (g1 − Λ)D1D3 = −x3D1,

I = {3, 4}, S = {1, 2, 5} g ̸= 0, gs ̸∈ {0, Λ}, s ∈ S
g1D1D4 − (g1 − Λ)D4D1 = x4D1, g2D3D2 − (g2 − Λ)D2D3 = −x3D2,
g2D2D4 − (g2 − Λ)D4D2 = x4D2, g5D3D5 − (g5 − Λ)D5D3 = −x3D5,
g5D5D4 − (g5 − Λ)D4D5 = x4D5,

gD3D4 − (g − Λ)D4D3 = x4D3 − x3D4, g1D3D1 − (g1 − Λ)D1D3 = −x3D1,

I = {3, 4}, S = {1, 2}, T ◦
a = {5} g ̸= 0, gs, g◦

a ̸∈ {0, Λ}, s ∈ S
g1D1D4 − (g1 − Λ)D4D1 = x4D1, g2D3D2 − (g2 − Λ)D2D3 = −x3D2,
g2D2D4 − (g2 − Λ)D4D2 = x4D2, g◦

aD3D5 = −x3D5,
(g◦

a − Λ)D4D5 = −x4D5,

gD3D4 − (g − Λ)D4D3 = x4D3 − x3D4, g1D3D1 − (g1 − Λ)D1D3 = −x3D1,

I = {3, 4}, S = {1, 5}, T ◦
a = {2} g ̸= 0, gs, g◦

a ̸∈ {0, Λ}, s ∈ S
g1D1D4 − (g1 − Λ)D4D1 = x4D1, g5D3D5 − (g5 − Λ)D5D3 = −x3D5,
g5D5D4 − (g5 − Λ)D4D5 = x4D5, g◦

aD3D2 = −x3D2,
(g◦

a − Λ)D4D2 = −x4D2,

gD3D4 − (g − Λ)D4D3 = x4D3 − x3D4, g2D3D2 − (g2 − Λ)D2D3 = −x3D2,

I = {3, 4}, S = {2, 5}, T ◦
a = {1} g ̸= 0, gs, g◦

a ̸∈ {0, Λ}, s ∈ S
g2D2D4 − (g2 − Λ)D4D2 = x4D2, g5D3D5 − (g5 − Λ)D5D3 = −x3D5,
g5D5D4 − (g5 − Λ)D4D5 = x4D5, g◦

