
GENERALIZED POTENTIAL OPERATORS 

by M. OOTLAR (*) ando R. PANZONE (**) 

Th:l n-dimensional Hilbert transforms studied by Calderón 

ancl Zygmund [1] are convolution operators f = f * h such that 
the kernel h(x) satisfies tha homoganoU3 property h(ax) = 
a-nh(x),XEEn, fór an a:>O and the integral of h(x) taken 
over the set 1 < Ixl < 2 is zero. In the paper [2] Lhe Calderón
Zygmund I1esults have been extended to convolution operatol's 
H on f = f * K with kernels !( satisfying the homogenous property 
only fol' one value of a, for instance a=2 :1((2x)=2-n!((x). 
The operatars H on in elude as special cases the .operators of 
F1ej.er and ergodic type. 

In this paper a similar generalization is done for the potential 

operators fyn=f* IxIY-n, O<y<n, XE En, wherle the kernel 
h(x)=lxIY-n satisf~es the homogenous property h(ax)=ay- n 
h(x), for aH a>O. W,econsideroperatorsoftheform HYnf(x)= 
f * !("fn where the kernel satisfies the condition !(yn(2l) = 
2Y-n !(yn (t), t E En. Such ap'erators may be called generalized 
·potential operators. We show that if K"(n satisfies certain con-

ditions then the basic properties of the elassical operators !yn, 
due to Hardy-Littlewaod, Thorin, Sobolieff, Zygrnund, Du Plessis 
and athers, ar,e true for these generalized operatars Hyn' '"Ve 
deriv·e these results fram general properties of linear apera tora. 
and we complete the results of Sobolieff in the case f(t) E 

V(En), x E Em, m-=/=n (1). 

(*) University of Buenos ,Aires and Wáshington University, Sto Louis, 
Missoul'Í. 
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(') Sorne of the results of this paper were presented at the 1957 meeting 

of the UMA in Babin. Blanca. 
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1. In t r o d u c t ion. W'e consider the n-dimensional Eu-
clidean spaoe En = {x, y, ... t, ... } , X = ('~1> '" ~n)' Y = (111' ... 11n) .. . 
andusethenotations X+ y= (~1 +111'" ~n + 11n)' (x, Y)~111 ~1 + .. . 
+~n11n, IxI2=(x,x),dx=d~1'" d~n. If E~En, IEI wilLdenote 
the measure, and cp(x, E) the characteristic function of E. By 
Lp = LP (En) we mean the set of measurable functions I such that 

If I(x) is defined on En and if Em_~En, then the p-uorm 
of the r,estriction of l· to . Em will be denoted by 

(2) 

W,e say that h = TI is an operator 01 type (p, s), or more 
pl'iecisely 01 type (Lp (En), La (Em», if for every lE LP(En), 
h = TI is defin'ed in Em and satisfies 

(3) 

wher.e the constant M is independent of l. The least value of 
M is the norm of T. If h is defined in Em and if a> O, . we 
denote by D( Ihl, a) the (m-dimensional) measure of the 'set 
E= {XE Em; Ih(x) I >a}. If s <00, W18 say with Zygmund [3] 
that T is 'of weak type (p, s) with constant M, if 

D( ITII,a) «M 1I/IIp(n)/a)s ( 4) 

holds for any \a> O and any lE LP. If s = 00 then, by defi
nition, Wieak type .(p, s) is the same as type (p, s). The least 
valU!9 of M in (4) is the wBak norm of T. If T is· of type (or 
Wleak type) (p, s), we say also that T is of type P, where P 
is the poinf' of tha plane of coordinates (l/p, l/s); if p > 1, s > 1, 
then P is in the unit square, called the square of types. Given 
8¡n operator T, one of the basic problema which arise is to de-: 
termin,e the points P such that T is of type, or weak type P. 

In the case oí the oparators Irn we have the following results. 
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A) The n-dimeIisional Hilbert transform t = ton = t '" h is 
a singular integral defined as a Cauchy principal value. 1t was 
proved by Privaloff, Lusin, M. R1esz and Kolmogoroff in the 
case n = 1, and by Calderónand Zygmund [1] in the general 
case, that if the kernel h satisfies sorne continuity condition, 

then t lexists' as a principal value for any tE LP, P > 1, and 

the.operator 7=t~h is .oftype (p,p) if l<p<oo, and of 

""eale type (1,1). Thus, 10n is of type P for every interior point 
P of the diagQnal Ao Boof the square of types, and of weak 
type at the cnd point Bo. (See figure 1). 

B) Consider now the Riesz potentials or fractional integrals 

fyn(X) =eyn r f(t) !x-t!y-n dt=t* !t!y-n, ,(5) 
} En 

0< y< n, eyn --':'1tn/2 2Y r (Y/2)/r ((n - y)/2). (5a) 

Sinoe the kernel h = ! t !y-n is non-negativa the integral (5) 
is. wleU defined- for any t > 0, so that (5) is not a singular inte
gral. It was 'pr¡OVled by Hardy-Littlew.qod in the case n = 1, 
and by Thorin and Sobolieff in the case n> 1, [4], (cfr. also [5]), 
that the operator ,( 5) is of type (p, s) for every p, s such that 

1/p-1/s=y/n, y/n < l/p < 1. (6) 

Hence, tho operator (5) is of type P for .any interior 
point of the 'segment AB obtained by translating the diagonal 
in y In. Zygmund [3] . prov,ed that this operator is of weale type 
at the cnd point B= (1, (n - y)/n). . 

C) Let Em.c::. En 'be a subspaoe of En. Let in (5) t vary 
in En and 'x in Em, then the operator .(5) assigns to func-

tions t defined on .En, functions f(x) defined on Em.Sobq:" 
l1eff prov·ed [6] that in this case the operator (5) is type (LP En), 
Ls (Em» for 

l/p-(m/n)/s=y/n, y/n<l/p<l, (n-y)/m<1. (7) 

Hence here the 'operator is of type P in any interior 
point of the segment AB' obtained by translating and rotating 



-6-

tha 'diagonal. Soholieff 'really proved only'a much weakér result, 

assuming that f and fyn are considered on bounded domains 
and that l/p - m/ns < y/n; (he' proposed the fuH restilt as a 
prob1em. The, problem', was so]ve.d by Ilin [7]. Without lmowing 
the papel' of' Ilin we obtained the same result ,by a different 
method (2) which is giv'en below for more general' operators. 
Moneov'er I we proved that the operator is of weak type at the 
end point B'. Similar results hold if Em;J En (cfr. [8]). 

D) Ú the functions f( t) and f (x) are considered on boun
ded domains Dn.L. En, and Dm L. Em (so that the integral in 
(5) 1s talCJen over Dn), then it was proved by Sobolieff and 
KondracMeff ([6], cfr. [9]) that the operator (5) is of type 
(LP (Dn), LB (Dm» for 

n 
l/p-~m/n)/s<y/n, y =l:p,l<s<oo, n-y<m, (8) 

that for 

l/p- (m/n)/s<y/n (9) 

the operator is completely continous, and if in addition 
O,<l/p<y/n. then (5) is a comp1etely continous oparator from 
LP(Dn) to C(Dm). 

