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MIXED MODULAR PERVERSE SHEAVES ON AFFINE FLAG
VARIETIES AND KOSZUL DUALITY

SIMON RICHE

ABSTRACT. Under some technical assumptions, and building on joint work
with Bezrukavnikov, we prove a multiplicity formula for indecomposable tilt-
ing perverse sheaves on affine flag varieties, with coefficients in a field of char-
acteristic p, in terms of p-Kazhdan-Lusztig polynomials. Under the same
assumptions, we also explain the construction of a “degrading functor” relat-
ing mixed modular perverse sheaves (as defined in joint work with Achar) on
such varieties to ordinary perverse sheaves.

1. INTRODUCTION

1.1. Mixed perverse sheaves. Many applications of perverse sheaves to prob-
lems in representation theory require, in one form or another, the use of mized
perverse sheaves in the sense of Deligne (see, e.g., [12, §5.1]). This has long been
an obstacle to the application of such methods to problems involving fields of posi-
tive characteristic since, whereas the definition of perverse sheaves with coefficients
in any field causes no problem, translating the definition of their mized counterparts
in this setting seems hopelessﬂ

As a way to bypass this difficulty, we proposed in joint work with P. Achar [6]
a definition of mixed modularﬂ perverse sheaves on some varieties (including flag
varieties of Kac-Moody groups). This definition might seem artificial, but it has
proven useful in several constructions involving categories of representations of
reductive algebraic groups over fields of positive characteristic; see, e.g., [7,B]. Our
approach was mainly suggested by works of Beilinson-Ginzburg—Soergel [13] for
l-adic sheaves, and the recent (at that point) theory of parity complexes developed
by Juteau-Mautner—Williamson [26]. Since then, more involved approaches to this
question have been proposed, in particular by Eberhardt—Scholbach [21], based on
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The main reason is that Deligne’s definition is stated in terms of properties of eigenvalues of
Frobenius, which involve powers of the cardinality g of the field of definition of the varieties under
consideration; now powers of an integer in a field of characteristic 0 or of positive characteristic
behave in a drastically different way!

2In this context, “modular” always means “with coefficients in a field of positive characteristic”.
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the use of motivic sheaves; they give rise to the same category, but now enhanced
with more operations (i.e., a 6-functor formalism), and are applicable to more
general contexts.

1.2. The search for a forgetful functor. Despite this progress, a central ques-
tion remains unanswered: what is the relation between mixed perverse sheaves and
ordinary perverse sheaves? Namely, in the f-adic setting, mixed perverse sheaves
are complexes of sheaves on a variety X, defined over a finite field IF;, and we have
a canonical functor to “ordinary” perverse sheaves, i.e., perverse sheaves on the
fiber product X = X, ®r, IETI (where E is an algebraic closure of F,), given by
pullback along the projection X — X,. Informally, this functor “forgets the mixed
structure”. It has various nice properties; in particular, it sends simple objects
to simple objects. If one modifies the category of mixed perverse sheaves slightly
following [I3], this functor is even a “degrading functor”; i.e., it behaves like the
forgetful functor from graded modules over a finite-dimensional algebra to ordi-
nary modules over that algebra. This functor is very useful; for instance, it is at
the heart of the proof of the Decomposition Theorem in [I2] and appears, in one
form or another, in all the proofs that the dimensions of fibers of intersection coho-
mology complexes on flag varieties are computed by Kazhdan—Lusztig polynomials
(see [27]).

In the modular setting, one directly works with complexes on X (either com-
plexes of parity complexes in the approach of [6], or some motivic sheaves in the
approach of [2I]), and there exists a priori no easy way to “forget the mixed struc-
ture” and recover an ordinary perverse sheaf. This is a pity because, even if the
theory is way more incomplete than in the f-adic setting, there are some com-
putations that one can do with mixed modular perverse sheaves (e.g., describe
multiplicities in indecomposable tilting perverse sheaves over flag varieties; see [3])
and for which no counterpart for ordinary perverse sheaves exists.

This problem was solved in [6] in the (important) case when X is the flag variety
of a connected reductive group, and the characteristic of the field of coefficients is
good. The main results of this paper are an extension of this construction to the
case of affine flag varieties, and an application to a formula for multiplicities of
ordinary indecomposable tilting perverse sheaves on such varieties. (In the case of
t-adic sheaves, a similar formula is due to Yun [32].)

1.3. Main results. Let IF be an algebraically closed field of positive characteristic,
and let k be an algebraic closure of a finite field whose characteristic p is invertible
in F. Let also G be a connected reductive algebraic group over F, and choose a
Borel subgroup B C G and a maximal torus 7" C B. Then one can consider the
loop group LG attached to G, the Iwahori subgroup I determined by B, its pro-
unipotent radical I,, and the affine flag variety Flg = LG/I. Consider also the
category Pervy, (Flg, k) of I,-equivariant k-perverse sheaves on Flg. This category
has several collections of important objects, whose classes all form bases of the
Grothendieck group:
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(1) The simple objects are the intersection cohomology complexes (S%,, : w €
W) attached to I,-orbits on Flg; they are naturally parametrized by the
extended affine Weyl group W = Wi x X,.(T'), where W; is the Weyl group
of (G,T).

(2) For any w € W, we have “standard” and “costandard” perverse sheaves
A, and V,, obtained by !-extension, resp. *-extension, of the constant
perverse sheaf on the orbit labelled by w.

(3) For any w € W, we also have an indecomposable tilting perverse sheaf .7,
whose support is the closure of the orbit of w.

For various reasons, it is a very interesting problem for geometric representation
theory to describe the combinatorics of these objects, and in particular to describe
the coefficients of the expansion of classes of simple objects or indecomposable
tilting objects in the basis of the Grothendieck group given by classes of standard
perverse sheavesﬁ For any indecomposable tilting perverse sheaf .7, the coefficient
of the class of A, in this expansion will be denoted by (7, : Ay).

On the other hand, following [6] one can consider the “mixed modular derived
category” DEiX(F1G7 k), defined as the bounded homotopy category of the category
of I,-equivariant parity complexes on Flg in the sense of [26]. This category admits
a canonical t-structure which we call the “perverse t-structure”, and whose heart
is denoted by PerinX(Flg, k). This latter category looks very much like “a graded

.

version of Pervy, (Flg,k)”; in particular, we have families of objects as above:

(1) The simple objects (up to “Tate twist”) are some “mixed intersection co-
homology complexes” (FEM* : w € W) attached to I,-orbits on Flg; they
are naturally parametrized by W.

(2) For any w € W, we have “standard” and “costandard” mixed perverse
sheaves AX and Vmix,

(3) For any w € W, we also have an indecomposable mixed tilting perverse
sheaf Z™* whose support is the closure of the orbit of w.

As above, classes of standard mixed perverse sheaveﬂ form a basis of the Grothen-
dieck group (now over the ring Z[v,v~!], where v corresponds to Tate twist), and
one can ask what is the expansion of classes of simple or indecomposable tilting
perverse sheaves in this basis. This question is largely open for simple objects,
but for indecomposable tilting objects an answer is given (assuming that p is odd
and very good) in [3]: these coefficients are the p-Kazhdan—Lusztig polynomials
(Phyw : y,w € W) of the corresponding Hecke algebra in the sense of [25].

Now we assume that p is very good for G, and that moreover for any inde-
composable summand of the root system of (G,T), p is strictly larger than the
corresponding bound in Figure [[I Under these assumptions, the main results of
the paper are the following.

31t is a basic fact that, for any w € W, the classes of A,, and V, in the Grothendieck group
coincide, so that there is no need to choose between the two families.

41 this setting it is no longer true that the classes of ABD‘ and Vg‘ix coincide, but they are
related by a simple operation, so that again the corresponding bases play essentially the same
roles.
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1 | n | 2 | 2 | 3 ]19|31] 3] 3

A,(n>1)|B, (n>2)|C,(n>3)| D, (n>4) | Es | E | Es | F4 | Gy

FIGURE 1. Bounds on p

(i) (Theorem [5.5) The construction of an exact degrading (with respect to the
Tate twist) functor

v : Pervi"™(Flg, k) — Pervy, (Flg, k)
that satisfies
v(ICX) = IE,, V(A 2 A,
p(VI) >y, v(Tmx) = 7,
(ii) (Corollary A proof that for any y, w € W we have
(T = Ay) = Phy (1),

Remark 1.1. (1) In the body of the paper we work under slightly weaker assump-
tions, which however require more notation. These assumptions allow e.g. the
group G = GL,,(F) and any prime p invertible in F.

(2) We expect that these assumptions can be weakened at least to “p is good
for G”.

(3) We emphasize that in (i) we consider multiplicities in ordinary (not mixed!)
indecomposable tilting perverse sheaves. We do not know a more direct way of
computing these integers.

1.4. Comments on the proof and further results. As in the case of “finite”
flag varieties in [6], these two results are deduced from the construction of a “degrad-
ing” functor relating I,,-equivariant parity complexes and tilting perverse sheaves on
Flg. In [6] this construction relied on the results of the companion paper [5]. Here
it is deduced from the main result of [I6], using relatively elementary manipulations
with some “Hecke categories” whose definition is inspired by some constructions of
Abe. (See §§2.4/2.5] for the definition of these categories.)

As in [6], our construction is non canonical: it requires a choice of a “pseudo-
logarithm” morphism (see for the Langlands dual group Gy. This choice is
necessary to relate the monodromy that naturally appears in the study of tilting
perverse sheaves, and which involves the algebra of functions on the maximal torus
T,Y of Gy, and the I-equivariant cohomology of a point that naturally appears
in the study of parity complexes, and which involves the algebra of functions on
the dual of the Lie algebra of 7}Y. The interplay between these “multiplicative”
and “additive” algebras seems to be a common feature of the various approaches to
“mixed sheaves” on flag varieties (see, e.g., [19] discussion following Definition 1.2]),
and might deserve a better understanding.

This construction is closely related to that of a “Koszul duality” for categories of
perverse sheaves on flag varieties as in [I3,[I8] 3], and in fact in We explain how
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our methods (again following the methods of [6]) allow us to provide an alternative
construction of the “modular” version of this duality from [3], in the special case
of affine flag varieties.

In the final §5.4] we also discuss Whittaker and parahoric variants of the problems
studied above.

Remark 1.2. There is another very important family of perverse sheaves on Flg,
namely the “central perverse sheaves” associated with representations of G}/; see,
e.g., [10]. Versions of these objects can now also be defined in the mixed setting,
thanks to work of Cass—van den Hove—Scholbach [19]. It is likely that our functor v
sends mixed central perverse sheaves to central perverse sheaves, but this problem
will not be studied here.

