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to the product measure TI exp(gm(p2 + CDm2 q2)) dpmdqm' (Tho 
m 

arbitrary functions g(z) must be ~ormalized: J f exp(gm(Pm2 + 
+CDm2qm2)) .dpmdqm=1.). The eigenvectors of 0.(11) with 
theeigenvalues E = z:. nm CDm are tPE= TI (exp (i/2 Pm qm)) . 

'II~ 

(Pm+sign(nm) .CDmqm)lnml. In order tPE is square integrable 
only if a finite number of the nm is allowed to be different 

,from O. 
The treatment of classical linear fields along these lines is 

straightforward. The measure becomes unique by the postulate 
of relativistic invariance. The construction of an invariant mea .... 
sure· in non-linear field theory involves problems similar to 
those discussed in 2c. 
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In relativistic quantUJ:p mechanics the kinematical proper­
ties of closed systems· are d~termined by the properties of the· 
unitary representations of the inhomoge'noous Lorentz group 
(iLG) and of its· different sub-groups. In this paper we discuss 
the complete reduction of the representations of the homog·e­
neous, proper Lorentz group (pLG), which are contained in 
the irreducible unitary representations of the iLG. 

The pLG consists of the transformations of the space time 
coordinates xfl, f-t = 0,1,2,3, 

(1), 
which conserve 

~ 

3;2 = xfl X¡.¡ = xfl g¡.¡v xv = (XO)2 - (xl)2 - (x2)2 - (X3)2 = (XO)2 -( X)2 
and space and time orientation: det ¡\ = 1, /100> O. The iLG 

(".) Contracted by tlle Conselho Nacional das Pesquisas, of Brasil. 
Now at the Institut fi¿r theoretische Physi1c der Universitiit Hamburg. 
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contains additionally the translations 

xf-l' = I\vf-l XV +af-l. (2) 

. An ,unitary representation of the iLG associates with every 
transformation (/1, a) a tmitary operator V(/I, a), which satisfie.s 

V(I\,a). V('/I,'a) = V(/I. '/I,a+l\'a). (3) 

. The iLG is lO-dimensional Lie group. In a unitary repre­
sentation of the iLG the infinitesimal transformations are re­
presented by hermitian operators Vi' If . V¡¡.v=- Vv¡¡. corresp':' 
onds' to the infinitesimal «rotatiOll» in the (fJ-, v):-plane ando 
if Vv corresponds to the infinitesimal translations along' the v 
axis, the following commutation relations result from (3): 

[V¡¡.v' VP't] = i(gvp V¡¡.'t.- g¡.¡p Vv't+ g¡¡.'t VvP~ gv't V¡.¡p) 

[V¡¡.v' Vp] = i(gvp V¡¡. - g¡.¡p V't) ; [V¡¡., Vv]=O. 
(4) 

As a consequence of these relations, the operators P and W: 

P=V¡¡.Vf-I 
W = 1/2 Vvu VVf-l Up Up - Vv¡¡. VPf-I Vv Vp (5) 

are commuting with¡ all Vuv' Vv. 

In an irreducible rapresentation of the. iLG P and W 
are constants, i. e. multip1es of the unit operator, which ar·e 
characteristicfor the physically interesting representations (1). 
In relativistic quantum mechanics the V v .. resp. V ¡¡.v are. the 
operators oí the 4-momentum resp .. relativis~ic angular mo,;. 
mentum. For the description of. anelementary particle with 
rest mass fl.(+) andspin s, W and P have meaning: . 

P=fJ-2. 

: , W'e ask now for operators, which commute with the V ¡¡.v 
only. Besides the P and W, there are only two other indepen­
dent invariants 

Q= Vuv l)f-IV 

R= VOl V23 + V02 V31 + V03 V12 • (6)· 

1 (1) E. P. WIGNER, Ann. Math. Vol. 40, (1939), p. 149-204. 
E. P. WIGNER, V. BARGMANN, Nao.Ao. Soie. Vol. 34 (1948), p. 211-223. 

(+) h = o = 1. 
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These invariants are characteristic for the irJ:1educible, unitary 
representations of the, pLG (2). Our probIem is identical with 
the determination of the spectral decomposition of the operators 
Q and R. with U IlV belonging to a given P and W. 