E) It was proVled by Du Plessis [10] that if fE LP, y/n<:. 
l/p'< 1/2 then the set where (5) is not finite is of zero ~-capa
city for ~ >)n -,- 'P y; if 1 < P < 2 then this set is of z'ero 
13-capacity for ~ =Jl/, -y p., Finally it wasproved by Hardy
Litt1ewoocl in ihe case n = 1, ando by Du Plessis in the cas'e 

n>l,'thafif fELip.~, 0<~<1, then fynELip(a,+~), O<y+ 

~,<1; and if !.ELP, p>1,1/n+1/p>y/n>1/p, than fynE 
lip (y-n/p). ' 

The results mentiooed in A) ha",e be en extended in [2] to 
opar.ators H on f = f * Kon where the kernel satisfies tha homo
@EmOUS condition only' for a = 2. If. for each kernel K we 
associate the kernel k(t) = K(t) in '1< I ti < 2 and zero other-

(") Sea our cómmunications ,to the 1957 meeting of the UMA. 
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wise, then, K= '[(on satisfies the' hom'ogeneous ' conditióri 
[(on(2t) = 2-n [(on( t) 'if and only if 

[(on(t) = 2::'" it=-~ 2-ni lf.(2-i t). 
~ ____________________ ~5o 
, , , , , , , , , , , , , 

" , , , 

Ao ~ ___ --'~-.,-__ ---'-" 1 
,'------..vr----J/ A 

'1< In 

(10) 

Thus, tho results A) hold for kernels of fotm (10), provided 
k( t) satisfios sorne continuity condition and its integral is zero. 

The aim of this pap'er is to obtain a similar generalization 

for the oper,ators !Yn.', y "> O. Since the kernel h( t) = I t I y-'n 
satisfi,es the homogenous property h( at) = ay-n h(t) for aH a> O, 
w-e consider generalized potential operators of the form 

Hynf(x) = r f(t) Kyn(x"':"'t)dt,O<y<n, (11) 
J'En 

where the kernel satisfies the condition Kyn(2t) = 2y-it [(( t). This 
is the same as to say that Kyn is of the form 

Ky~( t) = 2:: '" i=-", 2(y-n)i lf.(2-i t). (12) 

W'e shall prove that properties B)-E) hold for operatora 
(11) if k sati,sfiesoertain conditions. In the case .y> O, the 
integral of k need not to be zero and w,e may tako lí: > O. 

Moreover, in [2] was given' a further generalization of th~ 

Hilbert operators ton which is as follows. Let K = Kon be oI 
theform(10) andletk¡(t)=2":'ni lc(2-i t), so that Kon=I/'_o,k¡ 
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If . the generating kernel k satisfies k E Lip (1, 1), then the 
«generated» kernels k¡ satisfy the conditions 

where IIkll(l~Y) denotes the least constant e such that 

r Ik(x+h)-k(x)ldx<clhIY, (y<l), and kELip(l,y) J En 

means IIk 11 (l,Y) < oo. (If y> 1, Y = y' + y", y' = integer, y" < 1, 
we say that k E Lip(l, y) if k has absolutely continous deriva
tivas up to order y' and if the derivativ·eg of order y' belong 
to Lip (1, y"». COlIlditions (13) imply that the lé¡ are «almost 
orthogOlIlal», that is Ilk¡+i * k¡lIl < 2-j e, if j > O. It Was proved 
in [2] that the properties A) hold for operators of the form 
Honf=Zjf*k¡ if the k¡ satisfy (13) or the almost orthogonal 
oanditions. Similarly if Kyn is of the form (12) and if le E 

Lip (1, 1), then the corresponding le¡ satisfy 

and the orthogoJ?ality condition Illc¡ * k¡+jIlCl,2Y) < Z-j, e holds. 
Fmm the results bf this paper and from our previous pa.per [11 ] 
it will folLow that prop·arties B)-D) hold for operators of the 
form f * Zj k¡ if the k¡ satisfy' (14) or the orthogonality con
ditions. (In [11] the method is only sketched very briefly, tha 
details will be given .. in [12]). 

W"" gi\"e diret proofs, based on general properties of linear 
operators, and do not assume known the properties of the clas
sical potentialoperators. 

2. Genleral remarks on types. Let Lo=Lo(En) 
be the set of aH step functions of En; by a step function we 
mean a linear combination of characteristic funcions of n-di
mensional cubas. w'e say that the operator T is of type (or 
Wleack type) on Lo, if (3) (or (4» holds for f E Lo. Since Lo 
is.denseinaHthe LP,p<oo,anyoperatoroftype (p,s) on L(} 
can be extended to an operator of type (p, s) on LP. Our 
main purpose is to establish that Hyn is of type P=(lfp,lfs)t 
for a11 interior 'points of a oertain segment AB, and of weak 
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type I!t B.' The fQllowing general properties show that' it wilI 
be sufficLent to establish the types only on Lo and only for 
two special cases: P = e and P = B. . The case P = e is easier 
to handle since in this case s=p'=p/(p-1) and Ls is the 
dual of LP (see section 3); and in the case P = B we hav-e 
p = 1 and some special arguments can be used (see B) below 
and section 4). 

A) In many cases is considered an operator T which is 
the limit of «good» , operators TE' More precisely, let TE, 
E'> 0, be a S1~ence of linear operators satisfying the following 
conditions: 

(i) Foreach E>O,TEf assigns to any functÍon fELP, 
p>l, a function TeI(x), finite for aH x. (ü) If InELP (fi
x,ed p) andif IIfnllp--+O as n~oo, then limTEln(x)=O,for 
eachfix'ed E> ° and for each x. (iii) lim TeI(x) =Tf(x) 
exists foI' almost all x and aH I E Lo. Tlms the limit operator 
Tf is defined and is finite for aH I E Lo. 

For instance, if Tf=fyn=f* Itly-n,hE(t) I Itly-n if E<ltl< 
E-1 and zero otherwise, and if TE 1 = 1 * hE' then each hE is a 
bounded integrable function and properties (i)-(iii) are satisfied. 

Let: Mf be the maximal operator of the sequence TE f, 
that is 

(15) 

By (iii) Mf(x) is finita for every fE Lo .and almost aH x, 
and I Tf I <M f. MI is not a linear operator, but. it is sublinear: 
f=g+h implies Mf(x) < Mg(x) +Mh(x). 

Pro p o s i tío n 1. Let T be a set of lineal' operators .sa
tisfying (i), (ii), (iii). a ) JI MI is 01 type (01 wea/¡: type) (p, s) 
on Lo, then Mf is of type (weak type) (p, s) on LP, and (iii) 
holdsforanY/ELP. b) JI Mf'isoftype (p,s) on Lo then 
Te! converges to Tf in the s-mean 101' lE LP; if 111 is 01 weak 
type (p, s) then TE f converges in the s-mean only on bounded 
sets and only if Ifl P log(1 + 1/1) is integrable. 

