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ABSTRACT. We establish sufficient conditions to assert the differential smooth-
ness of diffusion algebras on n generators introduced by Isaev et al. [J. Phys. A
34 (2001), pp. 5815-5834]. We present a detailed list of these algebras on four
and five generators to illustrate the obtained results.

1. INTRODUCTION

Isaev et al. [20] introduced diffusion algebras in 2001 in the context of one-
dimensional stochastic processes with exclusion in statistical mechanics. A year
later, Pyatov and Twarock [28] presented a construction for these algebras from a
mathematical point of view and proved the results formulated in [20]. Hinchcliffe, in
his Ph.D. thesis [19], and other researchers have investigated several ring-theoretical
and homological properties of diffusion algebras [16] [I8] [42, 26, 30} [33] [32].

Our purpose in this paper is to investigate the differential smoothness, as defined
by Brzeziriski and Sitarz [12], of difussion algebras. We begin with some preliminary
remarks.

Following Brzezinski and Lomp [IT], Section 1], the study of smoothness of alge-
bras can be traced back at least to Grothendieck’s EGA [17]. Grothendieck’s notion
of a formally smooth commutative (topological) algebra was later extended to the
noncommutative setting by Schelter [40]. In this framework, an algebra is formally
smooth precisely when the kernel of the multiplication map is projective as a bi-
module; as observed by Schelter, this notion replaces a much broader smoothness
condition based only on finite global dimension. Cuntz and Quillen [I3] refer to
such algebras as quasi-free. In the homological setting, Van den Bergh [3] called an
algebra homologically smooth if it admits a finite resolution by finitely generated
projective bimodules. The characterization of this kind of smoothness for the non-
commutative pillow, the quantum teardrops, and quantum homogeneous spaces
was made by Brzeziniski [B [7] and Krahmer [23].
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Brzeziniski and Sitarz [12] defined another notion of smoothness of algebras,
termed differential smoothness, due to the use of differential graded algebras of a
specified dimension that admit a noncommutative version of the Hodge star isomor-
phism. This notion considers the existence of a top form in a differential calculus
over an algebra, and a strong version of Poincaré duality realized as an isomor-
phism between complexes of differential and integral forms. This new notion of
smoothness is different and more constructive than the homological smoothness
mentioned above. We quote from [12], pp. 413-414]: “The idea behind the differ-
ential smoothness of algebras is rooted in the observation that a classical smooth
orientable manifold, in addition to de Rham complex of differential forms, admits
also the complex of integral forms isomorphic to the de Rham complex [27, Sec-
tion 4.5]. The de Rham differential can be understood as a special left connection,
while the boundary operator in the complex of integral forms is an example of a
right connection”.

Brzezifiski and several other authors [8] [9, [10, 1T} 12} 15} 2T}, 22] 31] have char-
acterized the differential smoothness of algebras such as the quantum two- and
three-spheres, the disc, the plane, the noncommutative torus, the coordinate alge-
bras of the quantum group SU,(2), the noncommutative pillow algebra, the quan-
tum cone algebras, the quantum polynomial algebras, Hopf algebra domains of
Gelfand—Kirillov dimension two that are not PI, families of Ore extensions, some
three-dimensional skew polynomial algebras, diffusion algebras in three generators,
and noncommutative coordinate algebras of deformations of several classical orb-
ifolds, such as the pillow orbifold, singular cones, and lens spaces. Precisely, in [31]
the second author presented a first approach to the differential smoothness of diffu-
sion algebras on three generators. Since diffusion algebras on three generators are
related to three-dimensional skew polynomial algebras [2, [34], skew bi-quadratic
algebras [I] (see also double Ore extensions [I, p. 699] and [44]), and skew PBW
extensions [I6], and since the smoothness of all these families of algebras has re-
cently been investigated in [33] [39] B5], B8] [36], [37], the purpose of this paper is to
continue this line of research for diffusion algebras on four and more generators.

The article is organized as follows. Section [2| contains the key facts on diffusion
algebras in order to set up notation and render this paper self-contained. We
adopt the terminology presented by Pyatov and Twarock [28]. Sections and
recall the classification of diffusion algebras on three and n generators, respectively.
Next, Section [3] contains definitions and preliminaries on differential smoothness of
algebras. In Section [d] we present the original results of the paper. Table [I] presents
the diffusion algebras on four generators, while Table [2] contains diffusion algebras
on five generators. Our key results are Theorems[d.I|and[£:2} we describe explicitly
those diffusion algebras that are differentially smooth, and those for which there
are no one-dimensional connected integrable calculi, respectively.

Throughout the paper, N denotes the set of natural numbers, including zero.
The word ring means an associative ring with identity, not necessarily commutative.
All vector spaces and algebras (always associative and with unit) are over a fixed
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field k. As usual, the symbols R and C denote the fields of real and complex
numbers, respectively.

2. DIFFUSION ALGEBRAS

Pyatov and Twarock [28] studied diffusion algebras from a mathematical point
of view and proved a construction theorem for diffusion algebras. Let us recall the
details of their treatment.

Let a, 8 be two elements belonging to the set Iy := {1,...,n} with o < 8.
Consider quadratic relations of the form

gapDaDp — gpaDpDa = 15 Do — 20 D, (2.1)
with gog € R\ {0}, gsa € R, and z,, 25 € C.

Definition 2.1 (|28, Definition 1.1]). An algebra with set of generators given by
{D4 | @ € In} and relations of type (2.1)) is called a diffusion algebra if it admits
a linear PBW-basis of ordered monomials of the form

D DF ... DN with k; e Nand ag > ag > -+ > ay. (2.2)

Due to physical reasons, only relations with positive coefficients gog € R~ and
98a € R>o (a < B) are relevant, because they are interpreted as hopping rates in
stochastic models [28] p. 3268].

Note that the requirement of having a PBW basis implies conditions on the
coefficients gog and z, in according the the Diamond Lemma formulated by
Bergman [4]. This means that we have a criterion to verify under which conditions
the relations in are of PBW type: this is the case precisely if each subset
of three generators {D,, Dg, D} with ordering a < < + is reduction unique
with respect to the ordering, that is, if the two ways of reducing the monomial
D.DgD, to the monomial D, DgD, lead to the same result when expressed in the
PBW basis .

Just as Pyatov and Twarock [28, p. 3269] asserted, the task of deriving all
diffusion algebras with N generators reduces to the following two steps:

(1) Find all diffusion algebras with three generators.
(2) Find all algebras with N generators such that each subset of three gener-
ators coincides with one of the cases listed before.

As can be seen, step (1) is equivalent to finding those coefficients g,z and z,
in for which a set {D,, Dg, Dy} of three generators is reduction unique in
the above sense. The list of diffusion algebras of three generators is given in Sec-
tion 2] The second step is a combinatorial problem: it requires one to combine,
in a consistent way, the three-generator algebras listed before into algebras with
N generators for general N > 3.

Pyatov and Twarock considered a constructive method for approaching the sec-
ond step, the so-called blending procedure (Section , which is an inductive pro-
cedure for constructing diffusion algebras: “It uses the three generator cases and
augments them to larger units by attaching further generators in accordance with
the requirements of the diamond lemma, then giving a prescription of how these
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larger building blocks may be glued [...] together in order to obtain a general
diffusion algebra of N generators” [28, p. 3269).

2.1. Diffusion algebras on three generators. Consider a set {D,, Dg, D~}
of three generators with an ordering induced by the ordering of the index set

a < B <« and relations as in (2.1)). Since gop # 0 for all o, 8 € Is = {a, 8,7, }
with o < 8 by assumption, we get the relations of the algebra given by

DaDB = QBaDﬁDoz + .Z‘gBDa — xgﬁD@,
DoD~y = qya Dy Do + 257Dy — 237 D,,  and (2.3)
DgDy = q,3D,Dg + 257 Ds — 27 D,

where ¢;; = Zf;, el = 5—: for i,5,k € {a, 3,7} with i < j. Using (2.3)), any

monomial can be expressed in terms of the PBW basis (2.2), and this is well
defined if we apply (2.3) in different orders and obtain the same result, that is, if
the reductions

DoDsDy — DgDoD. — DgDyDy — DyDgDy
and

DoDgD. = DyD,Dg — D,D.Dg — D,DgD,
using (2.3]) coincide when expressed in the PBW basis. These equalities lead to
restrictions on the coefficients go5 and z, in (2.1)), given by a set of six equations,
and their solutions determine all diffusion algebras of three generators.

Next, we recall the list of six equations. We assume that « < 8 <y and x; #0

for j € {a, 8,7}
(1) The case of Aj:
9gDoDg — gDgDy = 23Dy — x4Dp,
9DoDy —gD\Dy = 2Dy — 2,D~, and
9gDpD~ — gD, D = 2, Dp — 25D,
where g # 0.
(2) The case of Apr:
9agDaDg = x3Do — 20 Dg,
JayDoaDy = 2,Do — oD, and
9pyDpDy = 24 Dp — 15D,
where g;; := g; — g; with g; # g; for all 4,5 € {«, 8,7} with i < j.
(3) The case of BW:
98DaDp — (98 = M)DpDa = —xa D,
9DoD, — (9 —AN)D,Dy = 24Dy — x,D~, and
98DpD — (95 — A)DyDg = xDg,

where g, gg # 0.
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(4) The case of B®):

9apDaDsg = —x4Dg,
JoryDaDy — gyaDyDo = 2y Do — 20 D,,, and
9pyDp D~y = x4 D,
where GapBs oy 9By 7é 0.
(5) The case of B®);
gDaDﬁ — (g — A)DﬁDa = (tﬁDa — anﬁ,
gvDo Dy = =z, D., and
(9~ M)DsD,
where g # 0 and g # 0, A.
(6) The case of BW:

—z3D,,

(9o = A)DaDg = x5D,
goDoDy = 2D, and
9DsD~ — (9 — A)DyDg = ,Dg — x5 D,
where g # 0 and g, # 0, A.
(7) The case of C™):
98DaDps — (98 — M)DpDo = =20 D,
gyDoDy — (94 —A)DyDy = —z,D~, and
9D D~y — gD Dp = 0,
where g3, gy, 98,4 7 0.
(8) The case of C?):
gaﬁDaDﬁ - gﬂaDﬁDa = _anB7
9oy DaD~y — gyaDyDo = —2,D,, and
DsD, =0,
where gog, gay 7 0.
(9) The case of D: With gj; := zz;, where 7,5 € {a, 3,7} (recall that g;; # 0
for i < j), we have that
DaDﬁ - QBaDﬁDa = O,
DoDy - ¢yaDyDy =0, and
DpDy = ¢y5D,Dp = 0.

The division into algebras A, B, C, and D reflects the number of coefficients
zj, j € {a, 8,7}, that are zero in the expression (2.1)). As shown above, for these
algebras, none, one, two, or all three of the coefficients x; vanish, respectively.

Remark 2.2. The previous list is given, following Pyatov—Twarock, for an ordered
triple Dy, Dg, D with o < 8 < v and with relations written in the corresponding
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PBW order. Thus, different items in the list should be regarded as presentations
rather than canonical representatives up to isomorphism.
More precisely, consider the transformations on generators generated by

(l) D; — k;D; with k; € R \ {0}, and

(ii) D; — Dg(i) with o € S3.
These operations preserve the relations and yield isomorphic algebras; in particular,
they can be used to normalize the nonzero parameters x;. Accordingly, within each
family A, B, C, D, the displayed relations provide convenient orbit representatives
for our later constructions, rather than an isomorphism-reduced list.

2.2. Diffusion algebras on N generators. Consider the following decomposi-
tion of the index set Iy = {1,...,N}:

In=IUR, withl:={a€ly]|z,#0} and R:={a€Iy|zq=0}.

Definition 2.3. (1) ([28, Definition 3.1]) The normal ordering of two generators
D, and Dy is defined as

D,Dg ifa<p,
(DaDg) = {D o
8D if 8 < a.
(2) (|28, Definition 3.2]) For a < 3, consider the notation
[Da, Dg] = DoDp — qaaDpDa,

where the index at the commutator is referring to the coeflicients gg, in terms of
which the commutator is defined.

4Ba

Considering the notation in Definition [2.3] the set R is subdivided into nonin-
tersecting and nonempty subsets

RZ=R1UR2U'~'URMR (24)

according to the following requirements:
e Relations between generators from the sets R, and Ry for a # b are given

by
(Dy,D,,) =0 forall ry € R, and rg € Ry. (2.5)
e Relations within a set R, such that |R,| > 2 are given by
[Dyys Diylg,,,, =0 forall ri,re € Ry with 71 <, (2.6)

where the coefficients in (2.6) are subject to the condition opposite to
(2.5), that is: for any subdivision R, = R’ U R” into two nonintersecting
and nonempty parts R’ and R”,

there exist r; € R and ro € R” such that g, gryr, # 0. (2.7)
This means that for any pair of indices r,s € R, there exists a finite
sequence {ry € R, | k=1,...,n} such that ry =r, ry = s, and

N-1
H Iririe19resire # 0. (2.8)
k=1
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Relations and may be represented graphically via a connectivity
condition on an ordered graph whose vertices are labeled by the indices
r € R, and whose edges connect only those vertices r; < ro for which
QT27‘1 7é 0.
Furthermore, for |I| > 2 the set R is split into two sets S and T as follows: For
any R, C R, let

R o S, if there exist r € R, and i € I with g¢;.g,; # 0,
“ T, otherwise.

Suppose that the Mg sets R, in split into Mg sets S, and My sets T,.
Then Mr = Mg + Mp. Number these sets as S, for a = 1,..., Mg, and T, for
a=1,..., My, and introduce

Ms Mr

S = USa and T := UTa.

a=1 a=1
The decomposition of the set .S into subsets S, has been used in the definition of
the set S, and this will not be considered. However, the structure of the set T is
crucial and needs further refinement.

For every T, C T, let

Te if 34,5 €1 withi<jsuchthatT, Cc{t+1,i4+2,...,5—1}

T .= and IN{i+1,i+2,...,j—1} =0,
TO

©, otherwise.

In this way, we write
T={T?|a=1,...,M7}U{T, |a=1,...,M72}, with My = M} + M7. (2.9)

2.2.1. List of diffusion algebras on N generators. From now on, the expression
“generators of a set I, 5,7, or R” means the generators indexed by elements from
the corresponding set.

Definition 2.4 ([28| Definition 3.3]). A set of three generators {D,, D,, D} with
reX,yeY,and z € Z, where X, Y, and Z are any of the sets I, R, S, and T,
or any set in their decomposition, will be called a triplet (of type) {X,Y, Z}.

As can be seen, any triplet of type {I,I,I} in a diffusion algebra of N > 3
generators gives rise to a diffusion algebra of type A; or Ajy; any triple of type
{I,I,R} to a diffusion algebra of type BN, B®) BG) or BW: any triplet of
type {I, R, R} to a diffusion algebra of type C) or C®; and any triplet of type
{R, R, R} to a diffusion algebra of type D.

Proposition 2.5 ([28, Lemma 3.4]). For any diffusion algebra with N > 3 gener-
ators, the following statements hold:

(1) If|I| > 3, then all subalgebras corresponding to triplets of type {I,I,1} are
of the same type, which is either Ay (that is, g;; = g for alli,j € I) or Ay

(that is, gj; = 0, gij = gi — 95, 9i 7 g; for all i < j).
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(2) If |I| > 3 and all subalgebras corresponding to triplets {I,I,1} are of
type Ap, then for any s € S and for all i € I, we have that

9is = 9si = Js-

(3) If |I| > 3 and all subalgebras corresponding to triplets {I,1,I} are of type
A[[, then S = @

(4) Let |I| > 2. For any i € I and every t,t' € T, (T, means both Ty and
T2 ) with t < i and t' > i, the coefficients gi; and g;p depend only on the
index a of the set T, and not on the individual indices t ort'. Ift,t' € T2,
one furthermore has gs; = —giv .

For any i < j and every t,t' € T, such thatt < i and t' > j,

gti +Nij = g5 and  gi = gjp + Nij,  where Ajj := g5 — gji.