2. SOME HECKE CATEGORIES

2.1. Affine and extended affine Weyl groups. Let k be an algebraically closed
field of characteristic p, and G be a connected reductive algebraic group over k.
We fix a Borel subgroup B C G and a maximal torus T C B, and denote by W
the Weyl group of (G, T), i.e., the quotient Ng(T)/T. Then Wy is a finite group,
and the choice of B determines a system of generators Sy C Wy such that (W, Sg)
is a Coxeter system. More specifically, consider the character lattice X*(T) of T,
and the subset of roots B C X*(T). We denote by SR C R the positive system
consisting of the opposites of the T-weights in the Lie algebra of B, and by Rs the
corresponding basis of R. Then S¢ consists of the reflections associated with the
simple roots. We will also consider the cocharacter lattice X, (T), and the system
of coroots RY C X,(T). The Lie algebras of G, B, T will be denoted by g, b, t,
respectively.
The extended affine Weyl group of (G, T) is the semidirect product

W = W; x X*(T).
The affine Weyl group of (G, T) is the subgroup
Waﬂ‘ = Wf X Zfﬁ,

where Z9® C X*(T) is the lattice generated by R. For A € X*(T), we will denote
by t(A) the associated element of W. It is a standard fact that there exists a
natural subset S,g C W,g containing Sy and such that (W,g, S.g) is a Coxeter
system; more precisely, S, consists of the elements of S¢ together with the products
t(8)sp, where § is a maximal short root. By construction, Wy is then the parabolic
subgroup of W,g generated by St.

If we set, for w € Wy and A € X*(T),

LwtN) = Y Ka)l+ Do [aY)+1],

aER4 aER
w(a)ER4 w(a)eE—Ry

then it is well known that the restriction of £ to W,g is the length function associ-
ated with our Coxeter generators S,g, and that if we set @ = {w € W | £(w) = 0}
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then the natural morphism
QAx Wyg > W

is a group isomorphism. Moreover, in this semidirect product € acts on W,g by
Coxeter group automorphisms, i.e., it stabilizes S,g-.

Recall from [I6, Lemma 3.1] that if the derived subgroup of G is simply con-
nected, then for any s € S.g \ Sf there exist s’ € Sf and w € W such that
l(ws") = £(w) + 1 and s = ws'w~!. We will fix once and for all such elements.

2.2. Representations of the universal centralizer group scheme. Recall
(see, e.g., [16]) that for any separated k-scheme X endowed with an action of G
we can consider the associated universal stabilizer, defined as the fiber product

(GXX) XXXXX7

where the morphism G x X — X x X is given by (¢,z) — (g - x,2), and the
morphism X — X x X is the diagonal embedding. This scheme has a natural
structure of affine group scheme over X (with respect to the natural projection
to X).

One can in particular consider this construction for the adjoint action of G
on itself; the associated group scheme is denoted by J, and called the universal
centralizer. This group scheme itself is not so interesting because it is not flat, but
assuming that the following conditions hold:

(1) the derived subgroup of G is simply connected;
(2) the scheme-theoretic center Z(G) C G is smooth,

the restriction Jcg of J to the open subscheme G, C G of regular elements
is smooth. (This statement is classical; for a proof in this generality, see [I6],
Lemma 2.17].) From now on we assume that these conditions are satisfied. (Note
for later use that (2]) is equivalent to the property that X*(T)/Z% has no p-torsion;
see [16] §2.3].)

Consider a “Steinberg section” 3 as in [16, §2.2]. The properties of this section
that we will need are the following: 3 is a closed subscheme in G, contained in
Gicg, and the composition

Y¥>G—->G/G=T/W; (2.1)

is an isomorphism. (Here the second morphism is the adjoint quotient map, and
the identification on the right-hand side is classical.)

Let Js be the restriction of J to ¥, a smooth affine group scheme over 3, and
set

Is = (T xp/w; T) x1/w; J=,
where the map Js — T /Wt is the composition of the projection Js — ¥ with the
isomorphism . Let also Rep(Is;) be the abelian category of representations of
Is on coherent Oy .. /WfT—modules. It identifies with the category of comodules
over the (T xt,w, T)-Hopf algebra

O(lx)=0Js)®ex) O(T xp/w, T)
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which are finitely generated as (T xy,w, T)-modules. Since O(T xt,w, T)
is finite as an (X)-module, this category admits a natural monoidal structure
defined by
M@NZM@@(T) N.

This bifunctor is right exact on each side, and the unit object for this monoidal
structure is €(T), seen as functions on the diagonal copy T C T xt,w, T, and
endowed with the trivial structure as a representation of Iy;.

We will now define (following [I6, §3.2]) objects (A : w € W) of Rep(Is)
parametrized by W as follows. First, if w € W¢ then .#,, is defined as the structure
sheaf of the closed subscheme

{(’U}(t),t) 't e T} cT XT/Wf rJ:‘I7

endowed with the trivial structure as a representation. The projection on the first
component induces an isomorphism .#,, — O(T); under this isomorphism, the
action of O(T x1/w, T) = O(T) @1 w,) O(T) on .4, is given by (f®@g) -m =

fulg)m for f,g,m € O(T),
By [16, Equation (2.13)], there exists a canonical morphism of group schemes

Js XT/WfT_>T><T7

where the right-hand side is seen as a group scheme over T via the first projection.
If A € X*(T), one can consider the representation O @kt (\) of T x T. Restricting
this representation to Js Xt w; T, and then pushing the result forward along the
diagonal embedding T — T x1,w, T we obtain an object of Rep(Ix), which will
be denoted by ;).

It is clear that for w,y € Wy and A, u € X*(T) we have canonical isomorphisms

My ® My =5 My, (2.2)
My ® Moy — Me(rtp)- (2.3)

It is explained in the discussion following [16, Lemma 3.2] that for w € W¢ and
A € X*(T) we have a canonical isomorphism

Moy ® Moy ® My = My(p(n))-

Combining this with (2.2)—(2.3]) we deduce that if for w = zt(\) € W¢ x X*(T) =
W we set
My = My, ®'//t()\);

then for any w,y € W we have a canonical isomorphism
Moy ® My = Moy

We next define some objects (% : s € San) associated with simple reflections
in W,g. First, if s € Sy we define %, by

By = O(T xp/11,6 T),
which we view as an &(T x1/w, T)-module via the closed embedding

T XT/{l,S} T - T XT/Wf T,
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and endow with the trivial structure as a representation. If s € S.g \ S¢, recall
from that we have fixed s’ € S; and w € W such that s = ws'w™'; we set

By = My ® By ® M.

Tt is easily seen (e.g., by reduction to the case s € S¢) that for any s € S,g there
exist exact sequences

%e%gs_»%sa My — Bs — M.

2.3. Completions. Consider the ideal in &(T x,w; T) defined by the point (e, e)
(where e € T is the neutral element), and denote by (T X w, T)" the spectrum of
the completion of &(T X w, T) with respect to this ideal. We define similarly T
and (T/W¢)" as the spectra of the completions of &(T) and &(T/W¢) with respect
to the ideal corresponding to e and its image, respectively. Then, as explained in
[16, Lemma 3.3], we have canonical isomorphisms

(T XT/Wf T)/\ = (T XT/Wf T) XT/Wf (T/Wf)/\ = TA X(T/Wf)/\ T/\. (24)

It is also proved in loc. cit. that the natural morphism &((T/W¢)") — O(T")
induces an isomorphism

O((T/Wp)") = o(TMWr.
We set
H% = (T XT/W; T)A XTXT/wa Iy = (T X /Wy T)/\ XT /Wy Js,

a smooth affine group scheme over the affine scheme (T xr,w, T)". We will
consider the category Rep(I4) of representations of this group scheme on coherent
O(T . jw, T)~-modules. The isomorphisms in show that an &((T x1,w, T)")-
module is the same thing as an &(T”)-bimodule on which the left and right actions
of 0((T/W¢)") coincide. (We will use this identification repeatedly and without
further notice below.) In particular, the category of such modules admits a natural
monoidal product, induced by the tensor product for &(T")-bimodules; moreover,
this product stabilizes the subcategory of finitely generated ¢((T Xt w, T)")-
modules. Since I§ is the pullback of a group scheme over (T/W¢)", this product
induces a monoidal product on the category Rep(I4), which will again be denoted
by ®. In [I6l Lemma 3.4] it is also proved that the category Rep(Ig) is Krull-
Schmidt.

Pulling back the representations (#, : w € W) and (%;s : s € Sag) introduced
in along the natural morphism (T X w, T)" — T x1,w, T we obtain objects
(A - we W) and (B : s € Sag) in Rep(I). It is clear that for any w,y € W
we have a canonical isomorphism

My ® M) = M,

wy?

and that for s € S, we have exact sequences

M B M, M B M)
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By [16, Lemma 3.5], for any s € S,g\S; the object %2 is independent of the choices
of w and s’ as in up to canonical isomorphism; moreover, for any w € € and
s € Sag we have a canonical isomorphism

My ® B ® M =B (2.5)
We will denote by BSRep(I4) the category with
e objects given by the collections (w, s1,...,s;) with w € Q and s1,...,s; €
Satt;
e morphisms from (w, s1,...,s;) to (w',s],...,s}) given by
Hompepp) (AL ® B @ - - @ B, M) @%Q ® - @%Q;).
By definition there exists a canonical fully faithful functor
BSRep(Ig) — Rep(Is). (2.6)
For any collections (w, s1,...,s;) and (w’, s, ...,s}) as above, we have a canonical
isomorphism

(A ® Bl @ @B @ (My & By & ® B)
= Moy ® By 1510 ® @ By ® By B ® B
J

this allows us to define a monoidal product (again denoted by ®) on BSRep(I4)
which is defined on objects by

(W, 81, 58) ® (W, 57,...,85) = (W, (W)t (W) T s s, 57)
and such that (2.6) is monoidal.

We will denote by

SRep(I3)
the karoubian closure of the additive hull of the category BSRep(I4). By the Krull-
Schmidt property, this category identifies with the (monoidal) full subcategory of
Rep(I§) whose objects are direct sums of direct summands of objects of the form
M) ® B ® - ® B

with w € Q and s1,...,8; € Sag. (In these notations, “BS” stands for “Bott—

Samelson” and “S” for “Soergel”, since these constructions are very similar to clas-
sical constructions related to Bott—Samelson resolutions and Soergel bimodules.)

2.4. Hecke categories “a la Abe”. We now explain how to construct some
categories following a pattern initiated by Abe [I]; see also [16, §3.4]. We consider
a noetherian domain R endowed with an action of W (by ring automorphisms),
and denote by @ the fraction field of R. We denote by K'(R) the category defined
as follows. The objects are the R-bimodules M together with a decomposition

MorQ= P My (2.7)
weW
as (R, Q)-bimodules such that:
e there exist only finitely many w’s such that Mg #0;
e for any w € W, r € R and m € M, we have m - r = w(r) - m.
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Morphisms in this category are defined as morphisms of R-bimodules respecting
the decompositions . The category K'(R) has a natural monoidal structure,
with product denoted by x and induced by the tensor product over R. (To see this,
observe that the conditions above imply that the left R-action on M ® g @) extends
to an action of Q; see [I, Remark 2.2].)