Proposition 1 was proVled in [2] (p. 119)- in tha case p = s, 
the proof in the general case is essentiaHy the same (sea [15]) 
and we shall not repeat it. Proposition 1 shows that under 
oonditions (i)-(iii) we may restrict ourselves to types on Loo 
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B) We say that Tf satisfies the condition (p, s)' ,of Kol..:. 
mogoroff with constant M', if for an.y s' <s, for any' f, and 
for any' bounded set XJ~. E1JI. it is true: 

f r } l/s' , U x 1 Tf(y) Is' dy < M'(s/(s -s') ) l/s' IXll/s'-l/s llfllp. (16) 

Pro p ,0 s it ion 2. 1fT satisfies inequality (16) for one 
va{ue s' < s and with constant M', then T is ol weak type 
(p, s) with constant M <M'(s/(s ~ s') ) l/s' . lf T is of weak type 
(p, s) then T satisfies the Kolmogoroff condition with the same 
constant M'=M. ' 

This Proposition was prov;ed iri' [2] (p. 67) in the case s = p; 
the proof is almost theisame in the general case. It is important 
to obs'erve that. the 'proof of Proposition 2,gives ,somewhat more: 
if (4)is true for a fixed f and for an a> O, then '(16) is 
true for this fand for an s' <s and X, and conversely. From 
this remark we deduoe the following. 

, Prop'o'sition 3. lf p=l,l<s<oo, and if (4) is true 
for the characteristic functions of cubes, then T is of weak type 
(1, s) on Lo. 

Proof. Any ~unction gELo,g>O, is of the for~ g(x)= 
clfl(X)+, ... :czh(x), where fi are characteristic functions of 
cubes. By hypothesis (4) is true for each fi' and since (4) im
pUes (16) for an individual f (16) is true ioreach f i . ,Sinoe 
s>l, we may take l<s'<s, and since p=l, 

{r ' , } l/s' lf } l/s' 
} x ITg(y) 1

8
' dy < ~i )ciTfi(Y) Is' dy < 

<:: M(s/(s - s') ) l/s' IXll/s'-l/s II~ cifilll = 

=M(s/(s -S'»l/s' IXjl/s'-1/SllgI11• 

He:noe (16) is true for g(x), and therefore (4).is true for ,g. 
Propo~ition 3, provides a v.ery simpl,e proóf of the. following 

theor,em due to Zygmund [3] (Zygmund considered only the 
case n=m):" 

f . :', 

Pro p o s i t ion 4. 11 Em.Lo En and m > n-y, then the 
poten,tial operator .(5) is of weak type (V (En), Ls(Em», with 
s ' m/(n-y). 
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Proof. Sinoe s>l, it is enough toprove that,(4) holds 
if f . characteristic function of a cube. Q .. If c i.s the oenter 

and 1>0 the side of Q, then !Yn(x) <the integral of Itly-n 
-extended over the set I t - (x - c) I < n l. . An easy. computation 
:shows that the last integral is < c lnlxly-n. Therefore if x. is snch 

that fyn(x»a then C[nlxly-n>a, or /x/«cln/a)l/(n-Y)=r. 

H.enoo D (!yn, a) < voIume of the sphere of radius r ~ 
.( cl ln/a)m/(n-Y) < (C2I1flll/,a)m/(n-y). 

e) Let T be a linear (or sttblinear) operator on Lo. TIte 
'Riesz-Thorin convexity theorem asserts tl~at if T is type Pl 
~nd of type P 2' then T is of type P for any P of segment 
P 1 P 2; mor,eover, the corresponding norms M l' M 2' M satisfy 
tha inequality M < Ml aM21-a where a is the ratio in which P 
divides tbe segmento The Riesz-Thorin theorem is a particular 
cas·e of the fol1owing Cnnvexity theor.em for analytic operalors 
([13], [14]): Assume that for each complex numher z, O <Rz< 1, 
is given an operator T z clafined on Lo such ~hat 1) for fix·ecl 
j, 9 of Lo, (Tz 1, g) is an analytic and (for instance) bounded 
function of z; 2) IITiu/llsl::sMlll/l1PI and IIT1+iu/lls2<M211/1Ip2, 
iu = (_1)1/2 u, for all f E Lo and all real u, (Pi' Si > 1 for 
i = 1,2). Then for ·each t, 0< t < 1, the operator T t is oI 
type (p, s), where l/p = (1- t) /Pl + t/P2' l/s = (1- t) ¡Sl + t/52, 
~nd l11'tI/5M1l-tM2t. 

Another important generalization is the following 1'heorem 01 
M.a¡·cinlúew,icz-Z ygtnund: If T is of weak type P 1 and of weak 
type P2,Pi= (l/pi, l/si), Pi<si,sl,,"/=S2' then l' is of type P 
in ,any interior point P of P 1 P 2' with norm M satisfying 
M<cMll-aM2a,. where c depends only on the,points Pi and 
tends to infinity as P approaches one of theend points. The 
theor·em is not true if sl =S2. 

It is well known that a linear operator1' is of type (p, s), 
1 <p, s, s <00, if and only if / (TI; g) / <M IIfll p IIglls' (this is nót 
trua if s = 00 ). Therefore, for convolution operators 1'1 = 1* l( 
is true the following property: if T = f * l( is of type (LP (En), 
Ls(Em», p> 1, s >1, then l' is also o~ type (V' (Em), (LPI 
(En». That is, ~f l' is of type P it is also of .type p*= the 
simmetricpoint to . P withrespect to the diagonal; this property 
is not true if p = 1. . . 
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Applying this remark and the l\1arcinkiewicz-Zygmund theo
l1em to the operator. Hyn we see that, in order to prove that 
H yn is of type in the interior of AB and of weak type in B ~ 
it is .,e;nough to prove that Hyn is 01 weak type al the end point 
B and 01 type at e = intersection of AB with the diagonal 
1/p+1/s=1. . 
\ Let us still l1emark that if w.e al1e interested only in weak 
types and weak norms, then the Marcinkiewicz-·Zygmund theorem 
tak,es the following perfected form: liT is 01 wealc type P 1 

with we,ak norm M l' and 01 wealc type P 2 with wealc norm 
M2, the.n T is 01 weak type P in any point P 01 P1 P2, wilh 
norm M satislying M <2 M11-aM2a. Here, as in the Riesz
Thorin theor,em, Pi al'e arbitrary points in the square of types 
and the case sl -:- S2 is not excluded. The proo! is essentialIy the 
the same, and much simpler, as that of Marcinkiewicz's theorem 
(see [15] and [12]). 

Finally, the definition of weak type may be formulated in 
the following form, which is more similar to that of type.For 
any function h(x) let us defin·e the weak s-norm by 

{h} s= (suPa>o{asD(lhl; a)} )l/s. (17) 

Then T is of wleak type (p,s) if {Tf}s<Mll/llp' Let {Ls} 
he the set oí all measurable functions h such that {h} 8 < 00 • 

rrhe weak norm {h} s is not a norm but it defines in {Ls} a 
topology equivalent to that of a normed space. In fact, as C. 
Tr,ejo showed in a forthcoming note, if Vd is the set {h} s < d, 
and if [1]8 is the infimum of the numbers d > O sllch that 
tE Conv {Vd}, then [1]8 is a norm in {Ls} which defines the 
safiod topology as {h} S' Thus [Ls] is a normed space, and a li
near operatorT is of weak type (p, s) if and only if T is a 
continous transformation from U to [Ls]. Proposition 4 asserts 
thell thal the potential operator (5) is a bounded operator from 
LP{En) to [Ls(Em)] for s=m/(n-y). Let us define the space 
{Ws(l)} as the set of all functions which admit generaliz·ed. deri-

vativ;es . up to order. l, and with norm IIJs + Z; [DI tJ8 < 00, ··where 
DI I denotes the generic l- th order dervative. Then from Pro
position 4 we may deduce the following generalization of the 
immersion theorem of Sobolieff [6]: if k > O, k >l- n and 
s=nf\n- (l-k)), then W 1(l).<=[W/']. In particular if n> l~ 
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m>n-l and s=m/(n-l), then W 11(En)_C[Ls(Em)]. W'e 
shall return to this question in another paper. 