aD1D3 = −x3D1,
(g◦

a − Λ)D1D4 = −x4D1,

gD3D4 − (g − Λ)D4D3 = x4D3 − x3D4, g1D3D1 − (g1 − Λ)D1D3 = −x3D1,

I = {3, 4}, S = {1}, T ◦
a = {2, 5} g ̸= 0, g1, g◦

a ̸∈ {0, Λ}g1D1D4 − (g1 − Λ)D4D1 = x4D1, g◦
aD3D2 = −x3D2,

(g◦
a − Λ)D4D2 = −x4D2, g◦

aD3D5 = −x3D5,
(g◦

a − Λ)D4D5 = −x4D5,

gD3D4 − (g − Λ)D4D3 = x4D3 − x3D4, g2D3D2 − (g2 − Λ)D2D3 = −x3D2,

I = {3, 4}, S = {2}, T ◦
a = {1, 5} g ̸= 0, g2, g◦

a ̸∈ {0, Λ}g2D2D4 − (g2 − Λ)D4D2 = x4D2, g◦
aD1D3 = −x3D1,

(g◦
a − Λ)D1D4 = −x4D1, g◦

aD3D5 = −x3D5,
(g◦

a − Λ)D4D5 = −x4D5,

gD3D4 − (g − Λ)D4D3 = x4D3 − x3D4, g5D3D5 − (g5 − Λ)D5D3 = −x3D5,

I = {3, 4}, S = {5}, T ◦
a = {1, 2} g ̸= 0, g5, g◦

a ̸∈ {0, Λ}g5D5D4 − (g5 − Λ)D4D5 = x4D5, g◦
aD1D3 = −x3D1,

(g◦
a − Λ)D1D4 = −x4D1, g◦

aD3D2 = −x3D2,
(g◦

a − Λ)D4D2 = −x4D2,

gD3D4 − (g − Λ)D4D3 = x4D3 − x3D4, g◦
aD1D3 = −x3D1,

I = {3, 4}, T ◦
a = {1, 2, 5} g ̸= 0, g◦

a ̸∈ {0, Λ}(g◦
a − Λ)D1D4 = −x4D1, g◦

aD3D2 = −x3D2,
(g◦

a − Λ)D4D2 = −x4D2, g◦
aD3D5 = −x3D5,

(g◦
a − Λ)D4D5 = −x4D5,

gD5D3 − (g − Λ)D3D5 = x3D5 − x5D3, g2D5D2 − (g2 − Λ)D2D5 = −x5D2,

I = {3, 5}, S = {1, 2, 4} g, g4 ̸= 0, g1, g2 ̸∈ {0, Λ}g2D2D3 − (g2 − Λ)D3D2 = x3D2, g4D5D4 − (g4 − Λ)D4D5 = −x5D4,
g4D4D3 − (g4 − Λ)D3D4 = x3D4, g1D5D1 − (g1 − Λ)D1D5 = −x5D1,
g1D1D3 − (g1 − Λ)D3D1 = x3D1,

gD5D3 − (g − Λ)D3D5 = x3D5 − x5D3, g2D5D2 − (g2 − Λ)D2D5 = −x5D2,

I = {3, 5}, S = {1, 2}, T •
b = {4} g ̸= 0, gs, g◦

a ̸∈ {0, Λ}, s ∈ S
g2D2D3 − (g2 − Λ)D3D2 = x3D2, g1D5D1 − (g1 − Λ)D1D5 = −x5D1,
g1D1D3 − (g1 − Λ)D3D1 = x3D1, g+

b D3D4 = −x3D4,
g−

b D4D5 = x5D4,
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Table 2. Diffusion algebras on five generators (continued)

Diffusion
algebra Relations Conditions Restrictions

B gD5D3 − (g − Λ)D3D5 = x3D5 − x5D3, g4D5D4 − (g4 − Λ)D4D5 = −x5D4,

I = {3, 5}, S = {1, 4}, T ◦
a = {2} g, g4 ̸= 0, g1, g◦

a ̸∈ {0, Λ}g4D4D3 − (g4 − Λ)D3D4 = x3D4, g1D5D1 − (g1 − Λ)D1D5 = −x5D1,
g1D1D3 − (g1 − Λ)D3D1 = x3D1, g◦

aD2D5 = −x5D2,
(g◦

a − Λ)D2D3 = −x3D2,

gD5D3 − (g − Λ)D3D5 = x3D5 − x5D3, g4D5D4 − (g4 − Λ)D4D5 = −x5D4,

I = {3, 5}, S = {2, 4}, T ◦
a = {1} g, g4 ̸= 0, g2, g◦

a ̸∈ {0, Λ}g4D4D3 − (g4 − Λ)D3D4 = x3D4, g2D5D2 − (g2 − Λ)D2D5 = −x5D2,
g2D2D3 − (g2 − Λ)D3D2 = x3D2, g◦