(5) Let |I| = 1. Denote the only index in I by i, in order to stress that it is
not a running index. For all v in R,, one has

Gir — Gri = Aa~ (210)

Note that both the left- and right-hand sides of (2.10) depend only on the
index a of the set R, and not on the individual index r.

Diffusion algebras with N generators are listed as five families of algebras: Ay,
Ap, B, C, and D. As in the case N = 3, the number of nonzero coeflicients x,
or equivalently, the cardinality of the set I, is used as a criterion for separating
diffusion algebras into families of the types A(|I| > 3), B(|I| > 2), C(|I| = 1), or
D(|I| = 0). Type A algebras are separated further into two families A; and Ay,
depending on the number of nonzero coefficients g;; with indices ¢, j in the set I.

Next, we will see that different algebras in these families are obtained depending
on the choice of the decomposition of the set Iy = {1,2,..., N} into ordered subsets
ST (a=1,...,M2), Ty (b=1,...,M}) (or Rq,a=1,..., Mg for Ny =1), as
well as on the choice of coefficients in their defining relations. Next, we introduce
notation for diffusion algebras in which the corresponding decomposition of the
set Iy is given explicitly as an argument to the family symbol. The subscript
indices a and b in our notation are treated as running indices, so that, e.g.

AI(I7S7T;7TI;) EA[(I,S,T;,...,T]&%,TZ;,...7T];j%),

where Iy = TUS U (in:ﬂ T(f) U (Ué‘iﬁ T;), and I,S,T;, and Ty are mutually
nonintersecting ordered subsets in Iy. Notice that the values of the coefficients gqs
are not shown explicitly in this notation, so that it displays connective components

in a variety of diffusion algebras rather than particular algebras.

Remark 2.6. For N > 3, the data in Proposition 2.5 may be viewed as a choice
of an ordered decomposition of the index set Iy into subsets

In=IUSU (EJTa) U (EJRG),
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together with parameters in the defining relations. Two such presentations define
isomorphic diffusion algebras whenever they lie in the same orbit under the natural
group of changes of generators generated by
(i) (k1,---,65) € R\ {0}, Dy = KkqDy, and
(ii) Do + Dg(a), where o is a permutation that preserves the PBW ordering
constraints and the admissible block structure.

This viewpoint explains why several coefficients in Proposition depend only on
the block label a rather than on the individual index: permuting indices inside a
fixed block simply renames generators and hence yields an isomorphic algebra.

Next, relations in (2.11)—(2.15) below are to be complemented by relations (2.5),
(2.6) for the elements of the subset R together with the conditions (2.7)) or (2.8)
on the coefficients involved.

Proposition 2.7 ([28, Theorem 3.5]). The following list contains all possible dif-
fusion algebras with N generators:

(1) Diffusion algebras of type Ar(I,S,T2,Ty) with |I| > 3:
9gD;D; —gD;D; = x;D; —x; D5 for alli,jel,
gsDsD; — gsD;Dg = x;Dg  forallse S, i €1,
go(D;Dy) = —a; Dy foralla,t €T, i€ 1, (2.11)
g;DiDt = —x;Dy  for allb,t € Ty and every i < t,
g, DiDi = x; Dy for all byt € Ty and every i > t,
where g. g, 95, 9y # 0.
(2) Diffusion algebras of type A (I,T2,Ty) with |I| > 3:
(9i — 9;)DiDj = x;D; — x;D;  for alli < j,
(9: + 92)(D;Dy) = —x; Dy for all a,t €T, , i <t,
(gi +9S)D;Dy = —x;Dy  for allb,t € Ty, i < t, (2.12)
(9, — 9:)(DeD;) = x; Dy for all bt € Ty, i > t,
where g; # g; for i # j and g; ¢ {g&:l:gbi .
(3) Diffusion algebras of type B(I = {4,j},5,T7,Ty): We use the notation

2 and j with © < j for the two elements of the set I to emphasize that they
are not running indices. Note that i <t < j for all t € Ty in this case:

9D;D; — (9 — A)D;D; = x;D; — ;D
gsDiDs — (9s — A\)DsDy = —x;Ds  for all s € S,
9sDsDj— (9s — A)D;Ds = z;D,  for all s € S,
9o(D;Dy) = —x;Dy  for allt € T, (2.13)
(90 —A)(D;Dy) = —x;D;  for allt € T,
g;'DiDt = —x;D; forallteTy,
g, DiDj=a;Dy  for allt € Ty,
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where g # 0, gs # 0 for all s, and gs # A for s such that either s < © or
s> j, g5 ¢ {0,A} and gi # 0.

(4) Diffusion algebras of type C(I = {i}, Ry): The only element of I is denoted
by i, and hence

9-DiD, — (9 — Ay) D, D; = —x;D,.  for allr € R,, (2.14)

where g. # 0 for r < i, and g, # A, forr > 1.
(5) Diffusion algebras of type D(R):

DD, — qs.DsD,. =0 forallr,s € R withr < s. (2.15)

Remark 2.8. (i) Hinchcliffe in his Ph.D. thesis [19, Definition 2.1.1] considered
the following notation for diffusion algebras. Let R be the algebra generated by
n indeterminates x1, xa, ..., x, over C, subject to the relations

aijacixj — bijl'jl‘i = T‘jl‘i — rixj

whenever ¢ < j, for some parameters a;; € C\ 0 and b;; € C, for all ¢ < j,
and r; € C, for all i. He defined the standard monomials to be those of the
form Nzl gl2at . R s called a diffusion algebra if it admits a PBW basis
of these standard monomials. In other words, R is a diffusion algebra if these
standard monomials are a C-vector space basis for R. If all the elements g;; :=
% are nonzero, then the diffusion algebras have a PBW basis in any order of
the indeterminates [I9, Remark 2.1.6]. From this definition, a diffusion algebra
generated by n indeterminates has Gelfand—Kirillov dimension n, since because of
the PBW basis, the vector subspace consisting of elements of total degree at most [
is isomorphic to that of a commutative polynomial ring in n indeterminates (cf. [29]
Theorems 4.14 and 4.18]). Notice that a diffusion algebra in one indeterminate is
precisely a commutative polynomial ring in one indeterminate. A diffusion algebra
with z; =0, for all t = 1,...,n, is a multiparameter quantum affine n-space.

(ii) Fajardo et al. [16], Section 2.4] studied ring-theoretical properties of a graded
version of these algebras. The diffusion algebras of type 2 are affine algebras D gen-
erated by 2n variables {D1, ..., Dy, 1, ..., %, } over k that admit a linear PBW ba-
sis of ordered monomials of the form B(’ji Bgi e Béz, with By, € {D1,...,Dp, 21,
oo xnt, forall i < 2n, k; € N, and a1 > ag > -+ > a,, such that for all
1 <9 < j < n, there exist elements \;; € k* satisfying the relations

)\ijDiDj - /\jiDjDi = iji - Z‘ZD] (216)

Following Krebs and Sandow [25], the relations (2.16]) are a consequence of sub-
tracting (quadratic) operator relations of the type

12 DoDp = Dy X5 — X,Ds forall 4,6 =0,1,...,n— 1,

where Fg? € k and D; and X; are operators on a particular vector space such that
[D;, X;] = 0 does not necessarily hold [25] p. 3168].
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3. DIFFERENTIAL SMOOTHNESS OF ALGEBRAS

We follow Brzezinski and Sitarz’s presentation on differential smoothness carried
out in [I2] Section 2] (cf. [5, [7]).

Definition 3.1 ([I2, Section 2.1]). (i) A differential graded algebra is a non-
negatively graded algebra € with the product denoted by A, together with a degree-
one linear map
d:Q* — Q!

that satisfies the graded Leibniz rule and is such that dod = 0.

(ii) A differential graded algebra (£2,d) is a calculus over an algebra Aif Q°A = A
and Q"A = A dANdAN--- ANdA (dA appears n times) for all n € N (the latter is
called the density condition). We write (A, d) with

0A=Para
neN
By using the Leibniz rule, it follows that Q" A = dAANdAN---ANdA A. A differential
calculus QA is said to be connected if ker(d|goa) = k.
(iii) A calculus (QA,d) is said to have dimension n if Q"A # 0 and Q™A =0
for all m > n. An n-dimensional calculus QA admits a volume form if Q™A is
isomorphic to A as a left and right A-module.

The existence of a right A-module isomorphism means that there is a free gen-
erator, say w, of Q™A (as a right A-module), i.e., w € Q™ A, such that all elements
of Q™A can be uniquely expressed as wa with a € A. If w is also a free generator
of " A as a left A-module, this is said to be a volume form on QA.

The right A-module isomorphism 2" A — A corresponding to a volume form w
is denoted by 7, i.e.,

Tw(wa) =a forall a € A. (3.1)

By using that Q" A is also isomorphic to A as a left A-module, any free generator w
induces an algebra endomorphism v, of A by the formula
aw = wr,(a). (3.2)

Note that if w is a volume form, then v, is an algebra automorphism.

Now, we proceed to recall the key ingredients of the integral calculus on A as
dual to its differential calculus. For more details, see Brzeziriski et al. [5] [10].

Let (24,d) be a differential calculus on A. The space of n-forms Q" A is an
A-bimodule. Consider Z, A the right dual of Q™ A, the space of all right A-linear
maps Q" A — A, that is, Z,, A := Hom4(Q"(A), A). Notice that each of the Z,, A is
an A-bimodule with the actions

(a-¢-b)(w) =ap(bw) forall p € T,A, we Q"A, and a,b € A.

The direct sum of all the Z,,A, that is, ZA = @,, Z, A, is a right QA-module
with action given by

(¢ w) (W) =¢wAw') forall ¢ €T, mA we QA and W' € Q™A (3.3)
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Definition 3.2 ([5, Definition 2.1]). A divergence (also called hom-connection)
on A is a linear map V : Z; A — A such that

V(p-a)=V(p)a+ ¢(da) forall p €ZyA and a € A. (3.4)

If A is an algebra of functions on the Euclidean space R™ and Q'(A) is the stan-
dard module of one-forms, then we obtain the classical divergence from elementary
vector calculus [6l, p. 892].

Note that a divergence can be extended to the whole of ZA,

Vi i Tht1A — T, A,
by considering
Vo (9)(w) = V(p-w) + (—1)" 1 p(dw) for all ¢ € T,41(A) and w € Q"A. (3.5)
By putting together and , we get the Leibniz rule
V(¢ w) = Vinin(9) - w+ (=1)""¢ - duw

for all elements ¢ € Z,, 1 n114 and w € Q™A [B) Lemma 3.2]. In the case n = 0,
if Hom (A, M) is canonically identified with M, then V( reduces to the classical
Leibniz rule.

Definition 3.3 ([5l, Definition 3.4]). The right A-module map
F =VooV;:Homy(Q?4A, M) - M

is called a curvature of a hom-connection (M, Vy). (M, V) is said to be flat if
its curvature is the zero map, that is, if V o Vi = 0. This condition implies that
VnoVyue1 =0 foralln e N.

TA, together with V,,, form a chain complex called the complex of integral forms
over A. The cokernel map of V, that is,

A:A— CokerV=A4/ImV

is said to be the integral on A associated to TA.

Given a left A-module X with action a -z, for all a € A, x € X, and an algebra
automorphism v of A, the notation X stands for X with the A-module structure
twisted by v, i.e., with the A-action a ® z — v(a) - z.

The following definition of an integrable differential calculus seeks to portray a
version of Hodge star isomorphisms between the complex of differential forms of a
differentiable manifold and a complex of dual modules of it [8, p. 112].

Definition 3.4 ([I2] Definition 2.1]). An n-dimensional differential calculus (QA4, d)
is said to be integrable if (QA,d) admits a complex of integral forms (ZA, V) for
which there exist an algebra automorphism v of A and A-bimodule isomorphisms

O : AT, LA, k=0,....n,
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rendering the following diagram commutative:

A—b a4 —2 5024 L. Lyonlg 4, gna
J/@o J/@l J/@z J/@n—l J/@n
VInA ﬁ VInflA ﬁ v nsz V.3 st 2 VIlA v VA

The n-form w := 0, 1(1) € Q" A is called an integrating volume form.

The algebra of complex matrices M,,(C) with the n-dimensional calculus gener-
ated by derivations presented by Dubois-Violette et al. [14] [15], the quantum group
SU4(2) with the three-dimensional left-covariant calculus developed by Woronowicz
[43], and the quantum standard sphere with the restriction of the above calculus are
examples of algebras admitting integrable calculi. For more details on the subject,
see Brzezinski et al. [10].

The following proposition shows that the integrability of a differential calculus
can be defined without explicit reference to integral forms. This allows us to
guarantee the integrability by considering the existence of finitely many generating

elements that allow us to determine left and right components of any homogeneous
element of Q(A).

Proposition 3.5 ([I2, Theorem 2.2]). Let (A, d) be an n-dimensional differential
calculus over an algebra A. The following assertions are equivalent:

(1) (QA,d) is an integrable differential calculus.
(2) There exist an algebra automorphism v of A and A-bimodule isomorphisms

O : AT, LA k=0,...,n,
such that, for all w' € Q*A and W" € Q™A,
®k+m<w/ /\UJN) — (_1)(n—1)m®k(w/) . w//.

(3) There exist an algebra automorphism v of A and an A-bimodule map
9 : QA — YA such that all left multiplication maps

5 OFA = T, 1A,
W9, k=0,1,...,n,

where the actions - are defined by (3.3), are bijective.
(4) (QA,d) has a volume form w such that all left multiplication maps

0 QFA = T, A,
W, ew, k=0,1,...,n—1,
where m,, is defined by (3.1)), are bijective.

A volume form w € Q" A is an integrating form if and only if it satisfies condi-
tion (4) of Proposition [12, Remark 2.3].

The most interesting cases of differential calculi are those where QF A are finitely
generated and projective right or left (or both) A-modules [6].
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Proposition 3.6. The following statements hold:

(1) [12, Lemma 2.6] Consider (LA, d) an integrable and n-dimensional calculus
over A with integrating form w. Then QF A is a finitely generated projective
right A-module if there exist a finite number of forms w; € Q*A and @; €
O"F A such that, for all W' € QF A, we have

w = Zwmw(@ AW).
i

(2) [12, Lemma 2.7] Let (A, d) be an n-dimensional calculus over A admitting
a volume form w. Assume that for allk =1,...,n—1, there exists a finite
number of forms wF, @k € QF(A) such that for all w' € QF A, we have that

w—Zw T (@R A ZV (T (W' AW F)EE,

where w,, and v, are defined by (3.1)) and (3.2), respectively. Then w is an
integral form and all the QFA are finitely generated and projective as left
and right A-modules.

Brzeziniski and Sitarz [I2] p. 421] point out that, in order to relate the dimension
of an integrable calculus (A, d) with the “size” of the underlying affine algebra A, a
suitable notion of dimension is needed: its Gelfand-Kirillov dimension GKdim(A).
For more details about this dimension, see [24]. In the setting of diffusion algebras
on N generators, we get that GKdim(D) = N (see Remark [2.8).

After the preliminaries above, we arrive at the key notion of this paper.

Definition 3.7 (|12, Definition 2.4]). An affine algebra A with integer Gelfand-
Kirillov dimension n is said to be differentially smooth if it admits an n-dimensional
connected integrable differential calculus (A4, d).

From Definition [3.7]it follows that a differentially smooth algebra comes equipped
with a well-behaved differential structure and with the precise concept of integra-
tion [I1} p. 2414].

As we said in the Introduction, different authors have characterized the differ-
ential smoothness of several noncommutative algebras [, O, [10, [I1], 12} 15] 2T, 22
31, 139, 35].

Remark 3.8. There are examples of algebras that are not differentially smooth.
Consider the commutative algebra A = C[z,y]/(zy). A proof by contradiction
shows that for this algebra there are no one-dimensional connected integrable calculi
over A, so it cannot be differentially smooth [12, Example 2.5].

4. DIFFERENTIAL SMOOTHNESS OF DIFFUSION ALGEBRAS

Throughout this section, D denotes a diffusion algebra on N > 3 generators.
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4.1. Diffusion algebras on four generators. The explicit four-generator de-
scription is given in Table [II It is worth noting that several of these algebras
appear to be isomorphic upon some index change. This task is beyond the scope
of this paper, as for now we are only interested in describing possible combinations
of algebras.