3. L 'e m m as f o r t y P e s (p, p'). For each p > 1 we 
write p'=p/(p-1). Let k¡(x),xEEn, be a sequence oI in
tegrablle kerneIs, so that I * k¡ is well-defi:ned for each i. Let 
us see under. which conditions theoperator 

(18) 

will be of type (p, p'). For any N we put 

We say that kELip(p,y),O<y<l, ií Ilk(x+h)-k(h)llp< 
111 Ih I y holds íor a~y h E En; the least vaIue of M wiII be deno
ted by Ilkll<p,~) (for y> 1, see .the definition on the end of the 
Introduction). The Fourier transform of I will be denoted by 
.... .... 
f = F 1, 1= F * 1, and the following well-Imow:n inequalities (see 
[16]) will be used (1 < p < 2) : 

IIF * fll pl < II/IIp, (19) 

fE" I f(u)IP lul n(P-2)du<cp fEn I/(x)IPdx, (20) 

I f (u) I <Cy 11/11(1,y)I U I-Y. (21) 

L re m m a 1. 11 lor almost all u E En exists the limit 

limNo+ooKN(U) = h(u), (22) 

IKN(U) I <Mlul-Y, for all N and almost all a, (23) 

O<y<n=dimEn, p=2n/(n+y), p'=2n/(n-y), (24) 

. then: a) IIHN IIIpl <M cpll/llp' where Cp does not depend oí N; 
b) lor leach lE LP (En) the lunction,s H N I converge in LP' to 

'" a limit HIELP'(En) and IIHlllp,<Mcpll/llp. c) HI=F*(fh). 
Rence HI is 01 type (p, p') =type C. (See figure 1). 
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Proof. Considero first thecase tE Lo . so that aH. Fourier-

'" transforms will be well-defined. By (22) the sequence I/(u) h(u)-
" " t (u) KN(U) IP conv'erges to z,ero for almost all u, by (23) this~ 

. " 
sequenoe is dominated by the function G(u) = (2M)P 1I (u) 11" 

" lul-Yll = (2M)P 1 I (u) IP lul n(P-2), and by (20) G is intewa-
ble with integral < (2M)P (e p 11t!lp)p. Therefore we may integrat~ 

" " term by term and we obtain that I (u) [(N(U) converges in LP" 
'" '" to I(u)h(u) and IIlhdlp«2Mep)lIfllp. From (19) follows; 

A 

then that 1* KN converges in LPI to F * (f h) = HI and' 
A 

IIH/llr' < I:f hll n < ep M 1I/lI p. This proves the theorem for the: 
case lE Lo· If lE LP, we takc 1m E Lo such that 111 - Imllp ~ O .. 
Then HNlm .converges in LPI to a function GN, as m~oo. 
Sinoe IIGNllp,=lim IIHNfmllr':::; epM IIfll p' and sinoe IIHNf-· 
HNlmllll< 1I[(Nlll 1I/-lmllp~O,HNfm convergesin LP to HNf,· 
sothat Wd must have HNf=GN. Henoe IIHNlllp,<ellMII/llp~ 
Thus IIHNII < ep 111 and HN f conv'erges on a dense subset Lo, 
of LP, and by a known theorem this provas the lemma. 

Bemark 1: 1f Ik¡'(x) 1 <k¡(x) and if the k¡ satisfy (22)" 
(23), then a), b), of lamma 1 are true for the oparator I * I.lc¡'. 

L,emma 2 .. Let 0<1<1. 1f lIic¡Jll<2¡YM,1I1c¡II(1,1)< 
2-(l-Y)iM, and it p=2n/(n+ I ), then pl'opel'ttes a), b) and e)' 
of lemma 1 are trUJe. 

Proot. From the hypothesis and (21) we obtain 

A A 

Ik¡(u) 1 <e M 2-(1-Y)i lul-1, and Iki(u) I <M 2iY. (25} 

Lel us fix u and let r be such that 21' < 1 u 1-1 < 2/'1-1 .. 
Then, using (25) and 1-1 > O, we have 

A 

I.i>r 1 ki( u) 1 ~ C. M I U 1-1 I.i>r 2-(1-Y)i < 

< cM 2-r (l-.y) 1 u 1-1 I.i>O 2-¡(1-Y) <' 

< e' M(2-r lul-1)(1-Y)lul-Y < el! Mlul-Y;: 
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A 

Henoe' (23) is true, and aLso (22) is true, since X. k¡( u) con-
v,ergesabsolutely for each u =j= O. 

Lemma 3. Let l<y<n and let kj*=lkjla, a= 
(n -lj2)j(n - y). If Ilkj*lll < 2j/2 M, IIkj*llcl.l) < 2-j/2 M, and 
if kj vanishes outsicle of the set 2j < Ixl < 2j+1, then a) ami. 
b) of Lemma 1 hold for p=2nj(n+y). 

Proof. For any complex number z and for any fixed IV we-
defiIl!e the operator . ' 

(26) 

I For any r'eaI number u we have Ilkj*(x) liul < 1 . and by 
hypothesis k l* kj* . O if l '='j= j, so that IX.I kj*( x) I iu I < 1; hence: 

IIH*udllce < IIflll (iu= (_1)1/2 u). (27) 

On the other hand, Ilkj*(x) 11+iu l < kj*(x) afid the Ici'~' 
satisfy the hypothesis of Iemma 2 with y = 1j~. Hence by lem-· 
ma 2 and Hemark 1, 

(28). 

where c is independent of N. But it is easy to sea that H* z f 
is a bounded analytic operator in z, for O <Rz< 1, hence frOl.n 
(27), (28) and from tJ¡e conv'exity theoreJll for analytic operators, 
it follows that H*t is of type (p, s) for 1jp= (1-l)j1 + t/r, 
l/s = (1- t)j ce + t/r', O < t < 1. Letting t= (n - y)/n -1/2) we' 
obtain that H*t is of type (p, p') and IIHt* fll p' < cM IIfllp, c 
independent of N. Hence the operator H'N f= f * X.N_N 1J.:¡j sa~ 
tisf1es IIH'N fll p' < cM Ilfllp and this provas part a) of the lemma. 
Part b) les easily deduced from the last inequality, observing that 
IHNf-Hfl is dominated by IR'Nf-H'fl, that /HNfl < 
H'N( Ifl), and that H'N( Ifl), is non-decreasing. 

