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NEW CRITERIA FOR POSITIVE-DEFINITE DISTRIBUTIONS

JULIAN HADDAD

ABSTRACT. We establish several sufficient conditions under which a locally-
integrable function f : R™ — R represents a positive-definite distribution. In
particular, we consider functions of the form f(||z||), where ||-|| is a fixed norm
in R"™.

1. INTRODUCTION

1.1. Positive-definite functions. A continuous function f : R™ — C is said to
be positive-definite if it is the Fourier transform of a non-negative finite measure p
on R™, that is,

fo) = [ o9 auta),

where (+,-) denotes the inner product of R™. Positive-definite functions and their
generalization to the theory of distributions (see below) arise naturally in many ar-
eas of mathematical analysis. For example, in probability theory, positive-definite
functions are the characteristic functions of probability measures. In integral equa-
tions, they are the kernels of positive, translation-invariant integral operators. We
refer to [I0] for a historical overview on positive-definite functions, its generaliza-
tions and its relevance to other areas of mathematics.

Equivalently, a continuous function f is positive-definite if and only if for every
keN c,...,c, € C,and xq1,...,xx € R",

k
Z czﬁf(xz — Jij) >0, (1.1)
ij=1
meaning that the matrix { f(x; —x;)}: ; is positive-definite. This is usually taken as
a definition of positive-definiteness, and the equivalence between the two properties
is the content of Bochner’s theorem (see |2, Section 3.2, Theorem 2]).
Great efforts have been made to determine whether a given function or dis-
tribution is positive-definite. The Schoenberg problem asks for which values of
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n,p,q the function f,,, ,(z) = e~ 1%l5 is positive-definite, where || - |, is the £,

norm in R™. This has important consequences in embedding problems of Banach
spaces. Schoenberg showed that a Banach space (R™, || -||) can be embedded in the
Hilbert cube if and only if eIzl g positive-definite. Moreover, given 0 < ¢ < 2,
the positive-definiteness of e~I#II" is equivalent to the fact that the Banach space
(R™, ||-|I) can be embedded as a subspace of L,([0,1]) (see [6, Theorem 6.6]). Partial
answers to the Schoenberg problem were obtained throughout the 20th century, and
the problem was finally settled by Koldobsky (see [4] and the references therein).

1.2. Positive-definite distributions. Let S denote the Schwartz space, consist-
ing of C'*° functions ¢ : R™ — R such that, for every k € N,

oled
pr(p) = sup sup |2 (2)(1 + |a))*| < oo,

la|<k zeRn | OT

where |z| = /(x,x) is the Euclidean norm. The dual &’ is called the space of
distributions on R™. It consists of the linear functionals f : & — R which are
continuous with respect to the family of seminorms p;. We will adopt the nota-
tion of Koldobsky’s book [6]. In particular, we denote by (f, ) the action of the
distribution f € S’ on the function ¢ € S.

A locally integrable function g defined almost everywhere on R™ naturally defines
a distribution by integration as

(9,90) = /n g(z)p(x) dz.

Likewise, a locally finite measure p also defines a distribution by the analogue
formula

1.0) = [ pla) dut).

For ¢ € S, its Fourier transform, defined by

5O = [ o) O,

is also in S. This fact alloyvs us to define the Fourier transform of a distribution
f € 8’ as the distribution f given by
(f, o) = (£, 0).

A distribution f € &’ is said to be positive if (f,p) > 0 for every non-negative
¢ € §. Bochner’s theorem, generalized by Schwartz (see [2, Section 2.2, Theo-
rem 2]) states that a distribution is positive-definite if and only if it is the Fourier
transform of the distribution defined by a non-negative tempered measure, that is,
a measure 4 for which

/n(l + |z)) 7P du(z) < oo

for some number 5 > 0.
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Of course the condition , which is usually taken as the definition of positive-
definiteness for functions, makes no sense for general distributions. While positive-
definite functions satisfy several convenient properties like being continuous and
bounded, positive-definite distributions can be unbounded, even if they are defined
by locally integrable functions. For example, the function |z| =1 is a positive-definite
distribution but not a positive-definite function.