We will also denote by K(R) the full subcategory in K’'(R) whose objects are
those whose underlying R-bimodule is finitely generated, and which are flat as right
R-modules. The latter condition implies that the natural morphism M — M ®r Q
is injective, which (in view of the second condition above) implies in particular that
the left and right actions of R™ on M coincide. The arguments in [I, Lemma 2.6
show that the underlying bimodule of any object in K(R) is in fact finitely generated
as a left R-module and as a right R-module. Using this property, it is easily seen
that K(R) is a monoidal subcategory of K'(R).

Remark 2.1. As explained in [T}, §2.2], for any M in K’(R) there exists a canonical
isomorphism Q ®zr M — M ®z Q. (In the examples we will consider below, the
action of W on R will factor through an action of the finite group Wy, so that
R will be finite over RW; in this case, both Q @z M and M ®r Q identify with
M®pwFrac(RW).) As a consequence, switching the left and right R-actions defines
an autoequivalence of the category K’'(R), where the w-graded part in the image of
M is My "' with the actions switched. This equivalence is “antimonoidal” in the
sense that it swaps factors in a tensor product. It restricts to an autoequivalence of
the subcategory of K'(R) whose objects are finitely generated (as bimodules) and
flat both as a left and as a right R-module.

We have natural objects in K(R) attached to elements in W, and constructed as
follows. Given w € W, we denote by F), the R-bimodule which is isomorphic to R
as an abelian group, and endowed with the structure of R-bimodule determined by
the rule

r-m-r" =rmw(r)
for r,v’ € R and m € F,,. If we endow this bimodule with the decomposition of
F, ®r @ such that this module is concentrated in degree w, we obtain an object
in K(R). It is clear that for any w,y € W we have a canonical isomorphism

Fy* Fy =5 Fyuy.

Next, for s € S we will denote by R® C R the subring of s-invariants. Assume
that

there exists s € R such that (1,ds) is a basis of R as an R°-module. (2.8)

Then we set

BS = R ®Rs R
Our assumption ensures that B; is finite and free (in particular, flat) as a right
R-module. Moreover, this object admits a canonical decomposition and hence
defines an object in K(R). In fact, since the action of s on R is nontrivial by our
assumption, the decomposition of Bs ®r @ = R ®pgs @ is uniquely determined by
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the fact that it is concentrated in degrees {e,s} C W. More explicitly, using the
formula

0505 = 85(0s + s(ds)) — dss(ds),
one checks that we have

(BS)pQ = ((53®1 - 1®3(5S))'Q7 (Bs)a = (5s®1 - 1®5s)'Q~

By [16, Lemma 3.6], if 5,5’ € Sag and w € W satisfy s’ = wsw™!, and if
holds for s, then this condition also holds for s’, and moreover we have a canonical
isomorphism

Fy,xBs* F,-1 = By. (2.9)

We now assume that is satisfied for any s € S,g. We will then denote by

BSK(R) the category with

e objects given by the collections (w, s1,...,;) with w € Q and s1,...,s; €
Saff;
e morphisms from (w, s1,...,5;) to (W', s],...,5}) given by

Homy g (Fiy * Bs, x+++x By, Fiy x By % -+ *Bsg_).
By definition there exists a canonical fully faithful functor
BSK(R) — K(R). (2.10)
Using the isomorphisms (when w € §2), one sees that there exists a natural
convolution product (still denoted by x) on BSK(R) which is defined on objects by

(W, s1,...,8:) x (W', 8],...,87) = (ww, (W) sy, (W) s, 8] 5 85),

and such that (2.10]) is monoidal.
Remark 2.2. Instead of putting the element in €2 to the left, one can also put it
to the right, and define the monoidal category BSK,(R) with objects given by the
collections (sy,...,s;,w) and morphisms defined in the obvious way. The equiv-
alence of Remark sends each B to itself and each F,, to F,,-1. It therefore
induces an equivalence of categories BSK(R) — BSK,(R) which is antimonoidal
and is given on objects by
(W, 81,00, 81) ¥ (84,...,81,w ).

The same comment applies to the graded versions introduced in below.

The following lemma is obvious.

Lemma 2.3. Let R and R’ be two noetherian domains endowed with actions of W
by ring automorphisms. Assume that condition (2.8|) is satisfied for the ring R (for
any s € S.g), and assume given a W-equivariant ring isomorphism R —» R’.
Then condition (2.8)) is satisfied for the ring R’ (for any s € Sag), and there exists
a natural equivalence of monoidal categories

K'(R) = K'(R')
which restricts to an equivalence

K(R) = K(R')
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sending each object Fy, (w € W) or Bs (s € Sa) in K(R) to the corresponding
object in K(R'). As a consequence, we deduce an equivalence of categories

BSK(R) = BSK(R')
which is the identity on objects.

2.5. Graded Hecke categories. The construction of admits a “graded vari-
ant” as follows. In this setting we assume that R is a (Z-)graded noetherian do-
main, and that the action of W is by graded ring automorphisms. Then we have
a “grading shift” functor (1) on graded R-bimodules, defined in such a way that
(M(1))" = M**! for any i € Z. We define the category Ki (R) as above, but using
graded R-bimodules and morphisms of graded bimodules. (The fraction field @ has
no grading, and we impose no compatibility of the decomposition of M Qg @ with
the grading.) One then defines the subcategory K, (R) in the same way as above.
In order to define B; we assume that there exists a homogeneous element d; € R
such that (1,ds) is a basis of R as an R*-module. Moreover, we set

By = R®p: R(1).
Finally, BSKg:(R) is defined as the category with:

e objects given by the collections (w, $1,...,8;,n) withw € Qand s1,...,8; €
S.g and n € Z;
e morphisms from (w, s1,...,s;,n) to (W', s1,...,s},n') given by

Homy,, (r) (Fi * Bs, %+ % By, (1), Fur x By %+ x By (n")).

As above, we have a canonical fully faithful functor BSKy (R) = Kg(R). Given
M, N in Kg (R), we set

Homy (g (M, N) = @5 Homy,, (1) (M, N (n)).
neE”Z
Again the category Ki,(R) admits a natural convolution product x, which makes
it a monoidal category and stabilizes the subcategory Kg:(R), and which induces a
monoidal structure on BSKg,(R) given on objects by

(w,sl,...,si,n)*(w',sll,...,s;-,n/)

= (W', (W) s, (W) s s, s+ ).

2.6. Completed Hecke category and representations of I§. The first ring
to which we will apply the construction of is 0(T"), with the action of W
obtained from the natural action of W¢ by pullback along the projection W — Wr.
It is explained in [I6, §3.5] that the condition is satisfied for any s € S.g in
this case. The resulting categories K(€(T")) and BSK(&'(T")) will be denoted by

K" and BSK",

respectively.

Recall the category Rep(I) considered in We will denote by Repgq(I&)
the full subcategory of representations whose underlying coherent sheaf is flat with
respect to the projection (T X w, T)" — T” on the second component. It is not

Rev. Un. Mat. Argentina, Vol. 69, No. 1 (2026)



MIXED MODULAR PERVERSE SHEAVES ON AFFINE FLAG VARIETIES 385

difficult to check that Repg(I4) is a monoidal subcategory in Rep(I4), and that it
contains the essential image of .

With this definition, it is proved in [I6] Proposition 3.9] that there exists a
canonical fully faithful monoidal functor

Repg (I5) — K

sending .#/ to F,, for any w € W and %% to B, for any s € S,g. By monoidality,
for any w € @ and sy,...,s; € S this functor sends .Z) ® B, ® --- ® A to
F,, = Bs, % --- % Bg,; it therefore induces an equivalence of monoidal categories

BSRep(I%) — BSK”" (2.11)

which is the identity on objects.

2.7. “Additive” Hecke categories. From now on, in addition to our running
assumptions (see §2.2)) we will assume that:

(1) pis good for G;
(2) there exists a G-equivariant isomorphism g — g* (which we fix from now
on).

Remark 2.4. The first assumption is explicit and mild; the second one holds in
particular if G = GL,,, and if p is very good for G; see [28] Proposition 2.5.12].

We consider the ring &(t*), endowed with the grading such that t C O(t*) is
placed in degree 2, and with the action of W obtained from the natural action of
W; by pullback along the projection W — W¢. Conditions are again satisfied
in this case; indeed by [0, Remark 3.7] we can assume that s € S¢. In this case,
if o is the associated simple root, as explained in [22 Claim 3.11] one can take
as 0, any element = € t such that d(a)(z) = 1, where d(«) is the differential of «.
(Such an element does exist since X*(T)/Z%R has no p-torsion.) The categories
Ker (O(t*)) and BSK,, (0(t*)) will be denoted by

Kadd and BS Kadd .

Remark 2.5. The categories K,qq and BSK,4q are (up to the subtleties related
to length-0 elements) the categories denoted by C and BS in [I], for the following
data:

e the underlying k-vector space is V' = t;

e if s € S¢, and if « is the simple root associated with s, then the “root”
a € t is the differential of oV, and the “coroot” o € t* is the differential
of

o if € M, is a maximal short root and s = t(3)ss, then the “root” a, €t
is the opposite of the differential of 8V, and the “coroot” o) € t* is the
opposite of the differential of 3.

(As explained in [I4, §2.2], these data satisfy the technical assumptions imposed
in [1].)
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We will now denote by (t*)" the spectrum of the completion of €(t*) with
respect to the ideal t - &(t*). We will consider a third family of categories as
in §2.4] now associated with the ring &((t*)"). To check that conditions hold
in this case, one can e.g. use the following “additive” variant of [16, Lemma 3.3]
(applied to the Levi factor of G associated with s, when s € S¢). Here we denote
by (t*/W¢)" the spectrum of the completion of &(t* /W¢) with respect to the ideal
corresponding to the image of 0 € t*, we consider the fiber product

t* Xt*/Wf t*,
and we denote by (t* X ¢+ /w, t*)" the spectrum of the completion of &/(t* X ¢« jwy, t*)

with respect to the maximal ideal corresponding to (0,0) € t* x¢- /w, t*.

Lemma 2.6. (1) There exist canonical isomorphisms of k-schemes
(t)" 2 t* X pw, (8/We)"
and
(6" Xgepw, £9)0 2 (8 Xge (85 X i, £7) =2 (6 X pw, ) e (£9)"
& (6" X oy ) X wy (8 /W)™ 22 (65)0 X pwpyn (87,
where in the first (resp. second) fiber product the morphism t* X« jw, t* —t* is

induced by projection on the first (resp. second) factor. Moreover, O((t*)) is finite
and free (in particular, flat) over O((t*/We)").

(2) The natural morphism O ((t* /Wi)") — O((t*) YWt is an isomorphism.

Proof. The proof of (1) is similar to that of [I6, Lemma 3.3 (1)], replacing the
reference to the Pittie-Steinberg theorem with a reference to the main result of [20]
(applied to the “precised” root system R in X,(T); our assumptions guarantee
that p is not a torsion prime for this root system).