aD1D5 = −x5D1,
(g◦

a − Λ)D1D3 = −x3D1,

gD5D3 − (g − Λ)D3D5 = x3D5 − x5D3, g1D5D1 − (g1 − Λ)D1D5 = −x5D1,

I = {3, 5}, S = {1}, T •
b = {4}, T ◦

a = {2} g, g±
b ̸= 0, g1, g◦

a ̸∈ {0, Λ}g1D1D3 − (g1 − Λ)D3D1 = x3D1, g◦
aD2D3 = −x3D2,

(g◦
a − Λ)D2D5 = −x5D2, g+

b D3D4 = −x3D4,
g−

b D4D5 = x5D4,

gD5D3 − (g − Λ)D3D5 = x3D5 − x5D3, g2D5D2 − (g2 − Λ)D2D5 = −x5D2,

I = {3, 5}, S = {2}, T •
b = {4}, T ◦

a = {1} g, g±
b ̸= 0, g2, g◦

a ̸∈ {0, Λ}g2D2D3 − (g2 − Λ)D3D2 = x3D2, g◦
aD1D3 = −x3D1,

(g◦
a − Λ)D1D5 = −x5D1, g+

b D3D4 = −x3D4,
g−

b D4D5 = x5D4,

gD5D3 − (g − Λ)D3D5 = x3D5 − x5D3, g4D5D4 − (g4 − Λ)D4D5 = −x5D4,

I = {3, 5}, S = {4}, T ◦
a = {1, 2} g, g4 ̸= 0, g◦

a ̸∈ {0, Λ}g4D4D3 − (g4 − Λ)D3D4 = x3D4, g◦
aD1D3 = −x3D1,

(g◦
a − Λ)D1D5 = −x5D1, g◦

aD2D3 = −x3D2,
(g◦

a − Λ)D2D5 = −x5D2,

gD5D3 − (g − Λ)D3D5 = x3D5 − x5D3, g+
b D3D4 = −x3D4,

I = {3, 5}, T •
b = {4}, T ◦

a = {1, 2} g, g±
b ̸= 0, g◦

a ̸∈ {0, Λ}g−
b D4D5 = x5D4, g◦

aD1D3 = −x3D1,
(g◦

a − Λ)D1D5 = −x5D1, g◦
aD2D3 = −x3D2,

(g◦
a − Λ)D2D5 = −x5D2,

gD5D4 − (g − Λ)D4D5 = x4D5 − x5D4, g1D5D1 − (g1 − Λ)D1D5 = −x5D1,

I = {4, 5}, S = {1, 2, 3} g ̸= 0, gs ̸∈ {0, Λ}, s ∈ S
g1D1D4 − (g1 − Λ)D4D1 = x4D1, g2D5D2 − (g2 − Λ)D2D5 = −x5D2,
g2D2D4 − (g2 − Λ)D4D2 = x4D2, g3D5D3 − (g3 − Λ)D3D5 = −x5D3,
g3D3D4 − (g3 − Λ)D4D3 = x4D3,

gD5D4 − (g − Λ)D4D5 = x4D5 − x5D4, g1D5D1 − (g1 − Λ)D1D5 = −x5D1,

I = {4, 5}, S = {1, 2}, T ◦
a = {3} g ̸= 0, gs, g◦

a ̸∈ {0, Λ}, s ∈ S
g1D1D4 − (g1 − Λ)D4D1 = x4D1, g2D5D2 − (g2 − Λ)D2D5 = −x5D2,
g2D2D4 − (g2 − Λ)D4D2 = x4D2, g◦

aD5D3 = −x5D3,
(g◦

a − Λ)D4D3 = −x4D3,

gD5D4 − (g − Λ)D4D5 = x4D5 − x5D4, g1D5D1 − (g1 − Λ)D1D5 = −x5D1,

I = {4, 5}, S = {1, 3}, T ◦
a = {2} g ̸= 0, gs, g◦

a ̸∈ {0, Λ}, s ∈ S
g1D1D4 − (g1 − Λ)D4D1 = x4D1, g3D5D3 − (g3 − Λ)D3D5 = −x5D3,
g3D3D4 − (g3 − Λ)D4D3 = x4D3, g◦

aD5D2 = −x5D2,
(g◦

a − Λ)D4D2 = −x4D2,

gD5D4 − (g − Λ)D4D5 = x4D5 − x5D4, g2D5D2 − (g2 − Λ)D2D5 = −x5D2,

I = {4, 5}, S = {2, 3}, T ◦
a = {1} g ̸= 0, gs, g◦

a ̸∈ {0, Λ}, s ∈ S
g2D2D4 − (g2 − Λ)D4D2 = x4D2, g3D5D3 − (g3 − Λ)D3D5 = −x5D3,
g3D3D4 − (g3 − Λ)D4D3 = x4D3, g◦