Consider now a subspace Em,.L:. En, and l,et En = Em X En-m,. 
Em={x1},En-m= {X2},En={x},x= (X1'X2). If [(x) is defi
Il!ed on En then the operator 

Tf(x)=F(x)=f*[(= ( f(t)[(x-t)dt (29) J En 
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assigns to functions f(x) defined on En functions F(x) defined 
Qn EIl. If in (29) we let x vary only in Em, that is if we 
consider the restriction G(x1) =F(Xl' O) of F to Em, then we 
obtain a second operator T 1 f = G which assigns to functions f 
defined on En functions G defined on Em. Finally if 'g( Xl) 
is defined on Em, we have a third operator ' , 

T2 g(x) =Fl(~) =f 9(ti)l((x -'- t1) dt1 (29a) Em 
which assigns to functions 9 def~ed on Em functions F 1 defi
ned on En. Thus the convolution with l('defines three diferent 
operators T, T l' T 2' It was already observed in e) of Section 
1, that if T1 is of typ~ (U'(EIl),Ls(Em» then T2 is of type 
(Ls' (Em),LP' (En», provided p>l,s>1. 

If we fix X2 and consider [((Xl' X2) as a function of :c 1> 

then the Fourier transform of this function will be denoted by 
Fll((~,x2)' Similarly is defin,ed F2Iqxl>_u2). If IC is in 
L2 tiloen we hav.e ' 

, A 

so that F1 [((Ul' x2) = F*2 [((ul> x2). If F=Tf, G=Ti/, F1 =T2 9 
A A A 

ar·e the three aboye definad operators, tiloen F(u) = f (u) [((u), 
but instead we haVoe: 

(31) 

A A A 

F1( u) = F F1(U1, u2) = 9 (u1) [( (Ul> U2)' (31a) 

IF 1 G(u1) I < {lEn-m I F 1 f(Ul> X2) I P dX2 J l/P 

{lEn-m I F 1 [( (u1, X2) I p, dX2 } l/P'. (31b) 

L1emma 4. If O<y<n, if p=(n+m)j(m+y), and 
if [( satisfies 

(32) 
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~then T1 =f*[( is of type (LP(EII),Lp'(Em)) and IITlfllp,(m)< 
·cM IIfll p(n) 

Proof. Sinoe n·..:.... m - py= m(p - 2), taking in account 
'(32), (31b), (20) and (19), 

;IIT1 fll p'= II Gll p,$; IIGllp<M {!Em lu1 Im(P-2) 

[!En-m I F 1 f(Ul> x2) IP dx2] du! } l/P 

< Mcp {!En~m l!Em If(xl, x2) IP dXl ] dX2 r/p 

=Mcp lIfllp· 

Similarly is proV'ed 

LHmma 5. lf O<y<n,p=(n+m)/(n+y), and if 

L(n-m II((u·l,u2)I Pc!u2 } 1¡p <M lu1 1(n-m-PY)/P, 

then T2 g=g*[( is of type (LP(Em),Lp'(En)). 

(32a) 

W'e denote by IIg 11 (r,s) the least constant ,M' such that 
IIg(x+ h) - g(x) 111' < Mlhls. With this notation we have, 

L'emma 6. Let En=EmxEn-m,m<n <m+2y, and let 
p=(n+m)/(m+y),2<p'.<2+1/m. lf ki(x) vanishes outside 
of Ixl < 2i, and if 

then· Hf=f*~ki is of type (LP (En),Lp'(Em)). 
Proof. ' Let us fix N. By lemma 4 it is enough Lo provc 

that K = KN satisfies condition (32). Let us fix Ul> and let 
g(x2) e LP(En-m) be such that IIgll p=1 and 
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Then 

J=Fj {r [(N(Xl'X2) g(x2) dX2 }=~Ni=-NL¡(Ul)' (34) J En-m 

where 

I L¡( Xl) I = /J En-m k¡( Xl X2) g( X2) dX2 / < 

< IIgllp(n-m) Ilh:¡lIin- m) = IIk¡llp,(n-'m). 

'Sinoe k¡ vanishes for I Xli> 2i, Wre deduoe from the aboye 
inequality and (33): 

< 2¡m/P e 2-im/PI = 2¡.¡. e, (34a) 

where ¡..r.=m(2/p,-1) >0. Similarly, since IL¡(Xl+h)-L¡(x1)1< 
IIgllp Ilk¡(Xl + h, x2) - k¡(x1> x2) 1I¡1,(n-m), we obtain 

(34b) 

Let r be such that 2r < I ud -1 < 2r+1, then sinoe l/p' - ¡..t. > O. 
we obtain, usmg (34b) and (21), that 

Similarly from (34a) we obtain 
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A 

Henoe X,N_N IL¡(u1) 1 <clul-¡'¡',fJ.=(p¡-n+m)/p, SO that 
in virtue of (34) I(N satisfies oondition (32). 

Sinoe the condition 2 < p' < 2 + l/m of lemma 6 implies 
n-(n+m)/2<¡<n-m(n+m)/(2m+1), lemma 6 does not 
apply to aH ¡ < n. However: 

Lemma 7. Let O<¡<n, m<n<m+2¡, p=(n+m)/ 
(m+¡) and let lc¡*(x) = Ik¡(x) la, la=(n+m)/2(n-¡). If 
k¡( x) vanishes outside 01 the set 2¡ <1 x 1 < 2i+1 arid il 

thlen HI=X,I*I1:¡ is 01 type (LP (En),Lp' (Em». Thus, llt 
is pi type e' (see figure 1). 

Prool. Using the convexity theorem for analytic operaLors, 
l'emma 7 is deduoed from lemma 6 in the same way as lemma 
3 was deduced from lemma 2. 

4. PSleudo types (l,r; d). In this section we cOllsi
der a generalizati:on of Riesz's conv,exity thearem in the case 
P2 = 1 <S2' 1 < Pi < Si' For Pi = S1> P2 = S2 = 1, this g'eneraliza
tion reduoes to one given in [2] (p. 77). In this section we con
sider only operators TI defined on Lo( En), so that I is dari
ned on En and TI on Em. We shall use the following notations: 

S (1) = the support of 1= the set of points x where 17'-= 0, 

m(l) =the minimum of Ilion S(I), 

fJ.(f; Q) = IQI-l!Q 1I1 dx 

In the case P2 = 1, Riesz's theorem says that if (i) T is of 
type (1, r), ancl (ii) T is of type (p, s), then T is of Lype P 
for any interior point P of Pi P 2" where 1\ = (l/p, l/s), 
P2 = (1, l/r). In the theorem oí Marcinki:ewicz, type es replacecl 
by w.eak type in both conclítions (i), (ii). We shall now replaoe 
type by weak type only in (ii), ancl (i) will bereplacecl by 
anotbrer weaker conclition, as follows. Conclition (i) says that 

(36) 
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, We coru;ider the following weaker condition: ~Qr -each func-
non f E Lo there is a function h and a set F c:: Em such that 

{fEm_FIT(f-h)(x)lrdXr/l' <e 11/111 (37) 

If h=O, and F=O, then (37) reduces to (36). Since (37) 
is always satisfiecl if h = f or' if F = Em, we must impose further 
conditions upon h and F. In the case of Hilhert tral1JSformsand 
other ~ingular integraLs Tf(x)is bad if x belongs to the support 
of f. This suggests to take F=S(f). Since IS(I) I <1I/111/m(f), 
it is natural to impose on F. the more general conclUion 
IFI < e 1I/IIdm(f), or still mor,e generally, the condition 

IFI < [e IIfIl1/m(f)J/d, d> O. , (38) 

Similarly the case of singular integraLs suggests to, impose 
on h t11.e conditions: 

Ih(x) I <em(f), anclllhll1:Sc 11/111' '(39) 

The condition I h I <e m(f) ii; a very strict one. For this 
I1eaSOIl, instead of (38) and (39) wre shall cOnSider, also condi-
tions of ihe following type: ' 

h(x)=O if XEEn_Q, and Ih(x)l< 

< e p.(f; Q) = el QI-1 11/111' (41) 

'JJ.e¡initwn 1: We say that the operator T, defined on 
Lo(En), is of pseudo type * (1, r; d) with constant e, if for each 
f E Lo th'er,e is a Siet F."c Em and a funtion hE Lo( En) , such that 
(37), (38) and(39) ar,e satisfied. 