4.2. Diffusion algebras on five generators. As in Subsection all possible
diffusion algebras on five generators are shown. These can be found in Table

4.3. Differential smoothness of diffusion algebras on N generators. Our
aim in this section is to find an integral calculus of degree N that guarantees the
differentiable smoothness of diffusion algebras.

Theorem 4.1. Let D be a diffusion algebra on N > 3 generators. If D satisfies
any one of the following properties:

(i) [I|=L and |S|=N — L, for3< L < N;

(i) I|=1,|S|=N-1, and gs =G € {0,A,} for all s € S;

(iii) [I|=2, |S|=N—2, and gs =G &€ {0,A} for all s € S; or

(iv) [ =0,
then D is diferentially smooth.
Proof. In view of Definition [3.7] to prove that D is differentially smooth it suffices to
exhibit an N-dimensional connected integrable differential calculus (2D, d) over D.
We now construct an explicit calculus adapted to the chosen set of generators of D.

To this end, we choose Q!(D) to be a free right D-module of rank N with basis
{dDy}Y_;, and we endow it with a left D-module structure,

pdDa:dDaVDa,(p)7 aGIUSap€D7

where vp, are algebra automorphisms of D.
(i) Consider the maps given by

vp,(D;) = Dj — g ta;, fori,j €,

vp,(Ds) =Dy, foriel, s €S,

vp,(D;)=D; — gs_lxi, foriel,se S, and
vp,(D;) = Dy, for s,l € S.

It can be seen that, for each i € I and s € S, the maps vp, and vp_ can be
extended to algebra homomorphisms of D. As a matter of fact, these maps respect
the relations for D and commute with each other.

Consider Q(D) a free right D-module of rank N with generators dD;, dD, for
all i € I and s € S. For every element p € D, define a left D-module structure by

pdD, = dD,vp,(p), withaeIUS. (4.1)
The relations in Q!(D) are given by
D;dDj = dDj(D; — g~ 'a;), i,j €,
D;dD, = dDy(D; — g;*z;), i€l,s€S,
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DydD; =dD;Ds, i€l,se S, and (4.2)
DydD; =dD;D,, s,l€S.
We want to extend the correspondences
D, — dD, foreveryaeclIUS
to a map d : D — QYD) satisfying the Leibniz rule. This is possible if it is
compatible with the nontrivial relations , i.e., if the equalities
gdD;Dj + gDydD; — gdD; Dy — gD;dD; = x;dD; — x;dD;  for 4,5 € I,
and
gsdDsD; + gsDsdD; — gsdD; Dy — gsD;dDg = x;dDs forie I, s €S,
hold.
Define k-linear maps
Op, : D—D foreveryaeclIUS,

such that
d(p) = Z dD,0p,(p) forall p e D.
aclus
Since dD,, with a € I U S are free generators of the right D-module Q! (D), these
maps are well defined. Note that d(p) = 0 if and only if dp, (p) = 0 for each
a € TUS. By using the relations in and the definitions of the maps vp, with
a€TUS, we get that

Ip, (D]fl o 'D§€VN) = ka(D1 — ga_lfvl)k1 < (Dg—1 — gz:lxafl)kalesa_l e 'vaNv

where g, =g lifae I, and g;' = g; ' if r =s € S. Thus, d(p) = 0 if and only
if p is a scalar multiple of the identity. This shows that (QD, d) is connected with
D) = By, (D).

The universal extension of d to higher forms compatible with gives the
following rules for Q*(D) (2 <k < N —1):

k k
/\ dDy(y = (—1)* /\ dDpr,
r=1 r=1

where ¢ : {1,...,k} — {1,...,N} is an injective map, p : {1,...,k} — Im(q)
is an increasing injective map, and § is the number of 2-permutations needed to
transform ¢ into p.

By using the fact that, for every ¢ € I and s € S, the automorphisms vp, and
vp, commute with each other, there are no additional relations beyond the previous
ones. In this way,

QN=YD) = [dDy AdDy A ---ANdDy_1 ©dDy AdD3 A --- AdDy
@@dDQ/\/\dDN]D

Since QN (D) = wD = D as a right and left D-module with

w=dD;AN---ANdDy and v, =vp, 0---0Vp,,
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we have that w is a volume form of D. From Proposition [3.6|(2) we obtain that w
is an integral form by setting

j N
:/\dD])ij(k) forlSiS(.), and
k=1 ‘ ’
n N
_N—j i .
w; = (—1)ti /\ dDp, ;) forl<i< (3>7

k=j+1
where
piji{l,...,5t—={1,...,N} and p;;:{j+1,...,N} = (Im(p;;))°
are increasing injective maps and f; ; is the number of 2-permutations needed to

transform {ﬁz,](] + 1), ‘e al_)i,j(N)7pi,j(1)a ‘e api,j(j)} into {1, ey N}
Let w’ € (D). Then

<

1)
W= /\ dDp, .(ryai, with a; € k.

1=1 k=1

This implies that we have the equalities given by
Zwﬁww(wfvfj Aw')
i=1
J N j
- Z /\ 4D, ()7 <a1( Dfs N\ dDy, sy AN\ de,iyj(k))

k=1 k=j+1 k=1

By Proposition (2) it follows that D is differentially smooth.
(ii) Consider the maps given by

( ):Dlv
(D)~ 516 D
p.(Di) =G~ 1((9 Aa)D; — 1),

Vp, (Dl) =D for s,l € S.

It is straightforward to show that the map vp, and, for each s € S, the map vp,
can be extended to algebra homomorphisms of D and respect the relations
for D. Again, these maps commute with each other.

Consider Q}(D) a free right D-module of rank N with generators dD; for every
dDg and s € S. For all p € D define a left D-module structure by

pdD, = dDyvp, (p) for every a € {i} U S. (4.3)
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The relations in Q!(D) are given by

DidD, = dD,G *((G — Ay)Di — x3), s€S,

D.dD; = dD;G(G — A,) " 'D,, se€ S, and

DydD; =dDiDg, s,l€S. (4.4)

We want to extend the correspondences
D, dD,, withae{i}Us

to a map d : D — Q!(D) satisfying the Leibniz rule. By using the relations ,
the equality
GdD;Dg + GDidDs — (G — Ay)dDy Dy — (G — Ay)DsdD; = —x3dDg  for all s € S

must be satisfied.
Define k-linear maps

Op,:D—D foreachac{itusS

such that
d(p) = Z dD,0p,(p) forall p e D.
ac{itus
Since dD,, a € {i} U S, are free generators of the right D-module Q!(D), these
maps are well defined, and d(p) = 0 if and only if dp,(p) = 0, a € {i} US. By

using the relations in (4.4) and the definitions of the maps vp,, a € {i} U S, we
obtain

i—1
aDi(lel Df; D;VVN) — Hgk]‘(giAa)fkjkinl ,,.Dfi*l,..D;“VN7
j=1

dp,(DFL ... DI ... DNy = g DY D=1 DEN for s <,

dp, (DY ... DI ... DENY = k,GMDI .. (G — Ag)Dy — z;)® - DFs =1 DN for s > 1,
Thus d(p) = 0 if and only if p is a scalar multiple of the identity, whence it
follows that (D, d) is connected, where Q(D) = @_ Q*(D).
From this treatment, the rest of the proof is completely analogous to case (i).
Thus, D is differentially smooth.

(iii) For all elements s,1 € S, consider the following maps:

vp,(Di) =g~ ((9 — A)Di — ),
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vp,(Dj) = (G — A)"H(GDj — z3), and
I/D5 (Dl) = Dl.
Notice that these morphisms are similar to the corresponding ones in case (ii),

so by using similar reasoning we can prove that all of them guarantee that D is
differentially smooth.

(iv) In this case, the algebra D is precisely the quantum affine N-space, whence
its differential smoothness follows by [22] Corollary 6 and Theorem 9] or |11, Corol-
lary 4.9]. O

Following an argument similar to the one presented by Brzezinki and Sitarz [12}
Example 2.5], we obtain the following result.

Theorem 4.2. If |T| # 0, then there are no one-dimensional connected integrable
calculi on the diffusion algebra D.

Proof. Consider the sets T° and T® as the only connective components in the
decomposition in expression (2.9) of the subset T' € In.

(i) Suppose that |T°| > 1. We can write the relations relevant to T° in the
unique form given by

G(D;Dy) = —a;Dy, i€l teT?, (4.5)
where G € {¢2,9; + 92,95 — A} depending on the case in Proposition

By applying the differential d to the expression (4.5)) we get that

Gd((D;Dy)) = d(—x;Dy), i€l teTy.

If (D;D;) = D; Dy, using that d is k-linear the Leibniz rule yields

ngth + ngth + LL’lth = O, i€ I, te Tao.

Since Q(D) is a D-bimodule, and we work with a calculus in which Q!(D) is
free as a right D-module with generators {dDy,...,dDy}, for each t there is an
algebra automorphism vp, : D — D encoding the left action on the generator dDy,
namely

pdD; = dDyvp,(p) Vpe D.
We emphasize that vp, comes from the bimodule structure of Q!(D) and should

not be confused with the automorphism v, in (3.2), which is defined only after
choosing a volume form w € Q(D). Then

GdD;D, + GdDvp,(D;) + x;,dDy =0, i€l teT,.
In this case, we have
GD, =0, teTy,

which occurs only if G = 0. This contradicts all the cases in Proposition

On the other hand, if (D;D;) = D,D;, by an argument similar to the previous
one we obtain

Gup,(Dy) =0, iel, teT,.

If G = 0, this again contradicts all the cases in Proposition 2.7 On the other

hand, if vp,(D;) = 0, this contradicts the fact that vp, is an automorphism.
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(ii) Suppose that [T > 1. We can write the relations relevant to 7' in the
following unique form:

G(D;Dy) = sgn(i — t)a; Dy, el teTy,

where G € {g;r,g,;,gi + g;r,g,; — gi}, depending on the case in Proposition
The proof is exactly the same as in the expression ([4.5)); we only need to change
the sign of 7 — . O
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TABLE 1. Diffusion algebras on four generators
I;‘g:;‘r"a“ Relations Conditions Restrictions
gel
Ap 9D2Dy — gD1 Dy = w2 D1 —x1Ds, gD3Dy — gD1Ds = w3 Dy — 21 D3,
gD3Ds — gD2 D3 = 3Dy — w2D3,  gaDaDy — gaD1 Dy = 21Dy, I={1,2,3}, 5= {4} 9.9170
91D4Dy — gaDsDy = 23Dy, gaDaDs — gsDyDy = 21Dy
gD3Dy — gD D3 = 23Dy —x1D3,  gDyDy — gD Dy = 24Dy — 21Dy,
9gD4D3 — gD3Dy = w4D3 — 43Dy, gaDaDy — oDy Dy = 21Dy, I={1,3,4}, S ={2} 9,92 #0
92D3Ds — g2D2 D5 = 2302, g2D4Dy — gaD2Dy = w4 D>
9D3Dy — gD\ Dy = 23Dy — 21D5,  gDyDy — gD Dy = 24Dy — 21Dy,
gD4D3 — gD3Dy = w4D3 — w3Dy,  g3D3Dy — gsDy D3 = o, Ds, I={1,2,4}, S = {3} 9:95# 0
93D3Ds — 93D D3 = w3D3,  g3D3Dy — g3D4D3 = 24Dy
9D3Ds — gDy Dy = 03Dy — 23Dy, gD4Dy — gDy Dy = 24D5 — 23Dy,
gD4D3 — gD3Dy = w4D3 — w3Dy, g1 DaDy — g1 Dy Dy = 25Dy, I={2,3,4}, S ={1} 9,91 #0
91D3Dy — g1 D1 D3 = x3Dy,  g1D4Dy — g1 D1 Dy = w4Dy
Anr (91 — 93)D1 D3 = 23Dy — a1 D3,
(g2 — g3)D2Ds = 23Dy — w5 D3, I=1{1,2,3,4} gi#gjforijel,i#j
(93 — 94)D3 Dy = w4 D3 — w3Dy
(91 = 92)D1Dy = 22Dy — 21D, (g1 — g3)D1D3 = w3D1 — a1 D3,
(92 — 93)D3Da = w3Ds — x2D3, (g1 + g5)D1 Dy = —, Dy, I={1,2,3}, 77 = {4} gi #gj fori.j €1, i#j, 9: # g%
(92 +97)D2Dy = —w2Ds, (g3 +97)D3Dy = —3 Dy
(92— 93)DaDs = x3Ds — 3D3, (g2 — g4)DaDy = 24Ds — w3Dy,
(93— 94)DaDs = w4 D3 — w3Dy, (g2 + g§)D1 D2 = 2Dy, I={2,3,4}, T = {1} g #g;fori,jel,i#j, g.#g7
(93+97)D1Ds = 3Dy, (ga+ g§)D1Dy = —24Dy
(91— 93)D1Ds = 23Dy — 21 D3, (g1 — ga)D1 Dy = 24Dy — 11Dy,
(93 — 94)DaDs = 24Dy — 23Dy, (g1 + g7 ) D1 Dy = —11 D, I={1,3,4}, Ty = {2} g # g5 for i, j € I, i # j, 9 # Fgi°

(91 = 93)D2D3 = w3Ds, (91 — ga)D2Dy = 24Dy

(91— 92)D1 D2 21 D2,
(92 — g4) D2 Dy 29Dy,
(92 +9{)DsD3 = —w5D3,

z2Dy

z4Ds

(91— 94)D1 Dy
(91 +97)D1Ds
(91 —94)D3Dy = 24Ds

24Dy — 21Dy,
@1 D3,

I={1,2,4}, Ty = {3} gi # g5 fori,j € I, i # j, g # For

9D1D> — (9= A)D>Dy = 23Dy — 1Dz, g3D1D3 — (95 — A)D3 Dy = —a1 D3,

94Dy Dy — (95 — A)DyDy = —a1 Dy, gsDaDs — (g3 — A)DsDy = —5Ds, I={1,2}, 5 ={3,4} g#0, 9, Z{0,A},s€8
94D2Dy — (91 — A)D4Dy = —x5Dy

9gD1D3 — (9 — A)D3Dy = 23Dy — 01Dz, g2D1D2 — (g2 — A)D2Dy = —a1 Do,

94D Dy — (95 — A)DyDy = —a1 Dy, gaD3Dy — (g2 — A)DaDs = —3Ds, I'={1,3}, S={2.,4} g#0,92#0, 95 {0,A}
91DsDs — (g1 — N)DyDs = —a3 Dy

9gD1Dy — (9 — A)DyDy = 24Dy — 21Dy,  g3D1Ds — (93 — A)D3Dy = —, D,

92D1D3 — (92 = A)D2Dy = —a1Da,  g3DaDs — (g3 — A)DyDy = —24 D3, I={1,4}, 5 ={2,3} 9#0,9.#0,5€S
92D4D5 — (92 — A)DaDy = —24D>

9D2D3 — (9 — A)D3D2 = 2305 — w2D3,  g1D2Dy — (g1 — A)D1 Dy = —22D1,

9aD2Dy — (94 — A)DyDy = —25Dy, g1 D3Dy — (91 — A)Dy Dy = —x3Dy, I={2,3}, S={1.4} 9#0,9,¢{0,A},s€S
94D3Ds — (94 — A)Dy D3 = —a3Dy

9DsDy — (9 — A)DyDy = 24Dy — 22Dy, g1DoDy — (g1 — A)D1 D2 = —22 Dy,

93D2D3 — (93 — A)D3Dsy = —x9D3, g1 DyDy — (g1 — A)D1Dy = —x4Dy, I={2,4}, S={1,3} g9#0,95#0, g1 ¢ {0,A}
93D4D3 — (93 — A)D3Dy = —x4D3