To prove (2), let us set Kygq :=t- O(t*) and Jaqq := Kaaa N O(t* /W), so that
O((t*)") is the completion of &(t*) with respect to Kaqq and O((t*/W;g)") is the
completion of &(t*/Wy) with respect to Jaqq. It is easily seen that &'((t*)" )Wt is
the completion of &(t* /W) with respect to the (decreasing) family of ideals

((Kadd)n N ﬁ(t*/Wf) n e 221)~

Now for any n > 1 we have (Jada)"” C (Kadada)” N O(t*/Wg). On the other hand, as
in the proof of [16, Lemma 3.3], there exists N such that (Kaqda)" C Jaaa - O(t%).
We deduce that for any n > 1 we have (Kaqq)™™ C (Jaaqd)™ - O(t*), and then since
the embedding O(t*/W¢) — O(t*) admits an &(t* /Wg)-linear retraction (again
by the main result of [20]), we deduce that (Kaqq)™™ N O®*/Wt) C (Jaaa)", so
that our two completions are isomorphic. O

The categories K('((t*)")) and BSK(O((t*)")) will be denoted by

respectively.
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2.8. A technical lemma on representations of affine group schemes. As a
preparation for the next subsection, here we prove a technical lemma on (affine)
group schemes and their categories of representations.

Given a commutative noetherian ring R (or, equivalently, an affine noetherian
scheme X = Spec(R)) and a R-Hopf algebra A flat over R (or, equivalently, a flat
affine group scheme H = Spec(A) over X), we will denote by Rep(H) the category
of representations of H on coherent &x-modules, or in other words the category
of A-comodules which are finitely generated as R-modules.

If R is endowed with a Z-grading (equivalently, X is equipped with an action of
the multiplicative group over Z) and A with a compatible Z-grading (equivalently,
H is endowed with an action of the multiplicative group such that the structure
morphism H — X, the multiplication morphism H xx H — H, the inversion
morphism H — H and the unit section X — H are equivariant), we will denote
by Rep®m (H) the category of equivariant (for the multiplicative group) represen-
tations of H on coherent &x-modules, or in other words the category of Z-graded
A-comodules which are finitely generated as R-modules. (We will refer to this set-
ting as the “graded setting”.) This category admits a “shift of grading” functor (1),
defined with the same convention as in §2.5] We have a canonical forgetful functor

For®m . Rep(Gm (H) — Rep(H)

which satisfies For®® o (1) = For®=.

If R and A are as above, with X = Spec(R), H = Spec(A), given a commutative
noetherian ring R’ and a ring morphism R — R’, we can set X’ := Spec(R’) and
consider the group scheme obtained by base change

X' xx H = Spec(R' ®@p A)

and its category of representations (finite over R’) Rep(X’ xx H). We then have
a canonical functor

R ®p (=) : Rep(H) — Rep(X' xx H).
Lemma 2.7. Let R and A be as above, and set X = Spec(R), H = Spec(A).
(1) Assume we are in the graded setting. For any M, M’ in Rep®™(H), the
functor For® induces an isomorphism
D Homgepem () (M, M’ (n)) =+ Hompgey(zr) (For® (M), For®= (M")).
neZ

(2) Assume we are given a commutative noetherian ring R’ and a flat morphism
R — R'. Then for any M, M’ in Rep(H), the functor R’ ®g (—) induces
an isomorphism

R’ @ Hompep(rr) (M, M") = Homgep(x/x x ) (R ®r M, R' @ M').

Proof. We will prove this property when M’ is more generally a Z-graded
A-comodule which is not necessarily finitely generated over R. (The category of
such objects will be denoted by Rep®™(H).) First, assume that M’ =V @ A for
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some graded R-module V' (with the coaction induced by the comultiplication in A).
Then by Frobenius reciprocity [24, Proposition 1.3.4], for any n € Z we have

Hompom g (M, M'(n)) = Hompyogz gy (M, V (1)),
where ModZ(R) is the category of Z-graded R-modules, and
Homgep( sy (For® (M), For® (M) = Hompea(ry (M, V).

Now it is a classical fact that, since M is finitely generated over R, the forgetful
functor induces an isomorphism

D Hompoqz gy (M, V(n)) = Hompea(ry (M, V);
nez
the desired claim follows in this case.

The case of a general Z-graded A-comodule M’ follows from this special case
using the five lemma and the fact that for any such M’ the coaction defines an
injective morphism of Z-graded A-comodules M’ — M’ ®p A, where in the right-
hand side M’ is regarded as a graded R-module.

As explained e.g. in [I4, Lemma 3.8 (2)], the R-module Hom g (M, M) admits
a natural structure of A-comodule, and we have

HomRep(H) (M7 M/) = (HOH’IR(M, Ml))H7

where (—)# is the functor of H-fixed points. Similarly, Homg (R’ ®r M, R'®p M')
admits a natural structure of (R’ ® A)-comodule, and we have

HomRep(X/XXH)(R' PR M, R/ SR M/) = (HOIHR/(R/ SR M,R/ QR M,))X o

where (—)X"*xH s the functor of (X’ x x H)-fixed points. Now we have
Homp (R' ®r M,R' @ M'") = Homgr(M,R @ M'),
and since R’ is flat over R we have
Homp(M,R ®pr M') = R' @ Homp(M, M)
by [14, Lemma 3.8 (1)]. Finally, by [24, Equation 1.2.10 (3)], using again our flatness

assumption we have

X’XXH

(R’ ® g Homp(M, M")) = R @g (Homp(M, M"))".

Combining these isomorphisms we deduce the desired claim. O

2.9. Additive Hecke categories and representations of the (additive) uni-
versal centralizer. From now on we fix a Kostant section S C g as in [14} §2.3],
and denote by S* its image under our identification g — g*. Here, a Kostant
section is an “additive” variant of the Steinberg section ¥; what we will use is
that S is an affine subspace of g, contained in the open subset of regular elements,
and that the composition S — g — g/G = t/W¢ is an isomorphism. In particu-
lar, from this fact we deduce that the coadjoint quotient provides an isomorphism
S* = t* /Wy
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The same considerations as in §2.2] lead to the definition of the universal cen-
tralizer group scheme Jg+ over S*; see [I4, §2.3] for details. This is a smooth
affine group scheme over S*, endowed with an action of G, which is compatible
(in the sense considered above Lemma with the action on t*/Wy such that
the quotient morphism t* — t*/W¢ is Gy,-equivariant, where ¢t € Gy, acts on t*
by multiplication by ¢t=2. We can then consider the group scheme

Hs* = (t* Xt*/Wf t*) Xt*/Wf HS*
and the associated category
RepG"’ (Is+)

of Gy -equivariant representations on coherent sheaves. This category admits a
canonical convolution product defining a monoidal structure. If we denote by

Repg’m (Is+)

the full subcategory whose objects are the representations whose underlying coher-
ent sheaves are flat with respect to the second projection t* x¢« w, t* — t*, then
this full subcategory is stable under convolution, hence a monoidal category.

On the other hand, set

Ig. := (t* Xgx /Wi t*)" Xt* X g gt Is-.

Then, once again, the abelian category Rep(I§.) of representations of I§. on coher-
ent Og-x,. /Wft*)A-modules admits a canonical convolution product which makes it
a monoidal category. If we denote by Repq(I§.) the full subcategory whose objects
are the representations whose underlying coherent sheaves are flat with respect to
the second projection (t* xg«w, t*)" — (t*)", then this subcategory is stable
under convolution, hence a monoidal category.
Proposition 2.8. The following statements hold:

(1) There exists a canonical fully faithful monoidal functor
Repg™ (Is+) — Kadd, (2.12)

whose essential image contains the objects By (s € Sag) and F,, (w € W ).
(2) There exists a canonical fully faithful monoidal functor

Repq(Is-) — Kiaa, (2.13)
whose essential image contains the objects By (s € Sag) and Fy, (w € W).

Proof. (1) This statement is proved in [I4] Proposition 2.7 and Lemma 2.9].
(2) The proof is similar to that of [I6, Proposition 3.9]. O

More specifically, one can define canonical objects in the category Rep((ﬂ;’m (Is+)

(resp. in Repg(I§.)) whose image under ([2.12)) (resp. (2.13)) are the corresponding
objects Bs; and Fy,. Using these objects one obtains that the functors (2.10) in
these two settings factor through (fully faithful) monoidal functors

BSKada — Repg™ (Is-), BSK{aq — Repyq(Ig-).
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Using the second of these functors one can define a category BSRep(I§.) of “Bott—
Samelson type” representations of I§., with objects given by the collections (w, s1,
..., 8;) with w € @ and s1,...,8; € Sag, and which is canonically equivalent to
BSK.4q- One can also define the category SRep(I4.) of “Soergel type” representa-
tions as the karoubian closure of the additive hull of BSRep(I§. ); equivalently, this
category identifies with the full subcategory of Repg(I§.) whose objects are direct
sums of direct summands of objects in the image of BSK.,.

We deduce from Propositionthe following property. (We expect this proposi-
tion to admit a direct algebraic proof, but the proof given below relies on geometry

and Proposition [2.8])

Proposition 2.9. There ezists a monoidal functor
F: Kaga — Koyg
which satisfies Fo (1) = F and sends each object Fy, (w € W) and By (s € Sag) in
Kada to the corresponding object in Ky, and such that F induces an isomorphism
Homggy ., (M, M') @ g4y O((t*)") = Homgsk~ (F(M),F(M’))
for any M, M’ in BSK,qq.
Proof. The functor F is defined by
F(M) = M ®¢-) O((t7)"),

where in the right-hand side we omit the functor forgetting the Z-grading. Let
us first explain why this indeed defines a functor from Kuqq to KZ,. Since M is
an object in K,qq, it admits in particular an action of &(t* x¢- w, t*). Hence
M @) O((t*)") admits an action of

O(t" X¢« yw; t7) Qo) o(t")"),
which identifies with &((t* x¢» jw, t*)") by Lemma This object can therefore

be regarded as a (finitely generated) &((t*)")-bimodule. On the other hand, we
have

(M @gt) O((t)")) @o(t)r) Frac(O((t*)"))
= (M @ gt Frac(O(t"))) @prac(o(e)) Frac(@((t*)")).

Here we are given a decomposition of M ®g+) Frac(0(t*)) parametrized by W,
which induces a decomposition of (M @4+ O((t*)")) @e()r) Frac(O((t*)"))
parametrized by W. Finally, M ® ) O((t*)") is flat over &/((t*)") for the action
on the right, hence it indeed admits a canonical structure of object in K2,,.

It is easily checked that F has a canonical monoidal structure and the required
action on the objects F,, and Bs;. To check that this functor has the required
property on morphism spaces, we consider the equivalences of Proposition 2.8 and
the functor of pullback under the natural morphism (t* X ¢« yw, t)N — t* Xg= jw £
(and forgetting the grading). This defines a natural monoidal functor

Repg™ (Is-) — Repg(T4.) (2.14)
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and, in view of the identification O((t* X« w, t*)") = O(t* X jw, t¥) @pe)
O((t*)"), the diagram

E12)
Reps™ (Ig+) ———— Kada

E13)
Repg(I§.) ———— = Kluq

commutes. The desired property of F therefore follows from the corresponding
property of the functor (2.14)), which itself follows from Lemma and the iden-
tiﬁcation ﬁ((t* Xt*/Wf t*)/\) = ﬁ(t* Xt*/Wf t*) ®ﬁ(t*) ﬁ((t*)/\) O

2.10. Relation between the “multiplicative” and “additive” Hecke cate-
gories. Finally, we explain the relation between the (completed) “additive” and
“multiplicative” Hecke categories.