, D,efi¡nition 2,' We say that T is of pseudo type (1, r; d), or 
more !precisely of pseudo type ((V(En), Lr(Em); d), with cons
tant e, if for Mch fE Lo( En) and for each cube Q ~ S (f), 
there is a Stet F_c Em and a function hE Lo( En) such that con
dition (37») (40) and (41) ar,e sa tisfied. 
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W,ci have then the 'following geheralizatfons of 'Rie.sz's 'con:" 
vexi ty theore;m., ", ' 

" Th,eorem 1. Let l<p<s, 1<r,d=(s-r)ps-i/(p-1) >0, 
~nd let T be a linear (01' sublinear) operator defined on Lo( En). 
1/ T is of we,ak type (p, s) and of ps,eudo type * (1, r; d), 
then r is of weak type' (1, r), and therefore oftype P for 
each interior point of P i P2,Pi = (l/p, 1/s),P2 = (1,1/1'). 

R:emark: The constant d has the' following meaning: If& 
is the argument' of the vector OP 2 and" cp the ~rgument .of 
P i P 2, then d=tgep/tg&. Therefore the condition d>O says 
that theorem 1 is, true if the point P2 1s «above» Pi in' the 
,square of type.s. 

Th'eorem 2. lf d<r and if T is of pseudo type (1, 1';: d), 
then, T is also 01 pseudo type * (1, r; d). 

Th'eorem 2a. L'et d=(s-r)ps-i/(p-1),d<r,1<p<s, 
l<r. lf T is of weak type (p,s) and of ps~udo type (1,1'; d), 
then T is of weak type (1, r), and therefore of type P for 
each interior point of Pi P 2' . 

The proofs oí these theol"ems are based on the following 
two l,emmas. 

, ',' L 'e m In a 8. Assume that for any f E Lo, IIfllp < 1, is true 
that ' 

D(ITfl; (m(f»i/d) < c(lIfll p)I/(m(f»r/d, (42) 

whe,.,e e, l, d are positive constants independent of f. Then fo,.. 
,any f E Lo, Ilfllp < 1, and any a, 0< a < m(f), it is true that 

(43) 

'Proof. w'e may assume ilfllp < 1. Let S, S' be two sets such 
that S.c.S(f),S' n S(f)=O, ISI <E, IS'I <E, and let 9 be de
fined. by: g= f in En - (S U S'), 9 = a/2d < m(f) in S U S'. 
If E is sma,llenough we have IIgllp < 1, and since m(g) = a/2d, 

m(f - g) -< a/2d, we have by hypothesis, 
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D( ITII; al/d) < D( ITgl; a1/d/2) + D( IT(f - g) 1; a1/d/2) < 

<D(.ITgl; a1/d/2) +D(IT(f-g) 1 (m(f-g»1/d) < 

< 2r c(ll/lIp)l/ar
/d + c(1I1 - gllp)l/(m(f _ g) )r/d. 

Let e tend to zero. Then 11I - gllp tends to zero, and sinoe 
m(f - g) = mf {m(f) - a/2d; a/2d} = fixed positive nurnber, we 
obtain (43). 

Lernrna 9. Let d=(s-r)ps-1j(p-l),1<p<s,1<r. 
II T satislies condition (42) and il T is of weak type (p, s) 
then T is 01 weak type (l,r). 

Prool. W'e have to prove that D( 11'11; "1) < 1~/I(11/1I1/a)r, 
andw~rnayassurne 11/111=1. Let g(x)=/(x) if I/(x)l>ad 
andz,erüotherwise,sothat h(x) =/(x) - g(x)is I(x) if I/(xl<ad 
and z,ero otherwise. Frorn ITII < ITgl + IThl we have 

D(ITII; a) <D(ITgl; a/2) +D(IThl; a/2), (44) 

and using the hypothesis and lernrna 8, and that m(g) > ad, we 
have 

D( ITgl ;10/2) < c1(llgll p)l/al' < c1(lIfl:TY/al' = c1/ar, 

D(IThl; 0/2):'S (cllhllp/a)s= 

=(,{JEn (lh(x)1 a-d)p-1Ih(x)1 a-P- d (l-P)dx }s/P < 

c{JEn Ih(x)la-P+d(P':"'l) dX r/p 
< c(lIflb)s/Pa-r= ca-r. 

Hence D( ITII; a) < (c + c1) a-ro 
Proo! 01 Theorem 1. Given I I,et us put m(f) = a, b = d-1. 

By 1ernrna 9 it is sufficient to prove that D(ITII; ab) <c(1I/1I1)1 
a-br, and we rnay assurne 11/111 < 1. By hypothesis, (37), (38) 
.and (39) are 'true. Let h be the fundion of (39) and let 
9=I-h, so that (44) is true. Using (39) and that T is of 
.weak type (p, s), we have 
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e [lEn (lh(x)la-l )P-l (lh(x)la-l+P-Pb)dxr/p 

~ Cl [JEn Ih(x) I a-rPb/s dx ] slP ,< 

(45) 

If G={x; I Tg(x) I >abj2} 

we haya 

D(ITgl; ab/2) < IGn (Em_F)1 + IFI. 
By (38), 

and by (37) we have 

IG n (Em -F) I abr < 21' JEm-F ITgl1' dx < (2cll/lll)r, 

Therefore 

From (44), (45) and (46) we obtain the desired inequality 
D( ITI I é) < c (1I/I1l)lla-br with l = inf (1', br, s/p). 

Prool 01 Theoroem 2. The proof of this theorem is qulle simi
lar to that of theI'lem 4, p. 77, of [2], so that we only sketch briefly 
the maill steps. By hypothesis, given a cube Q;) S(f) there is a 
function h and a set F satisfying (37), (40) and (41)., For 
any point XiE S(f) there is a cube Qi= Q(Xi), with oenter in 
.xi, such that 

/-l(Qi; 1) =3/4m(f)=a, (-17) 

IQil ::::4/3 (m(f»-lJ III dx. 
Qi 

(47a) 

By hypothesis, to each set E¡e Q¡ there correspond a soet 
Fi e Em and a functiort h¡ such that 
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{J . }f;r J .IT(erd-h¡)lrdx <e '.lfldx=cllter¡lIl' . (48) 
Em-Fi E, 

JFil"<c IQilr/d,h¡=O in En_Q¡. Ih¡1 <cp.(Q¡,fer¡) <c,a3j4, 

. (48a)1 

where eri is the characteristic function of Ei' As in [2] ,:we, 
shall s'ee that 8(f) may be covcred by a finite number of these 
Q¡, and E¡, in such a way that any point of E belongs to 
at most 4n cubes Q¡ and the E¡ are disjoint. Writing h = ~ h¡.: 
F= U Fi , we have f=~fer¡ and 

(49)-

Taking in account that r/d > 1, that each point belongs to, 
at most 4n cubes and (47 a), we obtain 

I 

Similarly we obtain that IIhl11 < e Ilflll' so that .F and h
satisfy conditions (38) and (39), as well as condition (37)= (49),. 
bence T is of pseudo type * (1, r; d). 