9DsDs — (g — A)DaDs = 2Ds — 235, g1DsDy — (g1 — A)DyDs = 3Dy,

92D3D5 — (g2 — A)DyDs = —x3Ds, g1 DsDy — (91 — A)Dy Dy = 4Dy, I={34} S={1.2} 9#0,9:¢{0,A},s€58
92D4Ds — (g2 — A)D2Dy = —a4Dy

9D1Ds — (9 = A)D2Dy = 22Dy — 21Dz, g3D1Ds — (93 — A)D3Dy = —, D3,

93Da D3 — (g3 — A)D3Dy = —3Ds, gDy Dy = —a1 Dy, I={1,2}, S={3}, Ty ={4} g+#0, 939 ¢{0,A}

(92 = A)DaDy = —w5 Dy,

9gD1Ds — (9 = A)D2 Dy = 22Dy — 21Dz, gaD1Dy — (94 — A)DyDy = —, Dy,

94D2Dy — (g4 — A)DyDy = —23Dy, gD D3 = —a1Dj, I={1,2}, S={4}, 7 = {3} g #0, 91,9 ¢ {0,A}

(92 = M) D2 D5 = —x5Ds,

9gD1D3 — (9 — A)D3Dy = 23Dy —21D3, g2D1D2 — (g2 — A)D2Dy = —a, Dy,

92D3D5 — (g2 — N)D3D3 = —x3Da,  g3D1 Dy = —a1 Dy, I={1,3}, S={2}, 7 = {4} g #0,92# 0,97 ¢ {0,A}
(95 = A)D3Dy = 3Dy,

9D2D3 — (9 — A)D3Ds = w3Dy — w2 D3, g1D2D1 — (91 — A)D1D2 = —a2 Dy,

91D3Dy — (g1 = A)Dy D3 = —a3Dy,  g3D2Dy = —22Dy, I={2,3}, S={1}, 7 ={4} g #0, 91,97 £{0,A}

(92 = M)D3Dy = —3Dy,
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358 ANDRES RUBIANO AND ARMANDO REYES

TABLE 1. Diffusion algebras on four generators (continued)

IZ‘:E‘E i:: Relations Conditions Restrictions

B 9D2D3 — (g — A)D3Dy = 23Dy — w3D3,  gaDaDy — (g1 — A)DyDy = —x2 Dy,
91D3Dy — (94 — A)DyD3y = —x3Dy,  g2D1 Dy = —22Dy, IT={23}, S={4}, T7 ={1}  g#0, 91,97 #{0,A}
(9a = A)D1D3 = —a3D1,
gDaDy — (g — N)DyDy = 24Dy — 23Dy, gsDaDs — (g5 — A)D3Dy = —a5Ds,
93D1Dy — (95 — A)D3Dy = —24D3,  ¢3D1Dy = —25Dy, I={2,4}, 8={3}, 77 ={1}  g#0,95#0,9; ¢ {0, A}
(92 = A)D1Dy = —4Dy,
9D3Dy — (9 = A)D4Ds = 24 D3 — 23Dy,  g1D3D1 — (91 — A)D1 D3 = —w3 D1,
G1DsDy — (g1 — A)Dy1 Dy = —x4 D1, 2Dy Dy = —x3Ds, I={34}, S={1}, 17 ={2}  g#0,91,9: ¢{0,A}
(95 = A)D3Dy = —4Ds,
9D3Dy — (9 — A)DaD3 = 24D3 — w3Da,  g2D3D5 — (92 — A)D2D3 = —3Ds,
92D4Ds — (9o — A)DyDy = —24Ds,  ¢3Dy Dy = —3Dy, I={3,4}, S={2},T7 ={1}  g#0,92.9; ¢ {0,A}
(g2 — A)D\Dy = 24D,
gDyDs — (g — N)DsDy = 23Dy — 21 Ds,  gaDyDy — (g4 — A)DaDy = —ay Dy,

94D3Dy — (92 — A)DyDs = —a3Dy, g D1Da = —a1D,

9y DaDy = 2Dy,

I={1,3},S={4}, Ty = {2}

9#0, 90 £{0,A}, gi #0

gD1Dy — (g — A)DyDy = 24Dy — 21Dy, g2D1Da — (g2 — A)D2Dy

92D4Ds — (g2 — A)D3Dy = 24D, g D1 D3 = —a1 Dy,

gy, DsDa = 24 D3,

I= {14}, 8= 21,75 = (3)

9#0, 92 #0, 95 #0

9D1Dy — (9 = A)DsDy = 24Dy — 21Dy, 93D1D3 — (93 — A)D3Dy = —a1 D3,

93D4Ds3 — (g5 — N)DyDy = —a4Ds, g DyDy = —2, Dy, I={14},S={3}Tp ={2}  g#0,3#0, 9 #0
9y D2Dy = w4Do,

gD3Dy — (g — A)DaDy = 24Dy — 23Ds,  g1D2Dy — (g1 — A)Dy Dy = —Dy,

91D4Dy — (91 = A)D1 Dy = —24Dy, g DyDs = —x2Ds,

gy DaDy = 24Dy,

I={2,4}, S={1}, Ty = {3}

9#0, 91 €{0,A}, g #0

gD1Dy — (g — N)DoDy = 21Dy — 25Dy, gDy Dy = —a, D,

92Dy Dy = —21Dy, (g2 — A)DyDs = —z5Ds,
(95 = A)D3Dy = —3Dy,

I={1,2}, Ty = {3,4}

9#0, 9 ¢ {0,A}

9D1Ds — (9 — A)D3Dy = 21D3 — 23Dy, goD1Dy = —1Dy,

(95 = A)D3Dy = —x3Da, g DiDy =
gy D2D3 = w3Da,

I={1,3), Ty = {2). 75 = {4)

970,952 {0,A}, g #0

gD\Dy — (9 — A)DyDy = 01Dy — 24Dy, gf DiD2 = —21Ds,

9y DaDy = 24Dy, g DyD3 = —x,Ds,
g7 DsDy = 24D,

I={1,4}, Ty ={2,3}

9#0, g5 #0

9DyD3 — (9 — A)D3Dy = w2 D3 — x3Ds, 93Dy Dy = —21Ds,

9.D1D3 = =21 D3, (95 — A)D1Ds = —a3Dy,
(95 = A)D3Dy = —x3Dy,

1={2,3}, T = {1,4}

9#0, 9 ¢ {0,A}

9D2Dy — (9 = A)DaDa = 22Dy — x4Da,  g3D1Do = —a2D1,

—a2 D3,

(95 = M)D1Dy = —x4Dy, g DyDs =
g, DsDa = 24D3,

IT={2,4}, T2 = {1}, Ty = {3}

9#0, 95 € {0,A}, gi #0

gD3Dy — (g — A)DyDs = 23Ds — 24D3, 2Dy Dy = —a3D,

92D2D3 = —x3Ds, (g7 — A)D1Dy = —4 Dy,
(95 = A)D2Dy = —4Ds,

I={3,4}, T2 = {1,2}

9#0, 92 #{0,A}

93D1Ds — (g3 — Aa) D3 Dy = —21 D,

I={1}, R, ={2,3.4}

92.93, 91 # Na

93D2D3 — (95 — Na) D3 D2 = —a2D3,

I={2},R,={1.3.4}

91 #0, 93,914 # Mo

92D3Dy — (g2 — Ao) Dy D3 = —13Ds,

— (3}, Ra = {1.2.4)

91,92 #0, 91 # Ao

92D4Dy = (g2 = Na) D2 Dy = —24 D5,

I={4}, R, ={1,2,3}

91,902,935 # 0

DDy — gy DyDy =0, DyD3 — q31D3Dy =0,
D DDy — quDiDy =0, D3yD3 — q32D3D5 =0,
DoDy — qu2DyD2 =0, D3Dy — qa3D4D3 =0

R={1,2,3,4}

421,431, Ga1, G325 Qa2, Qa3 7# 0
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SMOOTH GEOMETRY OF DIFFUSION ALGEBRAS 359
TABLE 2. Diffusion algebras on five generators
]?illgszlrzn Relations Conditions Restrictions
Ar 9D2Dy — gD1Dy = 21Dy — 22Dy, gD3Dy — gD1D3 = 21 D3 — x3D1,
9D4Dy — gD1Dy = x1D4 — 24Dy, gsD5 Dy — g5 D1 D5 = @15,
gD3Dy — gD2Ds = w3D5 — w302,  gDyDa — gDaDy = w3Dy — w4Dy, 1 ={1,2,3,4}, § = {5} 9,95 #0
95D5Dy — g5 D2 D5 = 22Ds,  gD4D3 — gD3Dy = w3 Dy — 24D3,
95D5D3 — gs D3 D5 = 23D5,  g5D5D4 — gs Dy D5 = 24 D5
9D2Dy — gDy Dy = ©1D3 — 22Dy, gD3Dy — gD D3 = 21 D3 — x3D1,
9D5Dy — gD D5 = x1D5 — 5Dy, 94Dy Dy — g4D1Dy = 21Dy,
9D3Dy — gD2D3 = 23D3 — w3Ds,  gD5Ds — gDoDs = x2D5 — w5Ds, I ={1,2,3,5}, § = {4} 9.94 #0
94Dy Dy — g4D3Dy = w2Dy,  gD5D3 — gD3Ds = w3Ds — 25D3,
94Dy D3 — g4D3Dy = w3Dy,  94D4Ds — g4 Ds Dy = x5Dy
9D2Dy — gD Dy = x1D3 — 23Dy,  gDyDy — gD1Dy = 21Dy — x4 D1,
9D5D1 — gDy D5 = x1D5 — 5D1,  g3D3Dy — gsD1Ds = x1Ds,
9D4Dy — gD2Dy = 23Dy — 24D, gD5Ds — gDoDs = x2D5 — w3Ds, I ={1.2,4,5}, § = {3} 9,95 # 0
93D3Ds — g3D2D3 = x2D3,  gD5Dy — gDy Ds = x4 D5 — 25Da,
93D3Dy — 93Dy D3 = w4D3, g3D3Ds — gsDs D3y = x5D3
9D3Dy — gD Dy = x1D3 — 3Dy,  gD4Dy — gD1Dy = 21Dy — 24 D1,
9D5D1 — gD1 D5 = x1D5 — w5D1,  g2D2Dy — g2 D1 Dy = 21Ds,
9D4Dy — gD3Dy = 23Dy — x4D3, gDsDy — gD3Dys = x3D5 — awsDy, I ={1.3,4,5}, § = {2} 9,92 #0
92D2D3 — g2D3Dy = w3D2,  gD5Dy — gD4Ds = x4 D5 — 25Da,
92D2Dy = g2D4Dy = w4D2,  g2D2Ds5 — g2Ds Dy = x5D5
9D3D2 — gDy Dy = 22D3 — w3D2,  gDaDy — gD2Dy = 29Dy — 4 D>,
9D5D2 — gDy D5 = 22D5 — w5D2,  g1D1D2 — g1 DDy = 22D,
gDaDs — gD3Dy = w3Dy — w4Ds,  gDsDs — gD3Ds = w3D5 — w5 D3, 1 =1{2,3,4,5}, § = {1} 9,91 #0
91D1D3 — g1 D3Dy = 23Dy, gDsDy — gDy Ds = x4 D5 — 25Dy,
91D1Dy — g1 DaDy = 24Dy, 91D1D5 — g1 Ds Dy = 25D
9D2Dy — gD Dy = 21Dy — 2Dy, gD3Dy — gD1 D3 = 21Dy — x3D1,
gD3Doy — gDo D3 = 29 D3 — 23D,  gaD4Dy — g1D1 Dy = w1 Dy,
94D4Dy — g4 DDy = 29Dy, gaD4Ds — gsDsDy = 23Dy, I={1,2,3}, S={4}, T3 = {5}  9,94,90 #0
9aDsD1 = —w1 D5, g3 D5D2 = —x2 D5,
9aDsD3 = —x3D5
9D2Dy — gD Dy = x1D3 — 22Dy,  gD3Dy — gD1Ds = 21D3 — x3D1,
9D3D3 — gD2 D3 = x3D3 — w3D3,  g5Ds D1 — gsD1Ds = x1Ds,
95D5Ds — g5D2D5 = ©2D5,  g5D5D3 — gs D3 Dy = x3Ds, I={1,2,3}, S={5},T; ={4} g,95.90 #0
9aDaDy = —x1Dy,  g3D4Ds = —x2Dy,
9aDaD3 = —x3Dy
9D2Dy — gD1Dy = 21Dy — 22D1, gD3D1 — gD1D3 = 21D35 — 2301,
9D3D3 — gDy Dy = x2D3 — w3D3,  gsDsD1 — gsD1Ds = 21Ds,
95DsDs — gsDsDs = w2 Ds,  gsDsD3 — gs D3 Dy = w3 D5, I={1,2,3}, 5 ={4,5} 9,94,95 # 0

9aD4Dy — g4D1Dy = 1Dy,
94D4D3 — g1D3Dy = w3 Dy

94D4Ds — 4D Dy = 2Dy,

9D2Dy — gD1Dy = x1D3 — 2Dy,
9gD4Dy — gDy Dy = 29Dy — 24D,
93D3Dy — gsD2 D3 = 22 D3,
9gaDs D1 = —x1Ds,
9aDsDy = —x4Ds

9D4Dy — gD1Dy = 21Dy — w4 D1,
93D3D1 — g3D1D3 = 1 D3,

93D3Dy — 93Dy Dy = 4Dy,
9aDs D2 = —x2Ds,

I=1{1,2,4}, S = {3}, T° = {5}

9:93:92 # 0
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TaBLE 2. Diffusion algebras on five generators (continued)
[‘):li:lelzlrfl Relations Conditions Restrictions
Ap 9D2Dy — gD1Dy = 21Dy — 22D1, gD4Dy — gD1Dy = 21Dy — 24Dy,

9D4Dsy — gD2Dy = 22Dy — 24D2,  g5D5D1 — g5 D1 D5 = 21 D5,
95DsDs — gsDaDs = @3Ds,  gsDsDa — gsDaDs = 74D, I={1,2,4}, S ={5}, Ty = {3}  g.95.95 #0
g D1D3 = —x1D3, g DaDs = —x2Ds,
g, D3Dy = 24D3
9D2D1 — gD1Dy = 21D2 — 22D1,  gD4Dy — gD1Dy = 21Dy — 24 D1,
9D4Ds — gD2Dy = 22Dy — 24D2,  g5D5D1 — g5 D1 D5 = 21 D5,
9sDsDy — gsD2D5 = 23D5,  gsDsDy — gsDyDs = 24D, I={1,2,4}, S ={3,5} 9, 93,95 # 0
93D3Dy — g3D1Ds = w1 D3, g3D3Dy — g3D2D3 = w2 D3,
93D3Dy — g3D4 Dy = x4 D3
9D2Dy — gD1Dy = 21Dy — 22D1,  gDsDy — gD1Ds = 21D5 — 5Dy,
9D5Dy — gD2Ds = x2D5 — w5Ds,  g3D3D1 — g3D1 D3 = 21 D3,
93D3D2 — g3D2 Dy = 22 D3, g3D3D5 — g3 D5 D3 = x5D3, I={1,2,5}, 8 ={3}, Ty = {4} gvg&gbi #0
gfD1Dy = —21Dy, gy DaDy = —x2Dy,
gy DaDs = 5D,
9D2Dy — gD1Dy = 21Dy — 22Dy, gDsDy — gD1D5 = 21D5 — 5Dy,
9D5Dy — gDy Dy = x3D5 — 25D3,  g4DaDy — g4D1Dy = 21Dy,
94D4Ds — guDsDy = 23Ds,  gaDaDs — gaDsDa = w5Ds, I={1,2,5}, 8 ={4}, Ty = {3}  g.94.9; #0
g D1D3 = —x1D3, g DDy = —x2Ds,
g, D3D5 = 25D3
9D2Dy — gD\ Dy = 21Dy — 22Dy, gDsDy — gD1Ds = x1D5 — a5Dy,
9D5D3 — gDy D5 = x3D5 — 25D3, gaDaDy — g4D1Dy = x1 Dy,
94D4Dy — g4D2Dy = 23Dy, 94Dy Ds — g4 D5 Dy = 25D, I={1,2,5}, S={3,4} 9,939 # 0
93D3Dy — g3D1Ds = w1 D3, g3D3Dy — g3D2D3 = w2 D,
93D3Ds — g3Ds Dy = x5D3
9gD3Dy — gDy D3 = 1Dy — x3Dy, gDaDy — gDy Dy = 21Dy — w4 Dy,
9D4D3 — gD3Dy = 23Dy — 24D3,  g2D2D1 — g2D1D2 = x1D3,
92D2Dyg — gsD3Dy = 3D3,  g2DaDy — g2D4Dy = 24Dy, I={1,3,4}, 5= {2}, 17 = {5}  ¢.92,90 #0
9aDsDy = —21D5,  ggDsD3 = —a3Ds,
9goDsDy = —x4Ds
9D3Dy — gD1Dy = x1D3 — w3D1,  gD4Dy — gD1Dy = 21Dy — w4 D1,
9D4D3 — gD3Dy = x3Dy — 24D3,  g5D5D1 — gsD1 D5 = 21 D5,
95D5D3 — gsD3Ds = w3D5,  g5D5Da — g5D4 D5 = x4 D5, I=1{1,34},S={5}, Ty = {2} g.95.9; #0
g D1Dy = —21Dy, g, DDy = 3D,
gy D2Dy = 24D>
9D3D1 — gD1D3 = x1D3 — x3D1, gD4Dy — gD1Dy = 21Dy — 24 D1,
9DyD3 — gD3Dy = 23Dy — 24D3,  g5D5D1 — gsD1 D5 = x1 D5,
95D5D3 — gsD3D5 = 2305, gsDsDy — gsDaD5 = w4 Ds, I={1,3,4}, 5 ={2,5} 9:92:95 # 0
92D2Dy — g2D1 Dy = w1 D3, g2D2D3 — g2D3D3 = x3D5,
92D2Dy — g2D4 Dy = x4 D>
9DsDy — gDy D3 = 21 D3 — 23Dy,  gD5Dy — gDy D5 = 21D5 — 25Dy,
9D5D3 — gD3 D5 = x3D5 — x5D3,  g2D2Dy — goD1Dy = x1 D>,
92D2D3 — g2D3 Dy = x3Ds,  gaD2Ds — g2 D5 Do = x5 Do, I'={1,3,5}, §={2}, Ty = {4} 9!92191)i #0