Positive-definite distributions played a fundamental role in the solution of the
Busemann—Petty problem on sections of convex bodies [6, Chapter 5]. A (symmet-
ric) convex body K is the closed unit ball of a norm in R™, which we denote by
Il - |- The Busemann—Petty problem led to the study of intersection bodies, and
later to its analytical characterization given by Koldobsky [6]. The intersection
body of a star body L is a star body K such that, for every v € S"~1 |jv[|%"
is the (n — 1)-dimensional volume of the section of L with the orthogonal space,
LNovt. In general, a convex body is called an intersection body if it is the limit in
the Hausdorff metric of intersection bodies of convex bodies. Koldobsky showed [6]
that a symmetric convex body K is an intersection body if and only if || - ||;(1 is a
positive-definite distribution.

Eaton [1] showed that for a random vector X, all linear combinations of its coor-
dinates have the same distribution, up to a constant, if and only if its characteristic
function is of the form f(]|z||x). Thus by Bochner’s theorem, the problem of find-
ing all random vectors with this property is equivalent to characterizing the class
of functions f for which f(||z| k) is positive-definite. Koldobsky showed [7] that for
a continuous f : [0,00) — R under mild conditions, if f(||z| k) is positive-definite
then the space (R™, | - ||x) embeds in Ly (see [3, [7] for details).

1.3. Known criteria for positive-definiteness. Pélya’s criterion states that an
even function f : R — R which is convex on the positive real line and such that

lim f(z)=0

z—+o0

P
l21” for

is positive-definite (see [9]). This includes, for example, the function e~
p € (0,1].

In fact, the function z € R — e~ 1*I" is positive-definite for p € (0,2), since it
can be written as the Laplace transform of a positive measure. Moreover, if f € S’

is a distribution defined by

(o) = / () duN),

where f) is a family of positive-definite distributions and p is a finite measure in a
set I, then f is a positive-definite distribution.

Additionally, the sum, product and convolution of two positive-definite functions
are again positive-definite.

In [5], Koldobsky showed the following result.
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Theorem 1.1 ([5, Theorem 3]). Let 1 < k < n and let f be an even function on
R™\ {0} which is locally integrable, continuous and bounded outside of the origin.
Suppose that the function |z| =% f(z) is locally integrable on R™. If f|g is a positive-
definite distribution on H for every (n — k)-dimensional subspace H of R™, then
|| =% f(x) is a positive definite distribution on R".

This shows, for example, that the function
() = [a e (1.2)

is a positive-definite distribution for p € (0,2).

In this paper we give some new criteria to determine if a given real function
on R" is a positive-definite distribution. We will show that in fact this is the case
of gnp for every p > 0.

1.4. Main results. Regarding functions that are radially decreasing, we obtain:

Theorem 1.2. Let f : (0,00) — R be a non-negative non-increasing function.
Assume any of the following two conditions are satisfied:

e n >3 and f(r)min{l,r} is integrable.

e n>9 and rf(r) is locally integrable.
Then the function |x|~"*2f(|z|) is a positive-definite distribution.

Regarding functions of the form f(||z||x) we have:

Theorem 1.3. Let f : (0,00) — R be an absolutely continuous non-increasing
function such that —t" f'(t) is bounded and integrable, and such that —t"~1f'(t) is
non-increasing. Then for every symmetric convex body K, the function f(||z| k)
18 a positive-definite distribution.

For n =1, K = [—1,1], the conditions on f are simply that f should be convex
(plus some decay condition), recovering in this way the Pélya criterion.

Finally, we would like to highlight an interesting result regarding the positivity
of certain inner products, which was obtained as a by-product of our methods.

Theorem 1.4. Let ¢,1) : R™ — R be even integrable functions such that ¢ has
convex sub-level sets and v is radially decreasing. Then

[ sl ds = 0

for every a € (—n,2 —n]. In particular, if n = 2,
[ elai@ de=0.
R2

1.5. Examples. As mentioned before, Theorem with £k = n — 1 shows that
the function g, , given in is positive-definite for p € (0,2). Theorem
actually shows that g, , is positive-definite in the full range p > 0 for n > 3. For
n = 2 and p > 0 this is still true, but a completely different proof is needed and
we will skip this case. The Fourier transform of g, , is given in [§, Example 4.7] as
an example of a continuous function which is not an intersection function (see [8,
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Definition 1.6]). Theorem shows that g, , is also non-negative, thus filling this
small gap in the example.

Theorem [I.2) also shows that Theorem [I.I]does not admit a converse, at least for
k=n—1,n > 3: there exist functions f : R — R which are not positive-definite
and such that |z|~"*!f(|z|) is positive-definite. Just take f(t) = e !"" for any
p> 2.