Proof of Th,eorem 2a. This is a direct consequence oí theo. 
rems 1 and 2. 

Finally, lemmas 2 and 6 have the following correspondents. 
for .pseudo types: 

Llemma 10. Let .Hf=~_(/j""f*lf¡,k¡EV(En), and r>L 
Jf IIk¡II(",l/r) < 2-i/" c,i=± 1,±2, ... ; k¡(x) =0 in Ixl >2i+1, then:: 
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a) Hf is of ps,eiLdo type (L1(En),U(En); r):b) If Emc:ETlj. 
then Hf is of pseudo type (L1(Em), Lr(Eri) ;mr/n). 

Proof. Let fELo(En) ·and let Q:;;;S(f); we may assume, 
that oenter of Q is the _ origin O. Let j he an integer sucli th,at,. 
Ixl<2j implies XEQ, and such that Ixl>n1/2 2j implies. 
x E En - Q, so thll.t"x E En - 2 n1/2 Q implies Ixl > 2j+l n1/ 2 (m.Q' 
is the oube of same renter as Q and m ·times the side.· Lét: 
h(t) be defined by 

h(x)=p.(Q,f) if XEQ, h(x)=O if xEEn_Q, (50), 

so that h satisfÍ!e.s condition (41). If g = I - h, we haye 

J g=J g=O, En Q 
(51)., 

Let F=2Iri1/ 2 Q. F sat1sfies condition (40) with d=r., 
Sinoe g=O in En - Q, and ki=O in Ixl > 2i+l, we have that. 
if x E En - F and i < j then 

g * k/x) = J Q g(y) k¡(x- y) dy=O. (XE. En - F). (52)'" 

Henoe for any xEEn-F, Hg(x)~H(f-h)(x)=I.i>J_' 
g *k¡(x), and by (51), 

llg(x) ·I.i>j!Qg(y)[ki(x-y)-k¡(X)]dy. (53)~ 

Applying to (53) the integral inequality of Minkowski anct. 
using the hypothesis, we have 

{JEn-F IHg(x) Il'dx rr < 

::::: I.¡ >j}' Ig(t) I {J Ik¡(x ~ t) - k¡(x) Ir dX} 1/1' dt ;;;;, 
Q En-F 

I.i>j fQ I g( t) I 2~i/1' C I t 11/1' dt < c I.i>j 2-i/r nr/2 2j/r llgIl1. 

< c12j/rllglll I.i>j 2-¡/r <cllglll < cll/lll" 
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Hence condition (37) is also satisfied. This proves parí a). 
Part b) is prov,ed in the same way. 

If le is defined on En = Em X En-m = { ( Xl' x2)}, we say that 
k E Lip(p, r, Em) if for al1y h = (hl' h2) E En, 

and the l,east value of M denoted by Ilkl/(p,r)(m). 
Then the same proof give uso 

L'emma lOa. Let HI="Z;I*k¡,k¡EU(En), -and lel 
Em_c En, r > 1. If I/k¡lkr,l/r)(m) < 2-i!r e, i = ± 1, ± 2, ... , then HI 
is 01 ps,eudo type (U(En), Lr(Em); nr/m). 

5. Type properties of Hrn. Let k(X)EU(En) be a 
fix'ed kernel defined 011 En, leí 0< y <n, and let 

k¡(x)=2-¡(n-r)k(2-¡x), i=0,±1,±2,... (54) 

[(rn(x) = ~i=-CQ"" k¡(x) ="Z; _CQ ""2- i(n-r) k(2-¡ x), (54a) 

Hrn I = I * [(rn ="Z; I * le¡, (55) 
so that 

[(rn l(2j x) = 2-j(n-r) [(rnl(x). (55a) 

W,e assume that the ge.nerating kernel k satisfies the foIlo
wing conditioIlS: 

0.) k >0, and k = ° outside of the set 1 < Ixl < 2. 

~) Ik(x) laE U(En) n Lip(l, 1, En) for a= 1,a=n/(n-y) 
and a= (n-1/2)/(n-y). 

In dealing with subspaces Em w,e sball also assume the fol
lowing ,conditioIlS: 

y) If Em.cEn then Ik(x) laE U(En) 'n Lip(l, 1, En) for 
a=(n+ m)/(n-y). 

ó) If Em~cEn then Ik(x)laf;Lip(l,l,Em)for a=m/(n-y). 
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In most theorems below it will be enough to assume that 
k( x) vanishes outside of a compact set and that I k I E V( En) 'n 
Lip (1, 1; En), but for sake of simplicity we shall stick to con
ditions a.) - b). 

If k( x) = Ixl Y-n for 1 < Ixl < 2 and z'ero otherwise, then 
J(Yn(X) =" Ixly-n and Hyn f r'educes to the clas.sical potential 

operator Iyn. It is easy to see that in this case k(x) is bounded 
and conditions a.) - b) are satisfied. 

From (54) and 0.) - b) we obtain the following propertlcs 
of the generated kernels: 

al) ki(x)=O outside of 2i< Ixl <2i+l. 

131) IIk¡1115 2¡y e, IIk¡II(1.1) < 2-(1-y)i c. 

132) Ilkllcr,l/r) <2-¡¡rc, for r=n/(n-y). 

(33) IIlklc'll! < 2i/2 e, Ill klall(l,l) <2-i/2 c, for a=(n-1/2)/(n-y). 

Yl) IIlc¡lIr< 2-im/r for r= (n + m)/(n -y), m<n. 

12) IIkill(r,1/r)<2-i(m+l)/r for r=(n+m)/(n-y),m<n. 

b1) IIlcill(r,1/r)(m)<2-i/r c for r=m/(n-y),m<n. 

From 0.1) -b1), from l,emmas 2, 3, 6, 7, 10, lOa), theorems 
1, 2, and taking in account Proposition 1, woe obtain the fol
lowing ,theorems: 

Th,eorem 3. lf O<y<n, then Hyn is of type (LP(En), 
V(En», fOl' any p, s satisfying 

1/p-1/s=y/n, l<p<n/y. (56) 

For p=l,Hyn is of weak type (V(En),LIl/(n-Y) (En». Thus, 
'HYIl is of type P for every interior point P of AB, and of 
,w,eak type at B. 

Th,eorem 4. lf O<y<n,Emr:::.En and m<n<m+y, 
then Hyn is of type (LP(En), Ls(Em» for any p,s suchthat 

l/p - (m/n) l/s = y/n, (1 < P < n./y) (57) 



For .p .l,.Hyn lS of weak· type (V (En) , Lm¡'(n-Y) (Em).' : Thus: 
lJyn is of.type in AB' and weak type at B< . , 

Theorem 5. If O<y<n,m<n<m+y, and if Emc:::.j]n,.. 
then Hyn is of type (LP(Em) , Ls(En» for 

l/p-(n/m)l/s=(y+m-n)/m, (n/(n-y) <s<oo). (58), 

Fol' p=I,Hyn is of weak type (V(Em),Lm/(m+y-n)(En». 
In all cas,es the series (55) is convergent for almost all x· 

01 En 01' of Em. If 1 < p < n/y then this series conver:ges also 
in Ls(En) , 01' in Ls(Em). For y < 1, we have in addition thai" 

A . 