g;’DlD,1 = —x1Dy,
gy DaDs = 5D,

gf D3Dy = —w3Dy,
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TaBLE 2. Diffusion algebras on five generators (continued)
[‘):li:lelzlrfl Relations Conditions Restrictions
Ap 9D3Dy — gD1 Dy = x1D3 — w3D1,  gDsDy — gD1D5 = 21D5 — 5Dy,
9D5D3 — gD3Ds = x3D5 — w5D3,  g4D4Dy — g4D1Dy = 21Dy,
94D4Ds — g3 D3Dy = 33Dy,  gaDyDs — g3D5Dy = 5Dy, I={1,35}, S={4}, 7 = {2} g.g1.95 #0
g D1Dy = —21Ds, g, DaDg = a3Ds,
gy, D2D5 = 25D5
9D3Dy — gD\ D3 = x1D3 — w3D1,  gDsDy — gD1Ds = 21D5 — 5Dy,
9D5D3 — gD3Ds = x3D5 — 25D3,  gaDaDy — g4D1Dy = x1 Dy,
94D4D3 — gaD3Dy = 23Dy, gaD4Ds5 — g4Ds Dy = w5Dy, 1={1,3,5}, 8 ={2,4} 9:92:91 #0
92D2Dy — g2 D1 Dy = w1 D3, g2D2D3 — g2D3D3 = 3D,
92D2Ds5 — g2 D5 Dy = w5 D>
9D4Dy — gD1Dy = 21Dy — 24D, gDsDy — gD1Ds = 21D5 — 5Dy,
9DsDy — gDy D5 = x4 D5 — 25Dy,  goDaDy — gaD1 Do = 1 Do,
920204 — goD4Ds = 24Ds,  gaDsDs — goDs Dy = w5, I={1.4,5}, S={2}, T} = {3} g,92,95 #0
g D1Ds = —a1D3, g, D3Dy = 24Ds,
gy, D3Ds = x5D3
9D4Dy — gD1Dy = 1Dy — 24D1, gDsDy — gD1D5 = 21D5 — 5Dy,
9D5Dy — gDy Dy = x4 D5 — 25Dy, g3D3D1 — g3D1D3 = 21 Ds,
93D3Dy — g3D4Ds = x4 D3, g3D3Ds — g3D5D3 = x5D3, I={1,45},5={3}, Ty = {2} g,93,9; #0
g D1Dy = —21Ds, gy DaDy = 24Ds,
gy, D2D5 = 25D5
9D4Dy — gD\ Dy = 21Dy — 24Dy, gDsDy — gD1D5 = 21 D5 — 5Dy,
9Ds5Dy — gDy D5 = £4D5 — 25Dy,  g3D3D1 — gsD1D3 = 21 D3,
93DsDy — g3D4D3 = 24D3, gsD3Ds — gsDs D3 = 5D, I'={1,4,5}, S={2,3} 9, 92,93 # 0
92D2Dy — g2 D1 Dy = w1 D3, g2D2Dy — g2D4D3 = 4D,
92D2Ds5 — g2 D5 Dy = w5 D>
9D2Dy — gDy Dy = x4 D3 — 29Dy,  gD3Dy — gDy D3 = x4 D3 — 23Dy,
9D3Dy — gD2Dy = x9D3 — 23D, g1D1Dy — g1D4Dy = 4Dy,
91D1D2 — g1 D2 Dy = 22 D1, g1D1D3 — g1 D3 Dy = x3Dy, I={2,3,4}, S={1}, 7 = {5}  g,91,95 #0
9aDyDs = —x4D5,  goD2Ds = —x3Ds,
9goD3Ds = —x3D5
9D2Dy — gDy Dy = 24Dy — 29Dy, gD3Dy — gDy D3 = v4D3 — 13Dy,
9D3Dy — gDy D3 = x3D3 — 23Ds,  g5D5D4 — g5D4 D5 = x4 D5,
95D5 D2 — g5 D2 D5 = w2 D5, g5D5D3 — g5D3D5 = x3Ds, I={2,3,4}, S={5}, T; = {1}  9,95.95 #0
gaD1Dy = —x4D1,  goD1Dy = —12D1,
9aD1D3 = —x3Dy
9D2Dy — gD4Dy = £4D2 — 22Dy,  gD3Dy — gDy D3 = x4D35 — 23Dy,
9D3Dy — gDy D3 = x3D3 — 23D3,  g5D5D4 — 95Dy D5 = x4 D5,
95D5Ds — gsD2Ds5 = 2D5,  gsDs D3 — gsD3 D5 = a3 D5, 1={2,34}, 5 ={1,5} 9:91.95 # 0
91D\ Dy — 1Dy Dy = 24Dy, g1D1Dy — g1 D2 Dy = x2 Dy,
91D1D3 — g1DsDy = 23D,
9D2 D5 — gDs Dy = 25D — 22 Ds, gD3Ds — gD5D3 = w5D3 — w3Ds,
9D3Ds — gD D3 = x2D3 — 23Dz, g1 D1Ds — g1 D5 D1 = 5Dy,
g1D1Dy — 1Dy Dy = 13Dy, g1 D1 D3 — g1 D3Dy = x3Dy, I'={2,3,5}, §={1}, Ty = {4} g,ghgbi#()

g;’D2D4 = —wx5Dy,
gy DaDs = 5D,

gf D3Dy = —w3Dy,
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TaBLE 2. Diffusion algebras on five generators (continued)
le?uleIl Relations Conditions Restrictions
algebra
Ap 9D2D5 — gDs Dy = w5Dy — 22D5, gD3Ds5 — gD5D3 = w5D3 — w3 D5,

9D3Dsy — gD2D3 = x2D3 — x3D2,  g4D4Ds — g4 D5 Dy = 25Dy,
94D4D3 — 91D2Dy = 23Dy, 94Dy D3 — g4D3Dy = 13Dy, I'={2,3,5}, S={4}, 77 ={1}  9,94,9#0
9aD1Ds = —x5D1,  gaD1Dy = —x2 D,
9aD1D3 = —x3Dy
9D2D5 — gD5 D3 = x5D2 — 22D5,  gD3D5 — gD5 D3 = x5D3 — 23Ds,
9D3Ds — gD2D3 = 22D3 — x3D2,  g4D4Ds — g4 D5 Dy = 25Dy,
94Dy D2 — 94Dy Dy = 22Dy, gaDaD3 — g4D3Dy = x3Dy, I'={2,3,5}, S ={1,4} 9.91,95 # 0
91D\ Ds — g1DsDy = wsDy, g1D1Dy — g1 D2 Dy = w2 Dy,
91D\ D3 — g1D3sDy = 23D,
9D2Ds — gD5 D3 = 5D — x2D5,  gD4Ds — gDs Dy = x5D4 — x4 D5,
gD4Dy — gD2Dy = xoDy — x4 D2, g1 D1Ds — g1Ds Dy = x5D,
g1D1Dy — 1Dy Dy = x3Dy,  g1D1Dy — g1 Dy Dy = 24Dy, I={2,4,5}, 8 ={1}, Ty = {3} gig]‘rgbi #0

g5 DaD3 = —a3D3,
gy, D3Ds = w5D3

g, D3Dy = 24 D3,

9D2D5 — gDs Dy = 25Dy — 22D5,
9D4Dy — gD2Dy = 23Dy — 24 Do,
93D3Ds — g3Dy D3y = 22 D3,
9aD1Ds = —a5 Dy,
9gaD1Dy = —24D1

9D4D5 — gDs Dy = 25Dy — 24 D5,
93D3 D5 — g3 D5 Dy = w5D3,

93D3Dy — g3Dy D3 = x4 D3,
9aD1D2 = —x2Dy,

I=1{2,4,5}, 5= {3}, Ty = {1}

9:95,9q # 0

9D2D5 — gD5 D2 = 5D — 22 D5,
9DyDy — gD2Dy = 25Dy — x4 D3,

9D4D5 — gD5Dy = x5D4 — 24 D5,
93D3Ds — g3Ds D3 = x5D3,

93D3Dy — g3D2D3 = 23D3, gsD3Dy — gsDyD3 = 24D, I={2,4,5}, S={1,3} 991,95 # 0
91 D1Ds — g1DsDy = ws Dy, g1D1Dy — g1 D2 Dy = w2 Dy,

91D1Dy — 1Dy Dy = x4Dy

9D5Dy — gDy D5 = 24 D5 — x5Ds,  gD3Dy — gDy D3 = x4 D3 — 23Dy,

9D3D5 — gDs Dy = x5D3 — 23D5,  g1D1D4 — g1D4Dy = 4Dy,

G1D1D5 — g1 DsDy = 5Dy,  g1D1Ds — g1 DsDy = 23Ds, I={3,4,5}, S={1}, IT7 ={2}  g,91,92#0
gaDaDy = —x4Dy,  g5D2Ds = —x5D,,

gaD2D3 = —x3D;

9D5Dy — gDy D5 = x4 D5 — 25D, gD3Dy — gDyD3 = w4D3 — w3Dy,

9D3D5 — gDs D3y = w5D3 — 23D5,  g2D2D4 — g2D4Dy = x4 D5,

92D2D5 — g2D5 Dy = w5 D2, gaDaD3 — g2D3Da = x3D5, I={3,4,5}, S={2},T; = {1}  g,92,95#0
goD1Dy = —x4D1,  goD1Ds = —a5D1,

9aD1D3 = —x3Dy

9D5Dy — gD4D5 = £4D5 — 25Dy, gD3Dy — gDyD3 = x4D3 — 23Dy,

9D3D5 — gDs D3 = x5D3 — 23D5,  g2D2D4 — g2D4 D3 = 4D,

92D2Ds5 — gaDsDy = 25Ds,  g2D2D3 — gy DDy = 23D, I={3,4,5}, S={1,2} 991,92 #0

91D Dy — 1Dy Dy = 24Dy,
91D1D3 — g1D3sDy = x3D,

91D1Ds — g1Ds Dy = w5Dy,
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TaBLE 2. Diffusion algebras on five generators (continued)

Diffusion ). Conditions Restrictions
algebra
An (91 = g2)D1Dy = 23Dy — 1 D2, (91 — g3)D1Ds = 23Dy — w1 Ds,

(91 — 94)D1Dy = 24Dy — 21Dy,
(92 = g3) D2 Dy = w3 Dy
(92 = g5)D2D5 = 25D — 22 D5,
(93 — 95)D3D5 = w5D3 — x3Ds,

x9D3,

91— 95)D1Ds = x5 Dy — 1 D5,

93 — 94) D3 Dy = w4D3 — 23Ds,

(
(
(92 = 94)D2Dy = 34D
(
(

91— 95)DaDs5 = w5 Dy — w4 D5

9Dy,

={1,2,3,4,5}

gi#gjforijel i#j

(91 — g2)D1D2 = 22Dy — 21 D5,
(91 = 94)D1Dy = 24Dy — 21Dy,
(92 — ga)DaDy = 24Dy — 29Dy,
(91 +93)D1 D5 = —1 D5,
(g5 + 9q)D3Ds = —w3Ds,

(
(

(93 — 94)D3Dy = x4 D3 — 3Dy,
(92 + 93)D2D5 = —22Ds,
(94 + 9a)DaDs = —24Ds

91— 93)D1D3 = w3Dy — 21D,
92 = 93)D2D3 = x3D — 22D,

I={1,2,

T2 = (5}

9i # 95,1, 9: # 9o, for i, j el

(91 = g2)D1Ds = 22Dy — w1 Da,
(91 = g5)D1D5 = 5Dy — 21 D5,
(92 — 95)D2 D5 = 25Dy — x2Ds,
(91 + 9, )D1Dy = =21 Dy,
(93 + 95 )DsDy = —w3 Dy,

(
(

95)Dy D5 = 5D,

91— 93)D1D3 = x3Dy — 1 D3,
92 — g3)DaDs = w3 Dy — 2D,
(93 — 95)D3Ds = w5 D5 — w3 D5,
(92 + g7 )D2Dy = —x2 Dy,

(9, —

I=1{1,2,3,5}, Tp = {4}

9 # 951 # 5, 9 € {Fgr b fori,jel

(91 — g2)D1 D2 = w3Dy — 31Dy,
(91 — 95)D1D5 = w5 Dy — 21 D5,
(92 — g5)D2 D5 = 25Dy — 23 Ds,
(91 + g5 )D1 D3 = —1 D3,
(9, — 94)D3Dy = 4 D3,

(91— 94)D1Dy = 24Dy — 31Dy,

(92 = 94)D2Dy = x4Dy — w2 Dy,

(94— 95)DaDs = 25D4 — x4 D5,
(92 + 9§ )D2Dy = —2Ds,

(95 — 95)D3D5 = w5D3

I={1,2,4,5}, Tp = {3}

g # 95 i# 0 g ¢ {Foh forijel

(91 — g3)D1D3 = 23Dy — a1 Dy,
(91 — g5)D1D5 = 25Dy — 11 D5,
(93 — 95)D3Ds = w5D3 — x3D5,

(91 = 94)D1Dy = x4 Dy — 1 Dy,
(93 = 94)D3Dy = 24D3 — w3 Dy,
(94 — 95)D4Ds5 = x5D4 — x4 D5,

I'={1,3,4,5}, Ty = {2}

9i #9551 # 5, 0 € {Fo ) forij €T

(91 + 97 )D\Dy = —21Da, (gy — g3)D2Ds = w3 Ds,

(95 — 94)DaDy = z4Da, (g, — g5)D2Ds = 5D

(92 = 93)D2Ds3 = w303 — 22D3, (92 — ga)D2Da = 24D — 22Dy,
(92 = g5)D2Ds5 = w5D2 — 2Ds, (g3 — 94)D3Dy = 24D3 — w3 Dy,