Now we give some examples related to Theorem [I.3] although they are admit-
tedly artificial. For any symmetric convex body K and a > 0, a € (1 — n,2 —n),

the function
Pla) = {xn% lelx <a.

0 |zl = a

is a positive-definite distribution.

For any symmetric convex body K, the function F(z) = |jz|% is a positive-
definite distribution for p € (—n,1 — n). This is a very particular case of [6],
Theorem 3.18], in which the conclusion holds for the range p € (—n,3 —n).

2. PROOFS OF THE MAIN THEOREMS

The next lemma summarizes many situations where an inner product is non-
negative.

Lemma 2.1. Let ¢,¢ : R\ {0} = R be two non-negative, even, measurable func-
tions, such that p(x) and |z|~19(z) are non-increasing for x > 0. Assume any of
the following three conditions is met:

e p, ¢ € LP(R), with p € [1,2].

o ¢ is bounded with compact support and v(x) min{1,|z|~1} is integrable.

e pe LYR)NC3(R) and ¢ € Li (R).
Then

| swu@dr= [ ela)itadazo (2.1)

— 00 — 00

Observe also that if 1 is non-increasing, then clearly |z|~1(z) is also non-
increasing for x > 0.

Proof. Let us assume first that ¢(z) = 1;_, q(x) and ¥ (z) = |2] 1[—p 4 (x), where

a,b € (0,00). We have ¢(&) = %%(ag) Thus:

| et =2 [~ I g1 6 a

b
= 4/0 sin(a&) d¢
= 2(1 — cos(ab)),

which is non-negative. If any a or b is zero, the integral trivially vanishes.
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Now assume 9(x) = |z|d(z), where ¢ is non-increasing, and J,¢ are even,
bounded with compact support. Use the layer cake formula to write

o(z) = / 1 atoya(o (@) dt, () = [2] / Loy () dt

for some positive and non-increasing functions a, b : [0,00) — [0, 00) which are also
bounded and with compact support.
By Fubini’s theorem we get

Sln
/ dm—/ / / |$|1[ b(s), b(s)]( x) dz dtds,

which is non-negative. Notice that the conditions imposed on § and ¢ guarantee
that we may change the order of integration.

Now let us prove under the first condition, namely, that ¢,¢ € LP. Ap-
proximate ¢, 1 using

Pn (x) = min{n7 QD(SC)} 1[—n,n] (x)7 Un (I) = min{n:c, 1;[}(30)} 1[—n,n] (x)

Notice that ¢, (z) = 6, (z)|z|, where d,, is even, non-increasing, bounded and has
compact support. By dominated convergence, ¢, — ¢, ¥, — ¥ in LP.
We have

But since the left-hand side is a bounded bilinear form in L? x LP, we conclude
that

[ s@udn=o,
and the proof of the first part is complete.

Now assume ¢, 1) satisfy the second condition, that is, ¢ is bounded with
compact support, and §(z) = |z|~!¢(x) is integrable. The assumptions on ¢
guarantee that ¢(z) = [;"7 2% dt, from which we deduce that |p(z)| <
Cmin{1, |z|~!} for some constant C. By the assumption on v, the product ¢ is
integrable. We compute

L d;z:_/ /mw sin(a ) )|:17|5( ) dt da

and we see that the integrand is bounded in absolute value by the function
(t,x) = 4(max a) 1[g max ,] (t) 20 (2)

for x € [0,1] and by 1jgmax¢)(t)d(x) for 2 > 1. That is, it is bounded by an
integrable function in R x R. This allows us to use Fubini’s theorem, and conclude
exactly as in the first part of the proof.
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For the last condition, approximate ¢ by ¢, =¥ 1_,, . Since ¢, ¥, € L',
| iz zo
—o0

The hypothesis on ¢ implies that z$(z) € L'(R). Then

~ ||90||L11/f(55)a S [_17 1]7
[Pl () < {wx)xw(n, v ¢ [-1,1],

which is integrable. We conclude again by dominated convergence. O

The Radon transform of a Schwartz function ¢ is the function Re : S?~!'xR — R

given by
Rep(v,t) = / ®
vl+to

for every t € R and v € S"~!. Integration occurs in the hyperplane orthogonal
to v passing through the point tv, with respect to the (n— 1)-dimensional Lebesgue
measure. It is easy to prove that the Fourier transform of ¢ — Re(v,t) is the
function ¢t — @(tv).