Lemma 2.10. Assume that there exists an étale (in particular, central) isogeny
G’ — G and a morphism G’ — Lie(G’) which is G'-equivariant (for the adjoint
actions), sends e to 0, and is étale at e. Then there exists a We-equivariant iso-
morphism O((t*)") = O(T"), from which we obtain an equivalence of monoidal
categories
Kaaa = K"

sending each object F\, (w € W) or By (s € Sag) in Ky, to the corresponding
object in K. As a consequence, we obtain an equivalence of monoidal categories

BSKZ,4 = BSK"
which is the identity on objects.

Proof. By assumption there exists a G-equivariant isomorphism g — g*; if one
identifies t* with the subspace of g* consisting of linear forms vanishing on each
root subspace, then this isomorphism must restrict to an isomorphism from t = gT
to t* = (g*)T, which is Wy-invariant. To construct our isomorphism it therefore
suffices to construct a We-equivariant isomorphism from ¢ (T") to the completion
of O(t) with respect to the ideal corresponding to 0.

Consider now an isogeny G’ — G as in the statement. If TV C G’ is the
preimage of T, then T’ is a maximal torus in G’, and our isogeny restricts to
an étale morphism T/ — T sending e to e. It therefore induces an isomorphism
between (T”) and the completion &(T')" of O(T’) with respect to the ideal
corresponding to e, and also an isomorphism from Lie(T’) to t. The Weyl group
of (G, T’) canonically identifies with W¢, and both of our isomorphisms are W-
equivariant.

Our morphism G’ — Lie(G’) must restrict to a Wi-equivariant morphism from
T = (G)T to Lie(T’) = (Lie(G’))T". Moreover, this morphism sends e to 0 and
is étale at e (e.g., by consideration of tangent spaces). It therefore induces a Wi-
equivariant isomorphism between ¢(T’)" and the completion of &'(Lie(T’)) with
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respect to the ideal corresponding to 0. Combining these isomorphisms we deduce
the desired isomorphism

o) = o(T").
Once this isomorphism is constructed, we deduce the desired equivalences using
Lemma 2.3 O

From Lemma|2.10} together with the equivalence (2.11]) and its analogue deduced
from Proposition [2.8(2), we obtain an equivalence of additive monoidal categories

SRep(I%) = SRep(I§.).

Remark 2.11. The assumption in Lemma [2.1I0] holds at least in the following
cases:

(1) G = GL,(k);

(2) pis very good.
In fact, in the first case one can take G’ = G, with the morphism GL, (k) — gl,, (k)
given by X — X —1,,. For the second case, one observes first that if p is very good
and G is semisimple (and simply connected) then there exists a morphism G — g
sending e to 0 and étale at e; see [I7, Remark 8.1] for details. The similar claim
of course also holds if G is a torus. Finally, for a general G, as explained in [24],
§I1.1.18] there exists a torus H and an isogeny 2(G) x H — G (where Z(QG) is the
derived subgroup of G) whose kernel is a subgroup of the center of Z(G). Since
p is very good this center is a discrete group, hence this kernel is smooth, proving
that the isogeny is étale. One can therefore take G’ = 2(G) x H.

3. TILTING PERVERSE SHEAVES ON AFFINE FLAG VARIETIES

3.1. Sheaves on affine flag varieties. Now we fix an algebraically closed field F
of positive characteristic and a connected reductive algebraic group G over F. We
also choose a Borel subgroup B C G and a maximal torus 7' C B. To G one can
associate its loop group LG (a group ind-scheme over F) and arc group LTG (a
group scheme over F, not of finite type unless G is the trivial group). For definitions,
see, e.g., [16] §4.1]. The associated Iwahori subgroup I C L™ G is the preimage of B
under the canonical morphism LG — G. The prounipotent radical I,, of I is then
the preimage of the unipotent radical U of B under this map. We consider the
affine flag variety Flg, namely the ind-scheme over F defined as

Flg = (LG/T)tppr-

We also have a canonical T-torsor over this ind-scheme, defined as

Flg = (LG/1y)ppt-

The map realizing this torsor will be denoted by 7 : 1*:1@ — Flg. Finally, the affine
Grassmannian Grg is the ind-scheme defined as

GI‘G = (LG/L+G)fppf.

We now choose a prime number p invertible in F and denote by k an algebraic
closure of the finite field F,,. We will consider the following categories:
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e the (étale) L+ G-equivariant derived category of k-sheaves on Grg, denoted

by Dp+g,L+as

e the (étale) I-equivariant derived category of k-sheaves on Flg, denoted by

Dr1;

e the (étale) I -equivariant derived category of k-sheaves on Flg, denoted by

Dy, 1;

e the (étale) completed I,-equivariant derived category of k-sheaves on li‘vlg

which are constructible with respect to the stratification by I-orbits, de-
noted by Df | .

Here the fourth case relies on constructions due to Yun in an appendix to [I8]; see
also [I5] or [16] §6.1]. The structures on these categories that will be used below
are the following:

(1)

(5)
(6)
(7)

The category D+ 1+¢ admits a canonical monoidal structure, with prod-
uct given by the convolution bifunctor, denoted by xr+¢g; see, e.g., [16]
§4.3].

The category Di; admits a canonical monoidal structure, with product
given by the convolution bifunctor, denoted by *1; see, e.g., [16], §4.2].
The category Dﬁ 1, admits a canonical monoidal structure, with product
given by the convolution bifunctor, denoted by *; see [16], §6.1].

The category Dy, 1 admits a canonical left action of DIAu 1, and a canonical
commuting right action of D;j. These actions are given by convolution,
and the corresponding bifunctors will also be denoted by % and *r.

We have a “forgetful” functor For%u : D11 — Dr, 1.

There exists a canonical functor 7y : Df | — D, 1; see again [16] §6.1].
Let T} be the k-torus whose lattice of characters is X, (T'), and let (7,/)"
be the spectrum of the completion of the ring /(7)) with respect to the
maximal ideal corresponding to the unit element. Then the category Dﬁ,,l.,
is naturally enriched in right modules over &'((1,)"), via right monodromy.
Moreover, for %, ¥ in Df\u 1, the morphism induced by m; factors through
a morphism

HOl’nDIAmIu (y, g) ®ﬁ((Tk\/)/\) k — HOIHDIU,I(TFTLQ.7 WTg), (31)

where k is seen as the quotient of O((7}Y)") by its unique maximal ideal.

Each of the categories Dr,+g 1+@, D11, D11 Dfu 1, admits a “perverse” t-struc-

ture, such that the functor For{u is t-exact; the corresponding hearts will be denoted
by Pr+gr+a, Prr, Pr,1, Pf - It is a standard fact (see [30] for the original
reference, and [I1] for a survey) that the subcategory P+ 1,+¢ is stable under the
convolution product *p,+g. Moreover, if we denote by G the connected reductive
algebraic group over k which is Langlands dual to GG, then there exists a canonical
equivalence of monoidal categories

where

(Pr+e+a *1+a) = (Rep(GY), ®), (3.2)

the right-hand side is the category of finite-dimensional algebraic represen-

tations of GY. By definition of the Langlands dual group, 7} identifies canonically
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with a maximal torus in G)/. We will denote by BY C G} the Borel subgroup
of G} whose roots are the coroots associated with the roots of B.
Let Wt be the Weyl group of (G,T), and consider the extended affine Weyl
group
W = Wf X X* (T)

The subgroup W,g given by the semidirect product of W with the coroot lattice is
a normal subgroup. The Bruhat decomposition provides a natural parametrization
of the I-orbits in Flg or Flg by W. In particular, each I-orbit on Flg is isomorphic
to an affine space, and the dimension of the orbit labelled by w will be denoted
by £(w). (It is a standard fact that W,g admits a canonical subset of Coxeter
generators, for which the restriction of ¢ is the associated length function.)
To each w € W one can associate “standard objects”
AL € DI,I; A1/1\1 € Df\ I

usiu

defined by taking the !-extension of a shift of an appropriate local system (or pro-
local system) on the orbit labelled by w (see [16, §4.2 and §6.2]), and “costandard
objects”

I
Vw S DI,I; Vﬁ, S DIA‘“I“

obtained by replacing !-extension by *-extension in this construction. In both cases
these objects are perverse, and they satisfy

T (A) = Fory (Ay), (Ve & Fory, (V3,).

For any w € W, there exists a unique (up to scalar) nonzero morphism Al — VI :

its image is simple, and denoted by #%,,. (This is the intersection cohomology

complex associated with the constant local system on the orbit labelled by w.)
For w € W, we will also set

Ay =For{ (A}), Vi = For] (V).

If y,w € W, we will write y < w if the I-orbit in Flg labelled by y is contained in
the closure of the orbit labelled by w.

Remark 3.1. The objects Al and V! are canonical, and do not depend on any
choice. The objects A/, and V., however, are defined only up to isomorphism in

general, since their construction depends on certain choices.

3.2. Tilting perverse sheaves. Recall that an object .# € Py, 1 is called tilting
if it admits a filtration with subquotients of the form A,, (w € W) and a filtration
with subquotients of the form V,, (w € W). In this case, the number of subquo-
tients isomorphic to a given A, in a filtration with subquotients of the form A,
(y € W) is independent of the choice of filtration, and is denoted by

(ZF : Ay).

The general theory of highest weight categories guarantees that the following prop-
erties hold:
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(1) The full subcategory Tr, 1 of Pr, 1 whose objects are the tilting perverse
sheaves is stable under direct sums and direct summands, and it satisfies
the Krull-Schmidt property.

(2) For any w € W, there exists a unique (up to isomorphism) indecomposable
tilting perverse sheaf 7, such that (7, : A,) =1 and

(Tw:Ay)#0 = y<w.

(3) The assignment w +— 7, induces a bijection between W and the set of
isomorphism classes of indecomposable tilting perverse sheaves in Py, 1.

It is clear that the image under Verdier duality of a tilting perverse sheaf is again
tilting. From this, it is not difficult to deduce that each 7, is Verdier self-dual,
and then that any tilting perverse sheaf is isomorphic to its image under Verdier
duality. We deduce that if .# € Ty, 1, the number of occurrences of a given V,, in
a filtration of .# with subquotients of the form V, (y € W) is equal to (& : A,).
Thus, the following property holds.