(93 = 95)D3Ds = w5 D3 — w3Ds,
(92 + 92)D1 Dy = —a2 Dy,
(94 +92)D1Dy = —a4 Dy,

(94 = 95)DaDs = w5D4 — 24 D5,
(93 + 95) D1 D3 = —a3 Dy,
(95 +92)D1Ds = —a5Dy

I=1{2,3,4,5}, T = {1}

9i # 95> 0 # 3, 9i # 9q. for i, j €1

(91 — g2)D1 Dy = 22Dy — 21Dy,
(92 = 93)D2D3 = 23D2 — w2 D3,
(92 +95)D2Dy =
(g1 +94)D1D5
(95 + 9a)DsDs5

w3Dy,

(95 + 93) DsDa =
(92 + 95)D2D5 = —w2 D5,

(91— 93)D1D3 = 23Dy — 21 D3,

(91+92)D1Dy = —21 Dy,

23Dy,

I=1{1,2,3}, T2 = {4,5}

9i # 95, 1 # 4, 9i # ga, for i, j €1

(94 = g2)DaDy = 2Dy — x4 D2,
(92 = g3)D2D3 = w3D5 — w2 D3,
(92 + 92) D1 D2 = =22 D1,
(94 + 93)DaDs
(93 + g2)D3Ds = —a3Ds

(94— 93)D4D3 = w3Dy — x4 D3,

(94 + 92)D1Dy = —x4 D1,

(93 +92)D1Ds = —a3 D1,
4Ds, (92 +95)DaDs = —a2Ds,

I=1{2,3,4}, T2 = {1,5}

9i # 95,1 F# , 9i # g5, for i, j el

(94 = 95)DaDs = 5Dy — x4 Ds,
(95 — 93)D5 D3 = w3D5 — x5 D3,
(95 + 9a) D1 D5 = —
(91 +92)D2Dy = —a4Ds,
(g3 + g2)D2D3 = —a3Ds

(94 = 93)D4D3 = x3Dy — x4 D3,

(94 + 92)D1Dy = —a4 Dy,

sD1, (g3 +95)D1Ds = —x3Dy,
(95 +92)D2Ds = —25 D2,

I=1{3,4,5}, T2 = {1,2}

9i # 95,1 # 5 9 # g5, for i,j €1

(g1 = g2) D1 Dy = 2Dy
(92 — g4)D2Dy = 24Dy — 23Dy,
(92 + 9, )D2Ds = —2Ds,
(91 +95)D1D5 =
(94 + 9q)DaD5 = —x4 D5

x1Ds,

21 D5,

(91 — 94)D1 Dy = 4Dy
(91 + 95 )D1Dy = —a1 D3,

(95, = 94)D3Dy = x4 D3,
(92 +93)D2Ds = =22 D5,

1Dy,

I={1,2,4}, Ty = {3} T2 = {5}

9i# 95 i # 5 9 €490 F g Y for i j € T

(91 = g3)D1 D3 = 3Dy — 71 D3,
(93 — 94)D3Dy = 24 D3 — w3 Dy,
(95 — 93)D2Ds = w3Ds,

(91 + 92) D1 D5 = —a1Ds,
(94 + 92)DaDs = —x4D;5

(91 = 94) D1 Dy
(91 +9)D1Ds =

(9, — 94)D2Dy = w4Do,
(95 + 92)D3sDs = —x3Ds,

I={1.2,4}, Tp = {3} 77 = {5}

9 # 95 i # 5 9 €492, F 9} for i j e T
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TaBLE 2. Diffusion algebras on five generators (continued)

Diffusion

Algebrn Relations Conditions Restrictions
A (92— 93)D2Dy = 03Dz — 22Ds, (g2 — g5)D2Ds5 = w5D3 — w2 D5,
(93— 95)D3Ds = w505 — w3Ds, (g2 + g )D2Ds = —2 Dy,
(95 + 97 )D3Ds = —x3Ds, (g, — g5)DaDs = w5 D, I={2,3,5), Tp = {4} T2 = {1} g: # 951 #J, 0 ¢ {95, Fgy ), forije ]
(92 + 92)D1D> = —x2D1, (95 + 92)D1Ds = —x3D1,
(95 + 9a)D1D5 = —21 D5
(92 = 94)D2Ds = 24D> — 22Dy, (92 — g5)D2Ds = w5Dz — 22 D5,
(94 = 95)DaDs = w5 Dy = 4Ds, (g2 + g )DaDy = —a2Ds,
(9, —94)DsDy = x4Ds, (9, — 95)DsDs = a5 D5, I={2,4,5), Tp = {3} T2 = {1} g: # 951 # 4, 0 {95, Fgy ), forij el
(92 + 92)D1D> = —22D1, (94 + 92)D1Dy = —x4 D1,
(g5 + 9a)D1D5 = —2:1 D5
(92 = 94)D2Ds = 24D> — 22Dy, (92 — g5)D2Ds = w5Dz — 22 D5,
(94— 95)DaDs = w505 — @aDs, (g2 + g )D2Ds = —a2Ds,
(9 = 99)DsDs = 24Dy, (g; — 95)DsDs = w5 Dy, I={2450 T3 = 3y T2 = {1} @i #0;. i # 4. i € {2 Foi } for i j €1
(92 +92)D1D> = —22D1, (94 + 92)D1Ds = —x4D1,
(95 + 9a)D1D5 = -2, D5
91— 92)D1Dy = 22Dy — 21 Ds, (g1 — g5) D1 D5 = w501 — 1 Ds,
5 =502 — 22D, (g1 +9,)D1Ds = —x1 D,
= 22Dy, (g — g5)DsDs = 5 Ds, I={1,2,5), Ty = {3.4} 9 # 5,0 7, 9i & {Foi ), forij € 1
= 21D, (g2+ 9, )D2Ds = —22Ds,
= 5Dy
(91 = 93)D1D3 = 23Dy — @1 D3, (g1 — g5)D1Ds = w5D1 — a1 Ds,
(93 = 95)D3Ds = w5 Dy — x3D5, (g1 + g )D1Dy = =1 D3,
(95 = 93)D2Ds = x2Ds, (g, — g5)D2Ds = w5Do, I'={1,3.5}, T} = {2.4} 9 # 951 # 5 9 € {Fgi }, forisj el
(91 + 9] )D1Dy = —21Ds, (93 + 95 )D3Da = —a3Ds,
(95 — 95)DaDs Dy
(91— 94)D1Dy = 24Dy — a1 D4, (91— g5)D1Ds
(94 = 95)DaDs = w5Ds = aDs, (91 + g ) D1 D.
(95 = 94)D2Ds = —zaDs, (g, — g5)D2Ds = 5Dy, I={1,4,5}, Tp = {2,3} 9 # 9551 # 9 € {Fgi ), forisj el
(91 +9))D1Ds = =21 D3, (g, — ga)D3Dy = w4 Ds,
(95— 95)DsDs = 25D3
B 9D1D2 — (9 = A)D2Dy = 23Dy —1Ds,  g3D1 D3 — (95 — A)D3Dy =

93D3D2 — (g3 — A)D2Dy = 2D,
94DaDs — (94— A) D2 Dy =

Di,

9aD1Ds = (94 — A)DyDy = —x1 Dy,
95D1D5 — (95 — A) D5 Dy = —21Ds,

I={1,2}, 5={3,4,5}

g#0,9s#{0,A},s€8

95D5D> — (g5 = A)D2 D5 Ds,

9D1Dy = (9 = A)D2Dy = 22Dy — 21D, gsD1Ds — (95 — A)DsDy = —21 D3,

93D3Dz = (95 = A) DDy = 22D, gaD1Ds = (g3 = A)DaDy = 21Dy, T={1,2), S = (3.4}, T° = {5} g £0, 9002 ¢ (0,A}, 5€ S
94D4D — (95 — N)DyDy = 22Ds, 93D Ds = —,Ds,

(95 = A)DyDs5 = —25 D5,

9D1D> = (9 = A)D2Dy = 22Dy — 21D, gsD1Ds — (95 — A)DsDy = =21 D3,

93D3Dy = (95 = A)D2Dy = 02D, gsD1Ds = (g5 = A)Ds Dy = —a1 D5, I={1,2}, S={3,5},T¢ = {4} g#0, 9005 ¢{0.A}, 58
95D5D2 = (g5 — A)D2Ds5 = 22D5,  ggD1Dy = 21Dy,

(95 = A)D2Dy = —x5D;,

9D1D2 — (9= A)D2Dy = 2Dy — a1 Da,  g4D1Dy — (94 — A)D4Dy = —a1Ds,

94DyDy — (g4 — N)DaDy = x5Dy,
95D5D> = (g5 = A)D2Ds = a2 D5,
(92 = A)DyDy = —a5Ds,

95D1D5 — (g5 — A)Ds Dy = —1 D5,
gaD\Dy = —21 Dy,

I={1,2}, S = {4,5}, T2 = {3}

970, gs:

9. ¢{0.A} s€8

9D1D2 — (9 = A)DaDy = 22Dy — 21Da,
93D3Ds — (g3 — A)D2Ds = a2 D3,

93D1D3 — (g3 —
95D1Dy = —x1 Dy,

A)D3Dy = —x1Ds,

T={1.2}, 5= {3}, T7 = {4.5} ¢ #0, 93,9, ¢{0,A}
(92 = M)D2Dy = —waDy,  gaD1Ds = —a1Ds,
(92 = A)D2D5 = —ayDs,
9D1D2 = (9= A)D2Dy = 22Dy — 21Dz, g4D1Dy — (94 — A)DyDy = —x, Dy,
91DaDz — (g1 = A)DaDy =22Ds, - g2DiDs = —a1 Dy, I (L2} S (1T = (3.5 940, gegt ¢ (0.A)
(92 = M)D2Ds = —w3D3,  g3D1D5 = —x1 D5, ’ o
(92 = A)D2D5 = —ayDs,
9D\Dz — (g — A)D2Dy = 23Dy — a1 Dy, g5D1D5 — (g5 — A)Ds Dy = —a1 Ds,
95D5D2 — (95 = A)D2D5 = 22D5,  goD1 D3 = —a1 D3, I={12}, S = {5}, T5 = {3.4) g #0, g0 & {0.A}
(95 = M)D2Ds = —w3Ds,  giD1Dy = 1Dy, ‘ ‘
(92 = M)D2Dy = —w3Dy,
9D1Dy — (g — A)DyDy = 25Dy — 21Dy, goD1 D3 = —x1 D3,
(92 — A)DaDy = —sDy,  ¢3D1Dy = —11 Dy, I {12}, T2 = {3.4,5) 90, g0 ¢ {0.A)

(95 = A)D2Dsy
(95 = A)D>Ds

Dy, gaD1Ds = 1D,
a3 D5,
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TaBLE 2. Diffusion algebras on five generators (continued)

Diffus - . -
iffusion p ) tions Conditions Restrictions
algebra

B gDiDs— (g~ N)DsDy = 23Dy — D5, gaDy Dy — (g2 — N)DsDy = —a, Dy,
92D2D3 — (g2 — A)D3 Dy = 23D, gaD1Dy — (94 — A)DyDy = —a1 Dy,
94D4Ds — (92 — A)DsDy = w3D4,  gsD1D5 — (95 — A)DsDy = —1D5,
95D5D3 — (95 — A)Dy D5 = 3 Ds;,

I={1,3}, §={2,4,5} 192 # 0, 91,95 ¢ {0, A}

@

gD1D3 — (9 — A)D3Dy = 23Dy — 21D3,  g2D1Da — (9o — A)DoDy = —21 Dy,
92D2D5 — (92 = A)D3D2 = w3Ds,  g4D1Dy — (94 — A)DyDy = —21 Dy,
94D4D3 — (94 — A)D3Dy = w3 Dy,  goD1D5 = —21Ds,

(9a —A)D3D5 = —a3D5,

I={1,3}, 5 ={2,4

9.92 # 0, 91,95 & {0, A}

9D1Ds — (9= A)DsDy = 23Dy — 1D3,  g2D1D2 = (92 = A)DaDy = =21 Do,
92D2D5 = (92 = A)D3D2 = w3Ds,  gsD1D5 — (95 — A)DsDy = —a1D5,
95D5D5 — (95 = A)D3Ds = 23D5, g3D1Da = —w1Ds,

(95 = A)D3Dy = —a3Ds,

I=1{1,3}, S ={2,5}, T2 = {4} 9:92 # 0, g5, 90 & {0, A}

9D\Ds — (g — M)DsDy = 2501 — 21 Ds,  gaDiDs — (g3 — A)DsDy = —a1 Dy,
94DaD3 — (92 — A)D3Dy = 23Dy, g5D1D5 — (95 — A) D5 Dy = —a1Ds,
95D5D3 — (95 — A)D3Ds = 23D5, g, D1Dz = —1 Dy,

9y D2Ds = x3D;,

I=1{1,3}, S ={4,5}, Ty = {2} LgF #0, 9, {0,A},s€S

5

9D1Ds — (9 = A)DsDy = 23Dy — 21Ds, g2D1D2 = (92 = A)DaDy = —21 Do,
92D2D3 — (92 = A)D3D3 = 23D2,  goD1Dy = —21Dy,

(92 = M)DsDy = —a3Ds,  giD\Ds = —a:1Ds,

(92 — A)D3Ds5 = —a3Ds,

1={1,3}, § = {2}, T2 = {4,5} 192 #0, 95 ¢ {0,A}

5

9D\ Ds — (g — N)D3Dy = 23Dy — 21D, gaDyDa — (95 — N)DsDy = —a1 Dy,
94D4Ds — (94 — A)D3Dy = 23Dy, g D1Dy = —1 Dy,

gy DaDs = 2. gaD1Ds = —x1Ds,

(95 = A)D3Ds = —a3D5,

I={13} S={4} Ty = {21 T2 = {5} g.9; #0. 9a.05 ¢ {0.A}

9D1D5 — (9 = A)D3Dy = 23Dy — 21Ds, gsD1D5 — (95 = A)Ds Dy = —2:1Ds,
95D5D3 = (95 — A)D3Ds = w3D5, g, D1D3 = =1 Dy,

9y D2Ds = x3Ds,  g;D1Dy = —x1 Dy,

(95 = M)DsDy = —a3Dy,

I={1,3},5={5}, 25T ={4) g0 #0 95,92 ¢ {0.A}

<

9D1D3 — (9 — A)D3Dy = 23Dy —a1D3,  goD1Ds = —x, D5,
(92 = A)D3Ds = —x3D5, g D\Dy = —21Ds,

9y DaD3 = x3Ds,  goD1Dy = —x1Da,

(98 — A)DsDy = —3Ds,

I={13). T3 = (2). I3 = {4.5) 9E £, 95 ¢ {0.4)

5

gD1Dy — (9 — A)D4Dy = 243Dy — 1Dy, g2D1Ds — (g2 — A)D2Dy = —,Ds,
92D2D4 — (92 — A)DaD> D3, g3D1D3 — (93— A)D3Dy = —a1 D3,
93D3Dy — (93 — A)DyD3 = 24D3, gsD1Ds — (95 — A)DsDy = —x, D5,
95D5D4 = (95 = A)D4Ds5 = 24D;,

I={1,4}, S ={2,3,5} 192,93 # 0, 95 & {0, A}

@

gD\Dy — (g~ A)DyDy = 24Dy — 21Dy, 92D\ Dy —
92D2Dy — (92 = A)D4Dy = w4 D2, g3D1D5 — (g3
93D3Dy — (93 — A)DyDs = w4 D3, gD\ Ds
(9a = A)DyD5 = —w4 D5,

2 — A)DyDy = 21Dy,
A)DyD; = —, Dy,
—x1Ds,

I={1,4}, 5 ={2,3}, T2 = {5} 9,95 # 0, 92 £ {0,A}, s €S

9D1Dy — (9= A)DyDy = w4Dy —a1Da,  g2D1D2 — (g2 — A)DaDy = —a1Da,
92D2D4 = (92 = A)DaD2 = 24Ds,  gsD1Ds — (95 — A)DsDy = —1 D5,
95D5D4 = (95 = A)DaDs = 24D5, g D1Dy = =21 D3,