aD1D5 = −x5D1,
(g◦

a − Λ)D1D4 = −x4D1,

gD5D4 − (g − Λ)D4D5 = x4D5 − x5D4, g1D5D1 − (g1 − Λ)D1D5 = −x5D1,

I = {4, 5}, S = {1}, T ◦
a = {2, 3} g ̸= 0, g1, g◦

a ̸∈ {0, Λ}g1D1D4 − (g1 − Λ)D4D1 = x4D1, g◦
aD5D2 = −x5D2,

(g◦
a − Λ)D4D2 = −x4D2, g◦

aD5D3 = −x5D3,
(g◦

a − Λ)D4D3 = −x4D3,

gD5D4 − (g − Λ)D4D5 = x4D5 − x5D4, g2D5D2 − (g2 − Λ)D2D5 = −x5D2,

I = {4, 5}, S = {2}, T ◦
a = {1, 3} g ̸= 0, g2, g◦

a ̸∈ {0, Λ}g2D2D4 − (g2 − Λ)D4D2 = x4D2, g◦
aD1D5 = −x5D1,

(g◦
a − Λ)D1D4 = −x4D1, g◦

aD5D3 = −x5D3,
(g◦

a − Λ)D4D3 = −x4D3,

gD5D4 − (g − Λ)D4D5 = x4D5 − x5D4, g3D5D3 − (g3 − Λ)D3D5 = −x5D3,

I = {4, 5}, S = {3}, T ◦
a = {1, 2} g ̸= 0, g3, g◦

a ̸∈ {0, Λ}g3D3D4 − (g3 − Λ)D4D3 = x4D3, g◦
aD1D5 = −x5D1,

(g◦
a − Λ)D1D4 = −x4D1, g◦

aD5D2 = −x5D2,
(g◦

a − Λ)D4D2 = −x4D2,

gD5D4 − (g − Λ)D4D5 = x4D5 − x5D4, g◦
aD1D5 = −x5D1,

I = {4, 5}, T ◦
a = {1, 2, 3} g ̸= 0, g◦

a ̸∈ {0, Λ}(g◦
a − Λ)D1D4 = −x4D1, g◦

aD5D2 = −x5D2,
(g◦

a − Λ)D4D2 = −x4D2, g◦
aD5D3 = −x5D3,

(g◦
a − Λ)D4D3 = −x4D3,
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Table 2. Diffusion algebras on five generators (continued)

Diffusion
algebra Relations Conditions Restrictions

C g2D1D2 − (g2 − Λa)D2D1 = −x1D2, g3D1D3 − (g3 − Λa)D3D1 = −x1D3,
I = {1}, Ra = {2, 3, 4, 5} g2, g3, g4, g5 ̸= Λag4D1D4 − (g4 − Λa)D4D1 = −x1D4, g5D1D5 − (g5 − Λa)D5D1 = −x1D5,

g1D2D1 − (g1 − Λa)D1D2 = −x2D1, g3D2D3 − (g3 − Λa)D3D2 = −x2D3,
I = {2}, Ra = {1, 3, 4, 5} g1 ̸= 0, g3, g4, g5 ̸= Λag4D2D4 − (g4 − Λa)D4D2 = −x2D4, g5D2D5 − (g5 − Λa)D5D2 = −x2D5,

g1D3D1 − (g1 − Λa)D1D3 = −x3D1, g2D3D2 − (g2 − Λa)D2D3 = −x3D2,
I = {3}, Ra = {1, 2, 4, 5} g1, g2 ̸= 0, g4, g5 ̸= Λag4D3D4 − (g4 − Λa)D4D3 = −x3D4, g5D3D5 − (g5 − Λa)D5D3 = −x3D5,

g1D4D1 − (g1 − Λa)D1D4 = −x4D1, g2D4D2 − (g2 − Λa)D2D4 = −x4D2,
I = {4}, Ra = {1, 2, 3, 5} g1, g2, g3 ̸= 0, g5 ̸= Λg3D4D3 − (g3 − Λa)D3D4 = −x4D3, g5D4D5 − (g5 − Λa)D5D4 = −x4D5,

g1D5D1 − (g1 − Λa)D1D5 = −x5D1, g2D5D2 − (g2 − Λa)D2D5 = −x5D2,
I = {5}, Ra = {1, 2, 3, 4} g1, g2, g3, g4 ̸= 0g3D5D3 − (g3 − Λa)D3D5 = −x5D3, g4D5D4 − (g4 − Λa)D4D5 = −x5D4,

D

D1D2 − q21D2D1 = 0, D1D3 − q31D3D1 = 0,

R = {1, 2, 3, 4, 5} qsr ̸= 0, 1 ≤ r < s ≤ 5
D1D4 − q41D4D1 = 0, D1D5 − q51D5D1 = 0,
D2D3 − q32D3D2 = 0, D2D4 − q42D4D2 = 0,
D2D5 − q52D5D2 = 0, D3D4 − q43D4D3 = 0
D3D5 − q53D5D3 = 0, D4D5 − q54D5D4 = 0
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