(4) For any .#,¥ in Ty, 1, we have
dimHomr, ,(F,9) = > (F:Ay)- (¥ : Ay).

weWw

Similarly, an object . € Pﬁ,,lu is called tilting if it admits a filtration with
subquotients of the form A/, (w € W) and a filtration with subquotients of the
form VI, (w € W). In this case, the number of subquotients isomorphic to AZ) in
such a filtration is independent of the choice of filtration, and is denoted by

(F : AD).

From the definition we see that the functor m; sends tilting perverse sheaves in
PIAu 1, to tilting perverse sheaves in Py 1, and that we have

(F AY) = (m+F : Ay) (3.3)

for any . tilting in Py ; and w € W. In fact, it turns out that an object # € Df,
is a tilting perverse sheaf if and only if 74(.%) is a tilting perverse sheaf. As above,
the following properties hold:

(5) The full subcategory Tﬁ,lu of PIA‘“I“ whose objects are the tilting perverse
sheaves is stable under direct sums and direct summands, and it satisfies
the Krull-Schmidt property. It is also stable under the monoidal product *.

(6) For any w € W, there exists a unique (up to isomorphism) object .7\ €
Df\ 1, such that m (7)) = Z,; this object is an indecomposable tilting
perverse sheaf.

(7) The assignment w — 7;)' induces a bijection between W and the set of
isomorphism classes of indecomposable tilting perverse sheaves in Pﬁ,lu-

(8) For any #, ¥ in Tf\u,lu’ the morphism is an isomorphism.

For details and references on all of this, see [16], §6.3].
For w € W such that ¢(w) = 0 we have 7)) = A} = Vi, If w € Wy satisfies
{(w) = 1, the object 7 also admits an explicit construction; see [16, §6.6]. For
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general w there is no such description, and in fact no canonical representative for

) (nor for Z,).

3.3. Relation with the Hecke category. From now on we make the following
assumptions:

(1) the quotient of X*(T') by the root lattice of (G,T) is free;

(2) the quotient of X, (T) by the coroot lattice of (G, T) has no p-torsion;

(3) for any indecomposable factor in the root system of (G,T), p is strictly
larger than the corresponding value in Figure

In particular, the first assumption ensures that the derived subgroup of G is
simply connected, and the second one that its scheme-theoretic center is smooth
(see §2.2)). Finally, the third condition implies that p is good for Gy.

We will apply the constructions of § to the latter group (with the Borel
subgroup By and maximal torus 7). In particular, we fix a Steinberg section
¥ C Gy, and consider the associated category SRep(I{); see §2.3] Note that the
Weyl and affine Weyl groups considered in and their function ¢, identify with
the groups W and Wag of and their function ¢. The corresponding subset
of simple reflections will now be denoted by S,g; it coincides with the subset of
Wag consisting of elements of length 1. The subgroup of W consisting of elements
of length 0 will be denoted by €. (This subgroup identifies with the subgroup €
of in this case.)

One of the main results of [16] is a description of the monoidal category (T | ,%)
in “Soergel bimodules” terms. Namely, by [16l Theorem 11.2] there exists an
equivalence of additive monoidal categories

©: (Tr, 1,,%) = (SRep(I3), ®)

which satisfies

(T = B (3.4)
for any s € Sag, and

(TN = .M

for any w € Q. (This functor also satisfies some kind of compatibility with the
equivalence (3.2)), but we will not use this here.)

Remark 3.2. Later we will also want to apply Lemma in this setting. Our
assumptions ensure that p is very good for G}/ (so that the lemma applies; see
Remarks and , except if G has a component of type A, and p divides
n + 1. This lemma also applies for any p if G = GL,, (see the same remarks), so
that the latter case is also somewhat covered.

3.4. Rigidification and Bott—Samelson objects. Below we will need the fol-
lowing construction from [I6], Remark 11.9].

As explained in [I6], §6.6], in case s € Sag N W, the object J* has a canonical
representative, denoted by =7, in loc. cit., and that will be denoted by 7" here.
For this object, the isomorphism is canonical. Let us fix some representatives
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T (s € Sag \ Wi) and F0" (w € Q) in Tq, | for the objects 7 and 7",
together with some identifications

(I)(z/\,can) — %;\’ (I)(%/\,can) — %“/)\
(s € Sat \Wt, w € Q.) Using the isomorphisms (2.5)) and the monoidality of ®, we

deduce canonical isomorphisms

9/\ ,can c7/\ can o e7/\ ,can ~v y/\ ,can (35>

wsw—1

for any s € Sy and w € Q.
One can then define the category Tﬁ ’?{? with

e objects given by the collections (w, $1,...,5;) with w € Q and $1,...,s; €
Saff;
e morphisms from (w, s1,...,s;) to (@', s],...,s}) given by

HOIHTA (%/\,can ; Z/\,can fk\ .. :; g}/‘\,can’ 9/>,can ; yi\,can ;\ . fk\ y{\,can) .
TIu.Iu 1 Sq w s 5]_

(In fact, support considerations show that this space vanishes unless w = w'.)
Using the isomorphisms one can define on TA BS a monoidal structure,
such that we have an equivalence of monoidal categorles

TF® =5 BSRep(I4) (3.6)

which is the identity on objects, where BSRep(I§) is as in (for G = GY). We
also have a canonical fully faithful monoidal functor

sending (w, s1,...,8;) to T/ % fA can .. % z/i\’ca“, and Tp ; identifies with
the karoubian closure of the additive hull of Tﬁ "I?US.

4. PARITY COMPLEXES AND MIXED PERVERSE SHEAVES

In §§4.1) we allow G to be any connected reductive algebraic group over F,
and allow any choice of p (as long as it is invertible in F).

4.1. Parity complexes. We consider the category Dy from with its convo-
lution product 1, and the notion of parity complexes in this category from [26].
The full subcategory of D1 whose objects are the parity complexes will be denoted
by Parry; it is stable under the bifunctor x;. This subcategory has a more “con-
crete” description as follows. For any s € S.g, the simple perverse sheaf .#%; is
just the constant sheaf on the closure of the I-orbit labelled by s (a smooth variety,
isomorphic to P1), shifted by 1; in particular, it is a parity complex. On the other
hand, if w € Q then the orbit associated with w is just a point; in particular, #€,,
is the skyscraper sheaf at that point, and is also a parity complex. We will denote
by ParEIS the category with:

e objects given by the collections (si,...,s;,w,n) with s1,...,8; € Sag,

w € Q and n € Z;
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e morphisms from (sq,...,s;,w,n) to (sf,...,s;,w’,n') given by

L R

Homparl’l(eﬂ‘ﬁsl KT+t kT f%sl *T f%w [’I’L], fcgsll KT ¢ vt kT f‘gs; *1 f(gwl [n’})

(In fact, using support considerations one sees that the morphism space above
vanishes unless w = w'.)
By definition there exists a canonical fully faithful functor

ParEIS — DI,I (41)

which takes values in Pary;. It is easily seen that for any w € Q2 and s € S, there
is a canonical isomorphism

IC, *1 ICs *x1 IC -1 = IC 501

Using this property one obtains that there exists a natural convolution product
(still denoted by *1) on ParEIS which is defined on objects by

/

(81,...,51‘,(&1,”) *1 (Saa"'asjaw/an/)

1

/ — / — ! /
= (s1,...,8pwsiw™ . . wshwt wd,n+n)

J

and such that is monoidal. For any n € Z, the cohomological shift functor [n]
induces an autoequivalence of Par?ls , which will again be denoted by [n].

It is well known that the categbry Di; is Krull-Schmidt, and that an object
in Dy is a parity complex if and only if it is a direct sum of direct summands
of objects of ParEIS. In other words, the functor identifies Pary; with the

karoubian envelope of the additive hull of the category ParEIS .

The theory developed in [26] provides a classification of the indecomposable
objects in Parry. More specifically, for any w € W there exists a unique (up to
isomorphism) indecomposable object &, in Pary; which is supported on the closure
of the I-orbit labelled by w and whose restriction to this orbit is k[¢/(w)]. Then
the assignment (w,n) — &[n] induces a bijection between W x Z and the set of
isomorphism classes of indecomposable objects in Pary .

Remark 4.1. The objects &, have concrete and canonical descriptions in case
L(w) € {0,1} (namely, these complexes are the appropriate shifts of the constant
sheaves on the closures of the corresponding orbits), but not in general.

4.2. I -equivariant parity complexes. We also have similar notions in the cat-
egory D, 1; by definition, an object # in Dy is a parity complex if and only if
For%“ (&) is a parity complex. If we denote by Parf’fl the category with:

e objects given by the collections (si,...,S8;,w,n) with s1,...,8; € Sas,
w € N, and n € 7Z;
e morphisms from (s1,...,si,w,n) to (s4,...,s},w’,n’) given by

Homp, , (For%u(ﬂ%sl *1 -+ k1 ICs, 1 IC,[n]),

Forl, (S, %1+ 1 S Gy 1 SC ),
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and by Pary, 1 the full subcategory of D, 1 whose objects are the parity complexes,
then Pary, 1 identifies with the karoubian envelope of the additive hull of the cate-
gory Parﬁs)l.

The right action of the category Dy on Dy, 1 (by convolution) induces a right
action of ParEIS on Parﬁfl, and of Pary; on Pary, ;. The corresponding bifunctors
will again be denoted by %;. For any n € Z, the cohomological shift functor [n]
induces an autoequivalence of Parﬁ S,I, which will again be denoted by [n].

If D is one of the categories D11, D1, 1, Pary 1, Pary, 1, Par?ls7 or ParESJ, and ¥,9
are objects in D, then we set 7

Hom®,(Z, %) = €D Homp (F, 4 [n)).

(Depending on the context, this space will be considered either as a graded vector
space, or a plain vector space.) We will see k as a graded H}(pt;k)-module con-
centrated in degree 0, in the standard way. The following lemma states a standard
property of parity complexes; see, e.g., [29, Lemma 2.2].

Lemma 4.2. For any #,¥ in Pary1, the functor For%u induces an isomorphism of
graded vector spaces

k ®ne (pt) Homp, (F,9) = Homp, | (For%u (F), For%u (9)).

Below we will use the following consequences of this lemma:

(1) the category Parﬁs"l identifies with the category whose objects are those of
ParEIS, and whose morphism space from .# to ¢ is given by the degree-0
part in

k ®up (pisx) Homp, s (7, 9);

(2) for any w € W, the object For%u(éaw) is indecomposable; as a consequence,
the assignment (w,n) — For%"(gw)[n] induces a bijection between W x Z

and the set of isomorphism classes of indecomposable objects in Pary, 1.
(See [29, Lemma 2.4] for details.)

4.3. p-Kazhdan—Lusztig polynomials. A possible definition of the p-Kazhdan—
Lusztig polynomials attached to W is as follows: for y,w € W, we set

Phyaw(v) =Y dimH )" (Flg ,, Suipg,) - 0™
nez

(The fact that this definition coincides with that considered e.g. in [25] follows from
the results of [31], Part III]. In general, these are Laurent polynomials rather than
polynomials in the usual sense.)