9, D3Dy = x4D3,

I={1,4}, § = {2,5}, Ty = {3} 192 #0, 95,95 & {0,A}

5

9D1Dy — (9= A)D4Dy = a4Dy — 21Dy, g3D1Ds — (95 — A)D3 Dy = —a:1 D3,
95D3Dy — (g5 — A)DaDs = 24D, gsD1Ds — (g5 — A)DsDy = —1 D5,
95D5D4 — (95 — A)D4D5 = w4Ds, g D1Dy = —11Ds,

47 D2Ds = 24Ds,

[={1.4}, 8= (3.5}, Ty = {2} 293,95 95 #0

@

9D1Dy — (9= A)DyDy = 24Dy — 21Ds, - g2D1D2 = (g2 = A)DaDy = —21 Do,
92D2D4 = (92 = A)D4D2 =z gy D1Dy = —a1 Dy,

9, D3Da = waDs,  gqD1Ds = —a1Ds,

(95 — A)DyDs = —x4 D5,

I={1,4},S=1{2},Tp = 3}, T5 = {5}  g.g2,95 #0, g5 & {0.A}

gD1Dy — (g — N\DaDy = 24Dy — 21D, g3D1Ds — (g5 — A)DsDy = —a1 Ds,
93D3Dy — (93 — A)DyDs = x4 D3, gy D1Dy = —a1 Dy,

gy DDy = x4Ds,  g;D1D5 = —x1Ds,

(92 = A)DyDs = —a4 D5,

I={14), 5= (8}, T = 2172 = (5} g.g0.0 #0. 02 ¢ (0.4}

5
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366 ANDRES RUBIANO AND ARMANDO REYES
TaBLE 2. Diffusion algebras on five generators (continued)
iffusion N s s
l;lgcbra Relations Conditions Restrictions

B gDiDy—(g—A)DyDy = 24Dy — 2, Dy,
95D5 D4 — (g5 — N)D4Ds = 24 D5,
95 DaDy = 24Dy,
95 DsDy = 24Ds,

9y D1Dy = —m1 Dy,
g DDy = —x, Dy,

95D1D5 — (95 — A)D5 Dy = —x1 D5,

I={1.4}, S ={5}, Ty = {2,3}

9.9 # 0,95 #{0.A}

gD\ Dy — (g — A)DyDy = 24Dy — 21Dy,
(95 = A)D4Ds5 = —24Ds,
95 DaDy = 24Dy,
95 DsDy = w4 Ds,

92D\ Ds = —21Ds,
gi D1Ds = =21 D3,
g DDy = —x, D3,

I= {14}, T3 = (2.3}, 7¢ = {5)

9,95 #0, 92 & {0,A}

gD\ D5 — (9 — A)D5Dy = 25Dy — 21D5, g2D1Ds — (g2 — A)DyDy = —z1 Do,

92D2D5 — (92 = A)Ds D2 = w5 D3, g3D1D3 — (93 = A)D3Dy = —1 D3, I={15},S={2,34) G040, 5€S

93D3D5 — (93 — A)D5D3 = x5D3, gaD1Dy — (91 — A)DyDy = —x1 Dy,

94D4D5 — (94 — A)D5 Dy = x5 Dy,

9D1Ds = (g = A)DsDy = w501 — 21D5,  g2D1Dy — (92 — A) D2 Dy = —21 D,

92D2D5 — (92 = A)Ds D2 = w5 D3, g3D1D3 — (93 — A)D3Dy = —1 D3, T={15},S={23}.Tp = {4}  g.0.#0, g2 ¢ {0,A}.s€ S
.5}, .3}, }  9a LA}, s

93D3Ds — (g3 — A)DsD3 = x5D3, gy D1Dy = —a1Dy,

9y DaDs = x5Dy,

9D1Ds — (g — A)DsDy = w5D1 — 1D5,  gaD1Dy — (g2 — A) D2 D1 = —21 D,

DyDs — —A)DsDy = 25D, g4D1Dy — (g4 — A)DyDy = —1 Dy, o . o o
92D (92 = A)D5 D2 = 25D gi 1Dy = (91 = A)DaDy = =1 Dy T={L5),S= {24 Tr = (3} 9.9, #0, 05 ¢{0,A},s€ S
94D4D5 — (94 — N)Ds Dy = 25Dy, gy D1D3 = —x1 D3,

9, D3sDs = x5D3,
gD\Ds — (9 — A)DsDy = x5Dy — x1D5,  g3DyDs — (95 — A)D3Dy = —x1 D3,
93D3D5 — (93 — A)Ds D3 = x5 D3, y.inln1*(9/1*l\)nflnl:*Tlnm I={1,5},S={3,4}, Ty ={2}  g,9:#0,9, #0,s€ S
94Dy D5 — (94 = A)D5Dy = 5Dy, gy D1Da = —21Da,
g DaDs = 25Dy,
9D1Ds — (9 — A)DsDy = a5Dy — @1Ds,  g2D1D2 — (92 — A)D2Dy = —a1Ds,
g“:DED"’ (92 A)DiD’ = 75D, gy DiDs = —mDs, I={1,5}, S={2}, Ty ={3,4}  g,00.,9 #0
9y D3Ds = a5D3, g, D1Dy = —x1Dy,
gy DaDs = 25D,
9D1Ds — (9= A)DsDy = a5D1 — 21D5,  gsD1D3 — (95 — A)D3D1 = —21 D,
930505 = (8 = M)DsDs = a5, gy DrDy = =1 Dz, I={15),S= (LT = {24} 94507 #0
9y D2Ds = a5D2, gy D1Dy = —x1Dy,
9y D4Ds = 5Dy,
gD\ Ds — (g — A)DsDy = a5Dy — a1 D5, gaD1Dy — (95 — A)DyDy = —a1 Dy,
ytis e 7A)DS+D‘ S T={15}, 8 ={4}. Ty = {23} g5 #0
9y D2Ds = 5D2, g, D1D3 = —x1D3,
g DsDs = 75 D5,
gD\ D5 — (g — A)DsDy = 25Dy — 21 D5, gf D\Dy = —a1 D,
gy DaDs = x3Ds, g DyDy = —2, Dy, e
b ! " ! 77 . I={1,5}, Ty = {2,3,4} 9,95 #0
9y D1D3 = =1 D3,
9D3Ds — (9 — A)D2D3 = w3D3 — w3Da,  g1D3Dy — (91 — A)D1D3 = —a3D1,
91D1Dy — (91 = A)D2Dy = 22Dy, 94D3Dy — (94 — A)D4Ds = —x3 Dy, I={2.3},5={1,45) 9409, ¢ {0.A),s€S
914Dy Do — (94 — N)DyDy = x2Dy,  g5D3D5 — (g5 — A) D5 Dy = —x3D5,
95D5Da — (g5 — A) D2 D5 = 22 Ds,
9D3Dy — (9 — A)Dy D3 = w9 D3 — 23D, g1D3Dy — (g1 — A)D1 D3 = —x3Dy,
#D1D2 = (61 = A)DaDr = 2D, - 9aDsDs = (ga = A)DuDs = ~asDs, I=(28), 5= {14} T3 =5}  9#0. 9,62 ¢ (0.0}, 5€ 8
94D4Ds = (94 = A)D2Dy = x2Dy,  g3D3Ds5 = —a3Ds,
(95 — A)D2Ds5 = —a2Ds,
9D3D2 — (9 — A)D2D3 = 22D3 — x3D2,  g1D3Dy — (91 — A)D1D3 = —x3Dy,
911Dz = (gr = A)DaDy =22 D1, g5 DsDs = (g5 = A)Ds Dy = =3 Ds, I={2.3}, §={15},T7 ={4}  g#0,9.90¢{0.A}.s€S
95D5D3 — (95 — A)D2Ds = w2 D5, g3D3Dy = —a3Dy,
(95 = A)D2Dy = —a2 Dy,
9D3D2 — (g — A)D2Ds D3 —a3D2,  g4D3Dy — (g4 — A)DyD3 = —x3Dy,

94D4Dy — (94 — A)DaDy = 25Dy,
95D5D2 — (95 — A) D2 D5 = 22 D5,
(9e = A)D1Da = —a2 Dy,

95D3Ds5 —
9aD1Ds = —x3Dy,

5 — N)DsDy = —x3Ds5,

I=1{2.3}, S ={4,5}, T¢ = {1}

g#0, 9590 ¢{0,A},s€ 8
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TaBLE 2. Diffusion algebras on five generators (continued)

Diffusion g ) ions Conditions Restrictions
algebra
B 9D3D — (9 — A)D2Ds = 23D3 —w3Dz,  g1D3Dy — (g1 — A)D1 D3 = —a3 Dy,
9D1D2 — (91 = N)D2Dy = 02Dy, giDsDy = 3Dy, I=1{2,3}, 5= {1}, T = {4,5} 9#0, 91,95 & {0,A}
2,3}, T3 s 9# 0. 91,9; ¢ {0,
(92 = A)DaDy = —x3D4,  giD3Ds = —a3Ds,

(95 = M) D2Ds = —2Ds,

9DsDy = (9 = A)D2 D3 = w2 D5 —
94D4D3 — (94 — A)D2Dy = 2Dy,
(98 = A)D\Dy = —x2Dy,

(92 — M) D2 D5 = —3Ds,

92D3Ds = —x3Ds,

23D2,  9aD3Dy = (92 — A)DaDs = —a3Ds,
9aD1Dy = —x3D,

2,3}, 8 = {4}, 77 = {1,5} 970, 95,95 #{0,A}

D3y — (g — A)D2Dg = o Dy —
95D5D2 — (g5 — A) D2 72 D5,
(92 = N)D1Dz = —x2 D1,
(98 = A)DyDy = —x5 Dy,

3Dz, g5D3D5 — (95 — A)D5 D3y = —a3Ds,
92D1Ds = —a3Dy,

9aD3Dy = —x3Dy,

13} 8 = {5}, 77 = {1.4} 9#0,g5.9, & {0,A}

9D3Dy — (9 — A)D2Ds = 23D3 — w3Ds, g3 D1D3 = —w3Dy,

(62— A)D1Dz = —a2Dy, - g2DaDs = ~25Dy, I={2.3), T¢ = {1.4,5} 970,927 (0.0}
(92 = A)D2Dy 2Di,  gaDsDs = —x3Ds,

(92 = A)D2Ds = —2,Ds,

9D2Dy — (g = A)DyDy = 24Dy — w2 Dy, g1D2Dy — (g1 — A)D1 Dz = —w2 Dy,

91D1Dy — (g1 = A)DyDy = 24Dy, g3D2Ds3 — (93 — A)D3D2 = —w2 D3,

93D3Ds — (93 — A)DaDs = z4Ds,
95D5D4 — (95 — A)DyDs5 = 24Ds,

95D2D5 — (95 = A)Ds Dy = —x2 D5,

2,4}, S = {1,3,5} 9,93 # 0, 91,95 ¢ {0, A}

gDsDy — (g — A)DyDy =
91D1 Dy — (g1 — A)DaDy = 24Dy,
93D3Dy — (93 = A)DaDy = 24D;,

x4 Dy —

#2Ds, g D2Dy — (g1 = A)D1 Dy = =22 Dy,
93D2D5 — (g5 — A) D3 D = —z2 D,
9aD2Ds = —x3Ds5,

L4}, 8 = {1,3}, 77 = {5} 9,95 # 0, 91,95 & {0, A}

(92 = N)D4Ds = —x4Ds,
9D2Dy = (9 = A)DaD2 = w4 Dy — x2Da,  g1D2D1 — (91 — A)D1 D2 = —x2 Dy,
91D1Dy = (91 — A)DaDy = 24Dy, gsD2Ds — (95 — A)Ds Dy = —x2Ds, I= {24}, S = {15}, Tr = {3} g0t 0.0, ¢ {(0.A}, s €S
95D5 Dy — (95 — A)DaDs = 24Ds, gy D2Ds = Y
97 DsDy = 24 D3,
9D2Dy — (g — A)DyDy = 24Dy — 23Dy,
geDuDu o DD B an Db =24, 5= (39, T = (1) 0,05 #0, 55,05 € 0.0}
95D5D4 — (g5 = A)DuDs5 = w4Ds5,  goD1Dsy = —25Dy,
(92 = N)D1Dy = —z4Dy,
9D2Dy — (g — N)DaDy = 24Dy — 22D4, g1 DsDy — (g1 — A)Dy Dy = 25D,
G1D1Dy — (g1 — A)DaDy = 24Dy, g DaDs = —a2Ds, I= {24}, S = (1}, T = (3).T2 = 5} g #0. gu.g & (0.0}
A S = {1}, T = {3}, 17 = 9 ¢ . 91,95 ¢ {0,/
i DsDs = 24D, g3DsDs = a2 Ds,
(92 = M)DaD5 = —x4Ds,
9D2Dy — (9 — A)DyDy Dy —w2Dy,  g3D2D3 — (g3 — A)D3Dy = —w2 D3,
9sDsD1 (g5 = DDy = aaDs, 9o D2 = =1, T= {2,438 = 3}, T7 = {1,5} 9.5 70,95 0,4}
2,4}, VT2 R 9, ¢ ., gq # {0,
(95 = M)D1Dy = —x4D1,  gaD2Ds5 = —xDs,
(92 = A)D4Ds 04 Ds,
9D3Dy = (9= A)DaDs = 24Dy = 22Ds,  95D2Ds — (95 = A)D5Dy = —
!
I S I= QA =L T = OL T = 1) .07 #0.00.00 ¢ (0.]
9y D3Dy = x4Ds,  gaD1Dy = —x2D1,
(92 = N)D1Dy = —z4Dy,
9D2Dy — (9 — A)DyDy = 24Dy — 22Dy, g5 D2Ds = —a2Ds,
(g8 — A)D4Ds = —24Ds, g DaDy = D3, [ 2.4 T = (31T = (1,5} gt 20,2 2 (0.0)
i DsDs = 24Ds,  g3DsDy = a2 D5,
(92 = M) DsD5 = —x4Ds,
9D2Ds — (9 — A)Ds Dy = w502 — 22D5,  g1D2Dy — (91 — A)D1Dy = —x2Dy,
91D1Ds — (g1 — A)DsDy = w5D1, gsD2Ds — (g3 — A)DsDy = —x2Ds, I={2.5), 5= {134} 095,91 £ 0, 01 & (0,0}
93D3D5 — (93 — A)DsD3 = w5D3,  gaD2Dy — (94 — A)DyD2 = —a2 Dy,
94D4D5 — (94 — A)Ds Dy = w5 Dy,
9D2Ds5 — (g = A)D5 Dy = w5Ds — x5 G1D2Dy — (g1 = A)D1 D2 = —w2 Dy,
91D1Ds5 = (g1 = A)DsDy = 25Dy, g3D2Ds — (g5 — A)D3Dy = —x2Dj, I={2,5), 5= {13}, Tp = (4} 0090 0F £ 0. 91 ¢ (0.4}
93D3D5 — (95 — A)Ds D3 = 25D3, g DyDy = —w5 Dy,
9y DaDs = x5Ds,
9D2Ds — (g — A)DsDy = 2505 — 22D5, g1 DDy — (g1 — A)Dy Dy = 25Dy,
9.D1Ds — (g1 — A)DsDy =z 9aDaDy — (g5 — N)DaDy = —5D, L= ) S= (L4}, 77 = (3} ongst £0,0¢ (0,0}

94D4D5 — (94 — A)D5 Dy = 25Dy,

9y DaDs = x5D3,

95 D2D3 = —a2D3,
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TaBLE 2. Diffusion algebras on five generators (continued)
z‘l:fg‘r‘f‘ Relations Conditions Restrictions