We shall discuss this problem for s = O. In this case the 
hermitian operators U v' U IlV are equivalent to 

Uv1'p(1c)=lcv1'p(lc); Ullv1'p(k)=i(k¡J.iJ~v-kv u~¡.¡)1'p(k) (7) 

wher.e 

are self-adjoint' operators with respect to the Hilbert space of 
the functions 1'p(lc) , which are defined on the momentum hy­
perboloid H+.:. k2 ---: IJ.2, kO > O. The norm of of 1'p (k) is-

111'p112= J 1'p*(k) 1'p(k) da, 

da invariant volume element on H+. Immediately W'e get 

R=O. (8) 

In order to solve the simultaneous .eigenvalue problem 

(9) 

we introduce on H+ cylindrical coordinates: k1 = u cos fr, k2 = u 
sin fr, ka = v, ko = ro = V IJ.2 + u2 + v2• By straightforward cal­
culations, we get as solution of (9) 

(
v+ro) iC/, ( -U2) 

.h , = N . eim& -- F a b· c' --
't'm,c/"A IJ. ' , , IJ.2 (10) 

F (a, b; c; z) is the hypergeometric function with the parameters 
a=1/2 (m+ 1 +ia+ iA; b=1/2 (m+ 1.+ ia- iA), c=m + 1; 
A is connected with the eigenvalue q = 1 + A2; the normalization 
factor is 

N = r(1/2(m+ 1 + iA+ ia)) f(1/2(m+ 1 + iA- ia)) . 
(2rc) 3/2 • F(iA) r(m + 1) 

(2) L. GELFAND, M. NEUMAltK, J. Phys. (USSR). Vol. X, (1946), p. 93-94. 
HARISH-CHANDR.A, Proa. Roy. Soo. (London) A, Vol. 189, (1947), p. 372-401. 

V. BARGMANN, Ann. Math. Vol. 48, (1947), p. 568-640. 
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In t11.e case f.lo2 = O the functions lPm,a,'A define a complebe 
orthonormal system if:· 

m=O,±l, ... ,-00 <a. <+ 00, O:::;),., <+00. 

There is a degeneration in the Q-spectrum for f.lo2 = O. In this 
cas'e we get as solution of (8) 

l!Jm,a,'A = (2 1t) -S/2 eim& (v + ro) ia ui(A-a,)-l. (10') 

These functions are only complete if),., vades over t11.e whoLe 
real a·xis. 

Introducing the following complex combinations of the V ¡J.V 

M2+= 2-3/ 2 (V23 + iVS1 + iV01 - Voz 

M1-=2-S/2(V2S - iVS1 - iU01 -V02 ); 

I 
1112-= 2-S/2 (U23 - iUS1 + iU01 + U02 ) (11) 

we get insteacl of (4) the following commutation relations 

[M,.o, M,.,O] = [M,.+, M,.,+] = [M,.-, 111,.,-] = O r, r'=1,2. (12) 

Instead of the hermitian V, we have n.ow 

These relations indicate that the pLG and the compl'ex ortho­
gonal group· are isomorphic. The functions l!Jm,a,'A definecl· in 
(10), are similarly related to the complex orthogonal group and 
H+, as the spherical harmonics are related to the real ortho­
gonal group and the sphere. This is shown by the folIowing 
relations 
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M r+ tPm,a'A = ± (2)-S/2( i'A + 1 + m :¡: ir;,) tPm+l,a±i A 

M r - tPm,a'A = ± 2-5/2 (i'A + 1- m ± ir;,) tPm-va:¡: i'A 

Mr°tPma'A= 2-1 (m=Fir;,)m, (13) 

where the upper sigh correspond to r = 1, the lower to r. 2. 
There are well known relations for the spherical harmonics, 

which are completely analogous to (13) (5). 
In the discussion of our probl.em in the case with spin, 

s = O; eq. (13) play a important role, because these relaLions 
permit the generalization of the composition rule for orbital 
and spin angular momenta to the relativistic case (4). 

(") for instance: Bethe, Handbuch der Physik Bd. XXIV /1 (1933), p. 
551 et scq. 

(') HANS Joos, to be published. 

RESUMENES 

I. ~OBRE LA INVARIANCIA DE LAS ECUACIONES 
DE LA FISICA CLASICA 

GUIDO BEaK 

(Rio de Janeiro, C. B. P. F.) 

Ya antes de la teoría de la relatividad era un postulado ge­
neralmente aceptado, que las ecuaciones de la física debÍ'l'l ser 
escritas 'en forma invariante con respecto al grupo de las tran.s­
formaciones ortogonales, las que comprenden las rotaciones orto­
gonales y las reflexiones da, las coordenadas. Era este postulado 
que conducía al cMculo vectorial. 

La invariancia de las ecuaciones con respecto a las reflexiones 
tiene una implicación importante. Si encontramos una sustancia 
cuya estructura espacial no coincide con su imagen especular, la 
configuración especular también es compatible con las ecuaciones. 
Ya P. Curie mostró que para cada sustancia ópticamente activa 
también existe la sustancia opuesta. En el mundo orgánico en­
contramos ser·es con un solo sentido de espiralidad, pero este he­
chQ puede ser explicado por fenómenos secundarios, sin aban­
donar la simetría de. las leyes básicas. 