Below we will use the following standard properties of these polynomials. (For
item (1), see, e.g., the proof of [25, Proposition 4.2 (4)]; for (2), see, e.g., [26]
Proposition 2.6].)
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Lemma 4.3. (1) For any w,y € W, we have Phy ,(v) = Phy-1 ,-1(v).
(2) For any w,y € W, we have

dim(Hom,’;anu‘I(For%“(é”‘ ), ForI Z Phw(1) - Ph, ,(1).
zeW

4.4. Mixed perverse sheaves. Following [6], we define the “mixed derived cat-
egory” of I -equivariant k-sheaves on Flg by

mix .__ b
DIU7I = K Parl‘hl.

This category admits a “Tate twist” autoequivalence (1) defined as {—1}[1], where
{—1} is the autoequivalence induced by the negative cohomological shift in the
category Pary, 1, while [1] is the cohomological shift in the homotopy category.

The constructions of [0, §2] endow D}m’f with a “perverse t-structure” whose
heart is a finite-length abelian category, stable under (1), and which will be denoted
by P“mx By [6, §3.2 and Section 4] the category Ple admits a natural structure
of graded highest weight category, defined by some families of “standard objects”
(Amix : 9y € W) and “costandard objects” (VX : w € W). In particular, there
is a notion of tilting object in P}T:i”f, defined as an object which admits both a
filtration with subquotients of the form AR*(n) (w € W, n € Z) and a filtration
with subquotients of the form V™*(n) (w € W, n € Z). In this case also, if .Z
is a tilting object, the number of subquotients isomorphic to AM*(n) in such a
filtration is well defined and is denoted by

(F : AT (n).
By [0, Proposition A.4], the indecomposable tilting objects in Pml’f are parame-

trized in a natural way by W x Z. More specifically, for w € W there exists a
unique indecomposable tilting object .7, which satisfies

(ywmix . Am1x< >) _ 5n,0

w
for any n € Z, and . _
(T Ay () #0 = y <w.
With this notation, the assignment (w,n) +— 72 (n) induces a bijection between
W x Z and the set of isomorphism classes of indecomposable tilting objects in Pmlx
Any object in Pary, 1 can also be seen as an object in D{m’f, by 1dent1fy1ng it w1th

a complex concentrated in degree 0. In particular, the image of ForI (&) will be
denoted by &M,

4.5. Relation with the Hecke category. In this subsection we assume that the
conditions considered in §2.2]and in §2.7|are satisfied by the group G = G}/. Recall
the category BSK,qq constructed in and the “right” variant of this category
constructed as in Remark which we will denote by BSK; ,4q. It is a standard
fact that we have identifications

HE (pt; k) = HY (pt; k) = S(k @z X*(T)),

where S denotes the symmetric algebra (over k) and the right-hand side is seen
as a graded ring with k ®z X*(T') in degree 2. Moreover, k ®7 X*(T') identifies

Rev. Un. Mat. Argentina, Vol. 69, No. 1 (2026)



MIXED MODULAR PERVERSE SHEAVES ON AFFINE FLAG VARIETIES 401

canonically with the Lie algebra t of 7,'; in this way, H} (pt; k) identifies with the

graded algebra €(t*) considered in * The category BSK; aq4 is related to ParEIS
as follows.

Theorem 4.4. There exists a canonical equivalence of monoidal categories
BSK;,add & Parpp
which intertwines the shift functors (1) and [1], and is the identity on objects.

Proof. This theorem is essentially a combination of [31, Theorem 10.7.1] and the
main result of [I]. More precisely, these references provide a canonical equivalence
of monoidal categories with the expected properties between the full subcategories
in BSK; 54q and ParEIS whose objects are of the form (s1,...,s;,€) with s1,...,8; €
Saft- However, it is easily seen that this equivalence intertwines, for any w € €, the
equivalences given by

M — Fw*M*Fw—l and F — ](gw *19*1 f(fw—l.

Using this property one sees that the equivalence above can be “extended” to the
equivalence of the theorem. O

Remark 4.5. A different (and more direct) proof of Theorem [4.4] can be obtained
following the constructions in [2 §3]. We will not pursue this here.

5. APPLICATIONS

Recall the assumptions we have imposed in From now on, in addition
we assume that condition of holds for the group Gy, and also that the
condition in Lemma holds for this group. (See Remark for comments on
this assumption.)

5.1. A degrading functor. Recall the constructions of We will denote by
TIBUS’I the category with

e objects given by the collections (w, s1,...,s;) with w € Q and s1,...,s; €
Saff;
e morphisms from (w,s1,...,s;) to (w',s],...,s}) given by

A,can > A,can > > A,can A,can ~ A,can ~ -~ A,can
Homr, , (my (0 % 00505 % FL), my (T3 T 5% TLm)).

Then we have a canonical fully faithful functor
TES,JI = Tr1

which identifies Ty, 1 with the karoubian closure of the additive hull of TIBquI. By
construction, the objects in TIAu ’?f’ are the same as those of TIBuS’I7 and, by prop-

. B . . .
erty in E, for z,y € Tf\’ IS we have a canonical isomorphism
ustu

HomTE,S,I (x,y) = HOmTI/\,E;S (z,y) ®e(my)m k-
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Theorem 5.1. There exist a functor
. pa,BS BS
viParpp — Ty

and an isomorphism € : v o [1] = v such that:

(1) for any F,9 in Parﬁ%, the functor v and the isomorphism ¢ induce an
isomorphism

Hom;ar?sl(ﬁ,g) = Homqes (v(.F),v(¥));

(2) for any s1,...,8; € Sagr, w € Q, and n € Z we have

—1

V(s1,. oy S w,n) = (W, Sy .0y S1)-

Proof. Using Theorem and comment after Lemma one obtains a canon-
ical equivalence between the category ParIS’I and the category @r,add defined as
follows: its objects are those of BSK, aq4, and the morphisms from M to M’ are
given by the degree-0 part in

k®ﬁ(t*) Hom.BSK (M, M/)

r,add

This equivalence is the identity on objects.

On the other hand, consider the category BSK”". Using the equivalences
and , together with comment in we obtain a canonical equivalence
between Tf’fI and the category BSK”™ defined as follows: its objects are those of

BSK”, and the morphisms from M to M’ are given by
Homgskn (M, M") @ g1y k.

(Here the action of ¢'((1}/)") on Hom spaces is the natural one, induced by the
second projection (T}’ XTY /Wy T.)" = (T})".) Once again, this equivalence is the
identity on objects.

As explained in Remark we have a canonical equivalence of categories
BSK; add — BSKaaa sending (si,...,s;,w) to (W™, si,...,s1). This equivalence
induces an equivalence between BSK; ,q4q and the category BSK, 4 which has the
same objects as BSK,qq, and morphisms from M to M’ defined as

M, M/) Qo (t*) k.

Hompgsk,u (

Therefore, to conclude the proof of Theorem it suffices to construct a functor
VBSK - BSKadd — BSK/\

sending each collection (w,s1,...,s;,n) to (w,s1,...,8;), and an isomorphism
vesk © (1) = vgsk such that for any M, N in BSK, 44 these data induce an iso-
morphism

P Homgsk_,, (M, N(n)) = Hompskr (vesk (M), vesk (N)).
nez

This functor is obtained from Proposition 2.9 and Lemma [2.10] O
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Remark 5.2. Theorem has a variant relating the categories ParEIS and Tfu’?us,
and involving the isomorphism appearing in Lemma We leave it to the inter-
ested reader to formulate this statement, and modify the proof above accordingly.

5.2. Numerical consequence. We now discuss an application of Theorem
to multiplicities of standard perverse sheaves in indecomposable tilting perverse
sheaves. Recall the objects 7, and 7' defined in

Corollary 5.3. For any w,y € W, we have
(Th Ag) = (T 1 Ay) =Phy (1).

Proof. The first equality follows from the definitions and (3.3).
Passing to karoubian closures of additive hulls (see and §5.1]), the functor v
of Theorem B.1] induces a functor

ParI 1 — TIU,I

us

(still denoted by v) which is a “degrading functor” in the sense that it satisfies
property of Theorem By construction we have

v(ForL (ﬂ%jl KT v KT ﬂ%sli *T ﬂ‘ﬁj)) = WT(Z}AA T xx ‘75/1\) (5.1)
for any w € Q and s1,...,5; € Sag. For any w € W, the finite-dimensional graded
ring

Homg,, | (Fory (&), Fory_(&w))

has a local degree-0 part; it is therefore local as an ungraded ring (see [23]). This

observation and the “degrading” property of v show that v(Fori (&w)) is indecom-
posable. Once this fact it known, it is not difficult to deduce from (|5.1) that for
any w € W we have

v(For%u (Ew)) = Tpy-1.
We deduce that for any w,y € W we have
dim (Homg,,  (Fory (&), Fory, (&,))) = dim(Homr, ,(Z-1, Z,-1)).

Comparing Lemma [4.3](2) and the formula in item of one then deduces
(by induction on w, and then by induction on y for fixed w) that for any w,y € W
we have

(yw : Ay) = phy—l’w—l(l).
Finally, the second formula of the corollary follows, using Lemma (1). O
Remark 5.4. Using standard arguments (as, e.g., in [I7, §9.5]), one can extend
the validity of Corollary [5.3] to any connected reductive algebraic group G and

field k of characteristic p, assuming only that for any indecomposable factor in the
root system of (G, T), p is strictly larger than the corresponding value in Figure
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5.3. Koszul duality. Another application of Theorem [5.1] is to an alternative
construction of the “modular Koszul duality” of [3], in the special case of affine
flag varieties. This construction, based on the ideas of an earlier construction in
the setting of ordinary flag varieties of reductive groups [6], gives more than the
methods of [3]: it also allows us to construct a “forgetful functor” relating the
“mixed perverse sheaves” of [0, [3] to ordinary perverse sheaves.

As terminology and notation suggest, one wants to think of ’I“:”f as a “mixed
version” of the category Dy, 1, and in fact the results of [3}[7] show that this category
has properties similar to those of the category of mixed Q,-sheaves in the sense of
Deligne (or, more precisely, a modification considered in [I3]; see [4]). However,
from its construction we do not have a priori any formal relation between D}T’I‘ and
D1, 1. Point of the following theorem exactly compensates this discrepancy.