If K C R is a symmetric convex body, the indicator function of K is

L () = 1 ifzekK,
K )10 otherwise.

Its Radon transform is called the parallel section function

Ak »(t) = R1k(v,1).
By Brunn’s concavity principle, A ,(t) is a decreasing function of ¢ for ¢ > 0.
Proof of Theorem [I.2] First let us consider the case where f(r)min{l,7} is an

integrable function. Extend f : R\ {0} — R as an even function and consider an
even non-negative test function §. By polar coordinates,

[ s paie - [ - / £ ()3 (0 dir v

:5/40 f(r)/sn oy avar
_ ;/(: rf(r)f{ - Ré(v,~)dv} (r) dr.

The integral of the Radon transform can be written as
n—3
RE(v,r)dv = rea [ 8(@)(1 = (r/la)) T ] M dr, (22
Sn—1 R™
where Iid is the (d— ) volume of S4~1. To see this, write the Radon transform as
Ro(v,7) = 5 fR,L (z,0)<r d; then

Ré(v,r) dv:/ 5(33)2/ L(gv)<r dvdr,
R or Sn—1 =

Sn—1
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which by rotational invariance can be computed as

/ Lizvy<r dv :/ Lieyw)<r/|a) dv
S'n,—l Sn—l

/o] o
= K,n_g/ (1—-5s*)"2 ds

-1

if r < |z|, and K,—1 otherwise. Take the derivative with respect to r to obtain

(2.2).
Finally, we get

2|72 f(|2)o () do = & 3z) 1 Oor — (r/|2))?)57 | drdz.
J R ey B O (R T SR P

S P I

n—3
For fixed z € R™ \ {0}, the function ¢,(r) = (1 — (r/|z])?),* is bounded with
compact support, even and non-increasing for n > 3, and the theorem follows from
Lemma with ¢(r) = rf(r) under the second condition.
For the second part, notice that for n > 9, we have ¢, € C3(R) and we can use
the second part of Lemma [2.1] O

Proof of Theorem [1.3] Since f is absolutely continuous, it can be written as

£(s) = /Oo WA dA

for s > 0, where w(t) = —t" f'(¢). By hypothesis w is non-negative, bounded and
integrable.
The function

fllzllx) = /IOO Ww(MAT AN = /OOO Iag (@)w(M)AT"dA

@ x

is locally integrable since f(||zx) < (maxw)||z|/} ", and defines a tempered mea-
sure.

Take any non-negative Schwartz function ¢. The previous bound on f al-
lows us to apply Tonelli’s theorem with |[@(x)|w(AM)A™™ > 0, and conclude that
G(x)w(AN)A™ is integrable in (z,A) € R™ x [0, 00). By Fubini’s theorem,

/R Hleloplarde = [ / Lk (@)@ (@)w(NA " dAde

/ /]R L (2)@(x) drw(MA™" dA
[

/000 /R LM @) e(x) dew(MNAT™ dX
- Lo
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The integrand 1z (A\z)p(z)w()) is clearly integrable in (z,\) € R™ x [0, 00), so we
can apply Fubini’s theorem again. Use the relation between Fourier and Radon
transforms to get

/ F(llzlx)¢ / / Aoy M (1A) dAp () da

_ z) —
_i/Rn 2] /_OOAKzAm( Jw([Al/]]) dA da.

The function Ak ¢(A) is even, bounded with compact support, and decreasing for
A > 0. Also, w is integrable and w(t)t™! = —t"~1f/(¢), which by hypothesis is
non-increasing, and we may apply Lemma to conclude that f is a non-negative
distribution. (]

Proof of Theorem [ First let us assume that p(z) = 1z, ¥(z) = 1k, where K is
a convex body and L is a star-shaped set with respect to the origin. By polar
coordinates,

[ ele@i@ e = [ jalix(o) do

or(v) R
:/ / r”71+°‘1K(rv) dx
Sn—l 0
1 o0 1t R
T2 /sm / [ L on 0,00 ) (D AR (1) do

where oy (z) = ||z||%" is the radial function of L. Since [t|"~ 1+ Loy (v),01 ()] (F)

is integrable and [¢] 7 " T 1, 0),00 (o)) (8) = [E" 2T 1o, (0),01 (0] () 1S nOD-
increasing for ¢ > 0, we may apply Lemma

For the general case, we proceed as in Lemma [2.1] using the layer cake formula.

O
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