B 9D2Ds — (9 — A)D5 D2 = w5D2 —
93D3D5 — (93 — A)Ds Dy = w5 D,
91DDs — (g5 — N)DsDy = 25D,
(gu0 — A)Dy D5 = —5D;,

x2Ds,
94D2Dy — (94 — A)D4Dy = —x2Dy,
92D\ Dy = 2Dy,

93D2Ds — (93 — A)D3sDy = —a2Ds,

I=1{2,5}, 5 =1{3,4}, T2 = {1}

9.9s #0, 92 {0.A}, s €S

9D2Ds = (9 = A)Ds D = 5
91D1Ds = (g = A)Ds Dy = 25Dy,
9y D3 a5Ds,
9, DaDs = x5Da,

z2Ds,
9y DaDs = —23Ds,

gi DaDy = —x3Dy,

91D2Dy = (91 = A)D1Dy = —2, Dy,

I={2,5}, 8= {1}, Ty = {3,4}

9,97 # 0, 91 € {0,A}

gD2Ds — (g — A)Ds Dy = 25Dz —
93D3D;5 — (93 — A)Ds D3 = 25D,
(92— A)D1Ds = —a5D),
9y DaDs = x5Dy,

22D5,  g3DsDy — (g5 — A)D3Dy = —as Dy,
98Dy Dy = —2Ds,

g DaDy = —w2Ds,

I=1{2,5}, § = {3}, T° = {1}, 1

995,95 #0, 9% ¢ {0,A}

9D2Ds — (9 — A)D5 D2 = w5D2 —
94D4D5 — (94 — A)Ds Dy = 5Dy,
(95 = A)D1D5 = —a5 Dy,
g DsDs = 5 D3,

@2D5,  gaD2Dy — (ga — A)DyDo = —a2 Dy,

9aD1Ds = —x3Dy,

gy DaD3 = —x3D3,

I={2,5}, § = {4}, o = {1}, T} = {3}

9.91, 95 #0, 92 ¢ {0,A}

9D2Ds5 — (g
9y DaD:
9y D3Ds = x5D3,
(92 = M)D1Ds = —a5Dy,

A)DsD; = 25D,

5 = 25Dy,

22D5, g, DaDy = —x2Dy,

95 DaDy = —aDs,
9aD1Dy = —23Ds,

I=1{2,5), Tp = {3,4}, ¢ = {1}

9.9 #0, 92 ¢ {0,A}

gD3Dy — (9 — A)DyDy = 24 D3 —
91D\ Dy — (91 — A)D4Dy = 24Dy,
92D2D4 = (92 = A)DaDy = w4 D,
95D5D4 — (g5 — A)D4Ds = w4 D5,

23Dy, q1D3Dy — (91 — A)Dy Dy = —3 Dy,
92D3D5 — (g2 — N)Ds D3 = —a3Da,
95D3D5 = (95 = A) D5 Dy = —a3Ds,

I={3,4},S={1,2,5}

9#0,

9s € {0.A},s€S

9DsDy — (9 — A)DyDs = 24 Ds —
91D1Dy — (g1 — A)DyD; = 4Dy,
92D2Dy — (g2 — A)DyDy = 4Dy,

x3Da, 1D3Dy — (g1 = A)D1Ds = —a3Ds,
92D3D3 — (92 = A)D2Dy = —a3D3,
9aD3sDs = —x3Ds,

I={3.4), 5 ={1,2), 7% = {5}

g#0,

95,95 €{0.A},s€ S

(92 — N)D4Ds = —,Ds,
9D3Ds — (9 = A)D4Dy = 24D
91D1Ds = (91 = A)DyDy = @4 Dy,

95D5D4 = (95 = A)D4Ds = .
(92 = M)D4Dy = —a4Ds,

23D, 91D3Dy — (91 — A)D1 D3 =
95D3D5 — (95 — ) D5 D3 = —a3D:
9aD3Dy = —x3D,,

I=1{3,4}, 8 = {1,5}, T2 = {2}

g#0,

9,95 € {0.A}, s€S

gD3Dy — (9 — A)DyDy = 24 D3 —
92D>D4 — (g2 — A)DsDy = w35,
95D5Dy — (g5 — A)DyDs = x4 D5,
(99 = A)D1Dy = —x4 Dy,

#3Da,  g2D3Ds — (g2 — N)DyDs = —3Ds,
95D3D5 — (95 — A) D5 Dy = —a3Ds,
42D1Ds = —23D,

I={3,4}, 5={2,5},1

9#0,

9595 € {0,A}, s€ S

9DsDs — (g — A)DsDs = w4 Dy —
91D1Dy — (91 = A)D4Dy = 24Dy,
(95 = M)DaDy = —x4D>,
(95 = A)DyD5 = —x4 D5,

x3Da,  1DsDy — (g1 — A)D1Ds = —a3Ds,
9aDsDy = —a3Ds,

9:D3Ds5 = —a3Ds,

I={3,4}, 8= {1}, T2 = {2,5}

g#0,

g1.9¢ ¢ {0,A}

9D3Ds — (9 — A)DaDy = x4 D5 —
92D2D4 = (92 = A)D4Dy = 24Dy,
(95 = A)D\Dy = —x4Dy,
(92 = M)D4Ds = —4D5,

9aD3Ds5 = —a3

23Ds,  g2D3Ds = (92 = A)D2 Dy = —
9aD1D3 = —x3Dy,

I=1{3,4}, 8 = {2}, T° = {1,5}

g#0,

92,90 & {0,A}

9D3Dy — (g — A)DyD3 = w4 D3 —
9505 D4 — (g5 — A)DsDs = 3D,
(95— MDDy = —24 D1,
(95 = M)DaDsy = —24Ds,

x3Ds,  g5D3Ds — (g5 — A)Ds Dy = —a3Ds,
9Dy D3 = —3D1,

90 D3Dy = —a3Ds,

I= (3.4}, 8= {5}, 77 = (1.2}

9#0,

95,90 & {0,A}

9D3Dy — (9 — A)DyD3 = 24 D3 —
(95 = M)D1Dy = —x4 D1,

23Dy, gaD1Dy = —a3Dy,

92D3D2 = —a3Dy,

I={3,4}, T2 = {1,2,5}

9#0,

9a #{0,A}

(95 = M)DaD> = —x4D>,  gaDsDs5 = —x3Ds,
(95 = A)D4D5 = —24Ds,
9DsD3 — (9 — A)D3Ds D5 — x5D3,  92D5D2 — (92 = A)D2Ds5 = —a5D,,

002Dy~ (g2~ \\D3Dy = 23Ds, gaDsDs (g1~ A)DaDs = ~5D, 5 (124} bt 0o (0]
94D4Ds — (94— A)D3Dy = 23Dy, g1DsDy — (91 — A)D1D5 = —a5D1, o o

9D1Dy — (g1 = A)DyDy = 3Dy,

9D5D3 — (9 — A)D3Ds = 23D5 — w5D3,  g2D5D2 — (g2 — A)D2 D5 = —a5Da,

92D2D3 = (92 = A)D3 Dy = 3D,
910105 — (g1 — A)D3 Dy = 23D,
g5 DaDs5 = 25Dy,

91D5Dy — (91 = A)D1 D5 = —a5Dy,
9 D3Dy = —x3Dy,

I={3.5). 5= {1.2). T = {1

g9#0,

9s:90 ¢ {0,A}, s €8
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TaBLE 2. Diffusion algebras on five generators (continued)

369

Diffusion  p ) ions Conditions Restrictions
algebra
B 9DsD3 — (9 — A)D3Ds5 = w3D5 —w5D3,  gaDsDy — (g4 — A) D4 D5 = —a5Dy,

94DaD3 — (g2 — A)D3Dy = 23Dy,
91D1D3 — (g1 — A)D3Dy = 23Dy,
(92 = A)DaDy = —a3D,,

91D5D1 = (91 = A)D1Ds = —a5D1,
9aD2Ds5 = —x5Da,

I={3,5}, §={1,4}, T2 = {2}

9.91 #0, 91,92 # {0, A}

9D5 D3 — (9 = A)DyDs = 3 D5
94DaD3 — (91 — A)D3 Dy = 23Dy,
92D2D3 = (g2 = A)D3 D2 = 3D,
(95 = M)D1Ds = —a3Dy,

z5D;,

9aDsDy — (g4 — AN)DyDs =
92D5D2 — (g2 — A)D2 D5 = —25Ds,
92Dy Dy = —25D;,

25Dy,

I=1{3,5},5=1{2,4},

9,94 #0, 92,92 £ {0, A}

9DsD3 — (9= A)D3Ds5 =
91D1 D5 — (91 — A)DsDy = 3Dy,
(92 = A)DaDs = —a5D,,
9y DaDs5 = x5Dy,

:3Ds — a5 Ds,

91DsDy — (g1 — A)D1Ds = —a5Dy,
9aD2D3 = —x3Ds,

9y D3Dy = —a3Dy,

I={3,5}, §= {1}, Tp = {4}, T2 = {2}

9.9, #0,9

9D5D3 — (9 — A)D3Ds = x3D5 — a5 D3,

92D2D3 — (g2 — A)D3 Dy =
(95 = M)D1Ds = —a5D1,
9y DaDs = x5Dy,

ZYN

92D5D5 = (92 = A)D2 D5 = —5 D3,
9aD1Ds = —x3Ds,

94 DsDy = —a3Dy,

I={3,5}, §={2}, Ty = {4}, T = {1}

9,95 #0, 92,95 & {0,A}

9D5Ds — (9 — A)Ds D5 = a3D5 — x5 D3,

94DaDy — (91 — A)D3Dy = 23Dy,
(92 = M)D1Ds = —a5D1,  g;D2Ds
(92 = M) Dy D5 = —a5 D,

94Ds Dy — (94 — A)DyDs = —x5Dy,
92D1D3 = —a3Dy,
x3Ds,

3,5}, S = {4}, T = {1.2}

9:94 # 0, g5 & {0.A}

9D5D;s — (g — A)DsDs = w5 D5 — 25D,
92D\ Dy = —a3Dy,

9y DaDs = 25Dy,
(92 = A)D1 D5 = —a5Dy,
(95 = M)D2Ds = —a5Ds,

92D2D3

g5 DsDy = —x3Ds,

=3

3,5}, Tp = {4}, T2 = {1,2}

9.9, #0, 92 #{0.4}

9D5Dy — (9 — A)D4Ds = 24D,
GD1Dy — (91 — A)DyDy = 4Dy,
92D2Dy — (g2 — A)Dy Dy = 24D,
93D3Dy — (g3 — A)DyDy = x4 D5,

—x5Dy,

910501 = (91 = A)D1 D5 = —a5Dy,
92D5D2 — (92 — A)D2 D5 = —x5Ds,
93DsDs — (95 — A)D3Ds = —a5Ds,

I={4,5},5={1,2,3}

L 9s {0,A}s€ 8

9DsDy — (g — A)DyDs = 24 Ds — 5D,

91D1Dy — (g1 — A)DyDy = z4Dy,
92D2D4 — (g2 = A)D4Dy = 24Ds,
(9a = AN)DyD3 = —a4D3,

91Ds Dy — (g1 — A)D1 D5 = —a5 Dy,
92D5D3 — (92 = A)DaDs = —a5 Dy,
9aD5D3 = —a5Ds,

I={4,5}, 8 ={1,2}, T = {3}

g#0,

95,95 €{0,A}, s€ S

9D5Dy — (9 — A)D4Ds = 4 D5 — w5 Dy,

91D1Dy — (g1 — A) D4y Dy Dy,

91D5D1 = (91 = A)D1 D5 = —x5 Dy,
93DsDs — (93 — A)D3Ds = —a5Ds,

I={4,5}, 5 ={1,3}, Ty = {2} 9#0, 95,95 #{0,A}, s €S
93D3D4 — (95 — A)DyD3 = 24D3,  goD5D3 = —5Da,
(92 = M)DaDy = —a4Ds,
9DsDy — (9 — A)DyDs = x4D5 — 25Dy, g2D5D3 — (g2 — A)D2Ds = —
92020y — (g2 — A)DaDy = 24D, g3D5Ds — (g3 — A)DsDs = —3Ds, LS (28 T — (1) 0l 0 £ (0A) 5§
93D3Dy — (95 — A)DyD3 = 24Ds,  g2D1 D5 = —5Dy, “ ) uee !
(95 = M)D1Dy = —a4 Dy,
9DsDy — (9= A)DyDs5 = w4D5 —a5Da, g1 D5 Dy — (g1 — A) D1 D5 = —a5Dy,
91D\Ds — (91 — A)DsDy = 24Dy, g DsDy = —a5Da, Lo s} S = (1) T2 = (2.3} 940, 00,60 & (0,A)
(92 = A)D4Dy = —w4D2,  g3DsDy = —w5D3,
(92 = A)DyDy = —a4Ds,
9DsDy — (9 — A)DyD5 = x4D5 — w5Da,  g2D5Da — (g2 — A)DoDy = —a5Ds,
92D2D; — (g2 — A)DaDy = 24Dy, gDy D5 = —5 Dy, [ (45} S = (2,0 = (13) 020t 2 {00}

.5}, LT3 R g#0, g2,95 ¢ {0,

(92 = A)D1Dy = —w4Dy,  g3D5D3 = —5D3,
(95 = M)D4Ds = —a4Ds,
9D5Dy — (9 — A)DyDs = 4 D5 —w5Dy,  g3DsDs — (g3 — A)D3Ds = —5Ds,
93D3Dy — (93 — A)DyDy = 24Dy, goD D5 = —x5Dy, T={4,5), S = (3}, T° = {1,2} 040, 0.2 & {0.A}
(95 = M)D1Dy = —4Dy,  g3DsD2 05 Da,
(92 — AYDaDy = 24 Ds,
gDsDs — (g — A)DaDs = 24D5 — 5D, gDy D5 = —5Dy,
(03 = 0)D1Dy = 4Dy, - 4aDsDa = ~a3De, 1= {15),7 = {1.2.3) 970,62 £ {00}
(95 = M)DaD2 = —x4Ds,  giDsDs = —a5Ds,
(92 = A)DyDy = —a4Ds,
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g1D5D1 —

g1 = ANo)D1Ds = —a5 Dy,

92D5 D2 — (g2 — Aa) D2 Ds = —x5Da,
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TaBLE 2. Diffusion algebras on five generators (continued)
Diffusion Relations Conditions Restrictions
algebra
c 92D1Ds — (92 — Aa)D2Dy = —a1Da,  g3D1D3 — (g3 — Ag) D3 Dy = —21 D3
94D1Dy — (94 — N)DyDy = —2, Dy, gsD1Ds —Ay)DsDy = —z,D5, I ={1}, Ra={2,3,4,5}  92,93,01,95 # Aa
91D2Dy = (g1 = Ag)D1 D2 = —22D1, g3D2Ds — (95 — Aa) DsDz = —a2Ds
94D3Dy — (g4 — No)DyDy = —29Dy,  gsDoDs — (g5 — Aa)Ds Dy = —25D5, I =12}, Ra ={1,3,4,5} g1 #0, g3,94.95 # Aa
G1D3Dy — (g1 — Aa)D1 D3 = —23Dy,  gaD3Da — (g2 — Aa) Do Dy = —x3Ds
94D3Dy — (g4 — Ny)DyD3 = —x3D4, g5 D3D; —Au)DsDs = —x3D5, 1 =1{3}, Ra = {1,2,4,5} 91,92 # 0, g1, 95 # Aa
91DaDy = (g1 — Ao)D1Dy = —24D1, 92D4Ds — (92 — Aa) DaDy = —24Ds
93D4D3 — (g3 — Ao)D3Dy = —24D3,  gsDyDs — (g5 — Ao)Ds Dy = —24D:; I={4}, R, ={1,2,3,5}  ¢1.92,93 # 0, g5 # A
( )
( )

93D5D3 — (95 — Ao)D3Ds = —x5 Dy,

94D5D4 — (94 — Aa)DyD5 = —x5Dy,

I={5}, Ry ={1,2,3,4}

91,92,93,94 # 0

D1Ds — g21D2Dy =0,
DDy — quDsDy =0,
D DyD3 — q32D3D> = 0,
DyDs — g52D5D2 = 0,
D3Ds — qs3Ds D3 = 0,

D1D3 — qz1D3D1 =0,
Dy D5 — 51 D5 Dy =0,
DDy — qu2Dy Dy =0,
D3Dy — qi3DsD3 =0
DyDs5 — q54D5D4 =0

R=1{1,2,3,4,5}

G £0,1<r<s<5
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