Theorem 5.5. The following statements hold:

(1) There exists an equivalence of triangulated categories
r: DY = DY
which satisfies ko (1) = (—1)[1] o k and

K(Agix) o~ mix K(vgix) o~ mix

w1 w1
mix\ ~v emix mix\ ~v mix
K’(% ) — Cw-1» K(éaw ) - %—1

for any w e W.
(2) There exists a functor

mix

18 Lol — DIu,I

and an isomorphism of functors vo (1) = v such that for any F,9 in Dﬁ"f
the induced morphism

@HOI’HD?:E (ﬂ\, g<n>) - HomDIu,I(V(ﬁ)a V(g))

neZ

is am isomorphism. Moreover, v is t-exact for the perverse t-structures,
and satisfies

V(Agix) = Ay, V(nglix) =V,
V(ﬂwmix) ~ 7., V(é";nix) =&,

for any w e W

Proof. The proofs are identical to those of [6, Theorem 5.4 and Proposition 5.5],
taking as input Theorem instead of the main result of [5]. ]

Remark 5.6. It is a standard fact that the simple objects in the category Pr, 1
are in bijection with W, via the assignment w +— #%,,. (We omit the functor
For%u in the notation here.) A similar statement holds in the category P}ﬂ"f (see [6]
§3.1]): for any w € W, the image €™ of the unique (up to scalar) morphism
AmiX _y mix jg gimple, and the assignment (w,n) — £ (n) induces a bijection
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between W x Z and the set of isomorphism classes of simple objects in Pﬂ"f It is
easily seen that for any w € W we have v(F€2X) =2 7%,

5.4. Whittaker and parahoric versions. Recall that a subset K C S, is called
finitary if the subgroup Wy C W it generates is finite. (Typical examples of finitary
subsets are K = & and K = S;.) In this case, we will denote by wg the longest
element in Wg.

To a finitary subset K C S,g one can associate a parahoric subgroup Qx C LG
containing I. Then we have the corresponding partial affine flag variety

Flg,x = (LG/QK )ppt;
which is an ind-projective ind-scheme. The natural quotient morphism
TK - FIG — FlG’}K

is a Zariski locally trivial fibration with fibers isomorphic to the flag variety of a
reductive algebraic group (namely, the quotient Mg of Qg by its pro-unipotent
radical). The I-orbits on Flg g for the natural action are in a canonical bijection
with the quotient W/W.

Example 5.7. In case K = @ (resp. K = S¢) we have Flg o = Flg (resp. Flg g, =
Grg).

Choose, for any w € We, a lift w € Ng(T) of w. Then we obtain lifts in LG
of all elements of W as follows: if w = xt(\), with € Wy and A € X, (T), we
set w = #2*, were 2 € LT is the point naturally associated with . We also
fix, for any positive root «, a morphism ¢, : SLs — G which satisfies the natural
conditions spelled out e.g. in 8], §3.4].

We continue with a finitary subset K C S,g as above, and let now L C S,g be
another finitary subset. We set IX = 11, ()~ . Then the quotient I /(I N 1,)
identifies with the unipotent radical of a Borel subgroup of the reductive quo-
tient Mp. Our choice of morphisms ¢, determines a morphism from this group to
the additive group G, (see [8, §3.4]), and we denote by ¥, : I — G, the composi-
tion with the projection 1% — IL /(I N1,). After fixing a nontrivial root of unity
in k of order the characteristic of F, we obtain an Artin—Schreier local system AS
on G,, and we consider the category

b
Dz gz as)(Fla k)
of (IL, 1} AS)-equivariant k-sheaves on Flg -, and the subcategory
Perv(Ig ﬂPZAS) (FIG’K)
of perverse sheaves.
Example 5.8. In case L = @ we have I? =1, and ¥ is the trivial morphism.

In this case we write DPU (Flg,k), Pervy, (Flg k) instead of DE’IQ " AS)(FleK)’
u Y

Perv(l{?,w;AS) (Flg k). On the other hand, if L = S, the group I3t is the preimage
under the projection L™G — G of the unipotent radical of the Borel subgroup
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opposite to B with respect to T. The morphism g, is the composition of the re-
striction of the latter morphism with a generic additive character of the unipotent
radical.

The set of IL-orbits in Flk is in a canonical bijection with the double quotient
Wi \W/Wp, but not all orbits support nonzero (1%, AS)-equivariant local sys-
tems. More specifically, denote by “W¥ < W the subset of elements w which
satisty f(wpwwg) = L(wr) + l(w) + l(wg). (See [8, Lemma 2.4] for alterna-
tive characterizations of these elements—this statement only considers the case
K = S, but the general case is similar.) These elements are minimal in their
coset in W \W/Wk; in particular, each double coset contains at most one element
which satisfies this property. But not every double coset contains such an element,
except in the special case where K or L is empty. With this notation, the orbit
corresponding to a double coset supports a nonzero (I%, 15 AS)-equivariant local
system if and only if it contains an element w in “W¥; in this case, there exists
a unique irreducible such local system. Taking !-extension, x-extension, and inter-
mediate extension of this local system (shifted by the dimension of the orbit) we
obtain objects

AL, MVE. bl

in Perviz 4 as)(Flg, k). Then Pervr - as)(Flg i) is a highest weight category
with weight poset “W ¥ (for the restriction of the order < on W considered in §3.1]),
with standard objects the objects (FAK :w € LWE) and costandard objects the
objects (EVE : w € LWH). In particular, one can consider the notion of tilting
objects in Perv(Ie’szS)(FlgyK), and we have a bijection w + LZK between LW E
and the set of isomorphism classes of indecomposable tilting objects in this category.
For a tilting object .% one can also consider the multiplicity (% : LAK) of a given
object LAX in a filtration with standard subquotients.

The main result of the present subsection is the following theorem, which gen-
eralizes Corollary (The latter corresponds to the case K = L = &.)

Theorem 5.9. For any y,w € “W¥ | we have

(P70 ALY = 7 (1) Pl (D).
xeEWgK

Proof. The first step is to reduce the proof to the case L = &. For that, recall that
we have an “averaging” functor

Dy (Flg, k) — DE’IME as)(Fla k).

This functor has a left and a right adjoint, which are t-exact, and send standard
(resp. costandard) objects to standard (resp. costandard) objects. (These state-
ments are proved in [0, §3.7] in the case K = S;. The general case is similar.
Similar comments apply to [9, Proposition 3.12] which is cited below.) More ex-
plicitly, the image of LAff under any of these functors admits a filtration whose

associated graded is the sum of the objects © Affy, where x runs over Wr, and
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similarly for costandard objects. By [, Proposition 3.12] these functors send L7 K
to gﬂwliw; we deduce that for y,w € LWX we have
(17 IAK) = (°FK,, : AK).

As announced, it therefore suffices to prove the theorem in the case L = &.
Now we consider the (smooth) morphism 7x. We have a t-exact functor

(i)t o= (7)) *[dim(Qx /1)) : DY (Flg k) — Dy (Flg). (5.2)
This functor has a right adjoint
(7)1 = (mx)[— dim(Qxc /D) = DY, (Flg) — Dy, (Flg,x),

and we have

(ri)t o () = @) id[-26(a)]
zeEWgK

(In fact, the functor (7x) is given by convolution on the right with the Q -equi-
variant complex kg, i[dim(Qx/I)] on Flg, and the functor (mk)t is given by
right convolution with the I-equivariant complex dx[— dim(Qx/I)], where dx is
the skyscraper sheaf at the base point of Flg r. The composition (mx); o (7 )T
is therefore convolution on the right with the @ g-equivariant convolution of these
complexes, which is the tensor product of @, H" (Qx /I;k)[—n] with the skyscraper
sheaf at the base point of Flg.) Since PA#0 o (mx); o (7x)T 22 id, the functor
is fully faithful on perverse sheaves (which, of course, follows also from general
results on perverse sheaves), and since P71 o (k)i o (k)T = 0, its essential image
is stable under extensions. It is also a standard fact that this functor sends simple
objects to simple objects; this essential image therefore coincides with the Serre
subcategory generated by the objects .#%,, where w is maximal in wWg.

Similarly, we can consider the mixed derived category D™*(Flg k) of I,-equiva-
riant sheaves on Flg gk (defined as in the case K = @ in §4.4). This category has
a natural “perverse” t-structure whose heart is denoted by PervﬁiX(FIQ k). The
functor (mx )7 sends parity complexes to parity complexes, and hence induces a
functor ) )

Dr™(Flg,x) — D" (Flg).

The same comments as above show that this functor is t-exact, and that its re-
striction to perverse sheaves identifies Pervf‘zix(FlG, k) with the Serre subcategory
of Pervi(Fl¢) generated by the simple objects .#€2*(n) for w € W maximal in
wWg and n € Z.

Now, consider the functor

PP — Pervy, (Flg)

obtained by restriction from the functor v of Theorem. The comments above
and Remark [5.6] show that this functor restricts to a functor

vi : Pervi™ (Flg, i) — Pervy, (Flg k).

There are standard, costandard, and tilting objects in the category Peer:iX(FIQ K),
and one can show that v sends standard, costandard, tilting objects to standard,
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costandard, tilting objects, respectively, and indecomposable objects to indecom-
posable objects. In particular, for any w € WX the object 27K is the image of
the indecomposable tilting object in Pervﬂix(FIG’ K ) labelled by w.

Now the multiplicities of standard objects in indecomposable tilting modules in
PerinX(FIQ k) can be obtained by copying in our present setting the constructions
of [3, §6]. (See, in particular, [3, Corollary 7.5] for similar results.) The formula

obtained in this way is exactly that of the theorem. O

Remark 5.10. (1) The proof of Theoremshows that, in fact, for y,w € FWE,
for any z € W, we have

(Lwa : LAZIf) = Z (71)6(93) 'pthIVwLw(]-)'

reWgk

(2) Given a Coxeter group and a finite parabolic subgroup, there are two fam-
ilies of “parabolic” Kazhdan—Lusztig polynomials: the (+)-parabolic ones, whose
definition involves the “trivial” module for the Hecke algebra of the parabolic sub-
group, and the (—)-parabolic ones, whose definition involves the “sign” module for
this Hecke algebra. Omne can also combine these constructions (considering two
finite parabolic subgroups, one acting on the left and the other on the right), and
there are analogues of these constructions for p-Kazhdan—Lusztig polynomials. The
polynomials that appear in Theorem are (+)-parabolic on the left for W, and
(—)-parabolic on the right for W.

(3) There is one case of Theorem [5.9| which is particularly relevant for represen-
tation theory, namely when K = Sy and L = @. In this case, by the Finkelberg—
Mirkovi¢ conjecture proved in [I7], if p satisfies appropriate conditions, the cat-
egory Pervy, (Grg) is equivalent to the extended principal block of the category
of representations of the reductive algebraic group over k whose Frobenius twist
is G)/. Under this equivalence, tilting perverse sheaves correspond to tilting repre-
sentations, and the formula in Theorem [5.9] corresponds to the character formula
conjectured with Williamson and first proved in [3].

(4) The same arguments as in [32, Proposition 2.4.1] show that the functor

(mi)« : Ditg iz a5) (Fla) = Dz y; as) (Flo, k)
sends tilting perverse sheaves to tilting perverse sheaves. One can also easily show
that if w € EW?2 \ LWE we have (7x).(5Z72) = 0. (See [3, Lemma 6.3 (2)] for
a similar statement for mixed perverse sheaves; the same arguments apply here.)
One can deduce from Theorem that for any w € “W¥ we have
(mx)("77) 2 ETE (5.3)
In the setting of f-adic sheaves, this statement follows from [32, Proposition 3.4.1]

(see also [32] §5]); the proof in this case uses considerations of weights of Frobenius.
We do not know a more direct proof of (5.3).
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