Hyn is a multiplier transform: Hynf=F*(h f), where h(u)=, 
A 

lim 2;'V,i=-N ki(u), N -+- 00, and !h(u)! <clul-Y• 
For the case of bounded domains we have the following' 

theorems. 

Th·eor·em 6. Let Dnc:::.En, Dm.c:::.Em b,e bounded doma:.... 
ins, Em.c:::.EI!, and let O<y<n, m<n<m+y. Then: a) Hy",: 
is 01 type (LP (D,n, Ls (Dm», that is Hyn is a bounded transfor
mation from LPtDn) to Ls(Dm), for any p, s, such that 

ljp-(m/n) (l/s) < y/n , (l<p<oo, p=/='n/y, 1 <s<oo), ' ,(59). 

and for 

,p=1. s<m/(n-y), and p=n/y, s<oo. (59a). 

b) If 

l/p-(m/n)l/s<y/n, l<p<oo, p=/= n/y, 1 <s<oo, (60); 

"~han Hyn is ct completely continous operation from . LP(Dn). 
to Ls(Dm). 

Proof. a) Now f(t) is defined on· Dn, so that we mayo 
consider that f( t) = O for t E En - Dn, and H yn f( x) is consí-
dered only for XEDm. Hence, since k¡=O for Itl>22i, there, 
is number io = O, so that H yn is now of the form . 

Hyn f = 2;i=-oo O f * k¡ = f * K'y/1. (61)" 



where (61a) 

Since y> O, we obtain from ~1) and ~2) 

II[{' rn111::: 2;_",0 IIlcdl1 <" c 2;_",,0 2yi < cl:; 
111('rnll,. <" e 2::_",0 2-i(n-r) 2inlr < c2 . if l' < n/en - y). 

Hence . we have now 

[('rnEV(En); [('rnELr(En) if 1'<n/(n-y). (62) 

'(f p, s' satisfy (57) tIl·en, by theorem 4, Hrn is of type 
'(LP(Dn), Ls(Dm», and sin03 Dm is a bounded domain, Hr~ 
:is of typ-e (p, s') for all s' < s. This proves part a) for p < n/y. 
For p>n/y we have IIHrnfll",,< IItllpll[{'rnllp" and sinoe p'< 
n/ (n - y), wo obtain from (62) that H rn is of type (p, 00 ) 

and hence also of type (p, s) for any s <00 • 

b) Let p,s satisfy (60), so that l/p-m/(ns)-y/n--d, 
d > O. For any N let H rn = HN + RN wherEi 

HN f =: I.°_N f * ki, RN f= f * [(Nrn , (63) 

](l\n(X) = 2;-r/> -N-1 le¡(x) = 2;~<fj -N-1 2N(n-r) k¡+N (2N x)-

2N(n-r) [('rn (2N x). (63a) 

Each le¡ is a «good» memel, hence HN f is a complet-ely 
cOntinous operation froni LP(Dn) to Ls(Dm), so that it is 
enough to prov,e that IIRNII-+O. If g(x) is defined by g(x)= 
f(2-Nx), thenfrom (63a) we obtain RNf(x) =2-Nr(g * [(,) (2N x) 
=2-Nr Hrn g(2N x); . hence by part a) alreadyproped, we have 

IIRN flls=2-Nr 2;-Nm/s IIHyn glls < 2;-Nr-Nmls cllgllp = 
2-Nr-Nm/s+NnIP cllfllp = 2-Nnd cllfllp, 

and . tnenefone 

IIRlVlI < 12-nd I N c -+ O for N -+ 00 • 

Similarly, for p> n/y we l~ave: 
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Thleorlem i6a. Jf Dnc:En, Dmc:Em, a¡1e bounded do
mains, Emj:=En,O<y<n, and 'if n/y<p<oo, then H,n is 
a completely continuos operation from LP(Dn) to C(Dm). 

R 'e m a r k. The classical kernel k( x) = Ixl ,-n satisfies also 
the . fol1owing condition: If Em = {y}, En-m = {z}, En = Em X 

En-m = {(y, z)} , m<n, then thera is a kernel k*(y) such that. 
k(x) <cl{'6*(y), x=(y,z), b=m-n+y>O. If thiscondition 
is satisfied, thcn t11.eorem 4 holds for any m < n if 1 < p < s. 
p<n/y (cfr. [12]). 

N o t a t ion s : The rest of this section is devated to ca
pacity properties of H,n, and only Borel sets, functions and 
measul'es will be considered. fJ- will denote a non-negativa mea
sure in En. If fJ-( En) = 1 then fJ- is a distribution; if 
fJ-( En - S) = O then fJ- is concentrated in S. If K, L, N are 
generating kernels (that is Borel,functions satisfying conditions 
a), ~» then K,n, L,n, N In, denote the corresponding kcrnels 
diefined as in (54a). We shall write K, instead of J(,n and 
cp(A) instead of cp(x, A). 

GiY·en a function N(x), we sa.y that the set S is of zero 
N-capacity (cfr. [15]), and write c(S, N) =0, if for any dis
tribution fJ- conoentrated in S, 

V(N,J-t)=SUPtEEn r IN(t-x) I dfJ-(x)=sup(INI *fJ-)=oo. 
} En 

The following properties are easily verified: 

a) If IMI < INI in S'_c:S and IN(x)1 <c in S-S', 
then c(S, M) =0 implies c(S, N) =0. 

b) c(A¡, N) =0, kc: Ut' A¡ imply c(A, N) =0. 

c) If fEV(En). and S={x; IN*f(x)l=oo}, theiIl 
c(S, N) =0. 

d) If the ~enerating kernel [( satisfies I K (x) I <c and if 
O<y<b<n, than c(S,1('6)=O implies c(S,K,)=O (becau
oe then IK'6(x) I < I](,(x) I in Ixl < 1, and 1]('61 < c in Ixl > 1). 

If K,= Ixl,-n then the notion of zero l{y -capaeity r·e
:duoes to t11.e classical notion of zero y -capaeity, and theorems 
~,7a, hel~w re,duce (taking in aecount properties e) and d» 
to theOl'lems of Du Plessis [10]. However, theorem 7b, is pro
bably new leyen in the case [(,= Ixl,-n (cfr. [15]). 
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L 'e m m a 11. Let K, N, L b,e three generating kemels such 
that L=(K)r.N, and INI2>cN,c>0, let V=V(Ny,f.l.) and 
let b=y-yr/p'. Then for any sel A, 

where 1 < r < 00, and el is a fix.ed eonstant. 

Proof. By hypothesis, 2-i(n-y/P) K(2-i x) < 

C2 2-iY/P' K(2-i x) 2-i(n-y) N(2-i x). 
hence 

!Ky/p(t-x) df.l.(x) <e2 !Kn_y/pl(t-X) Ny(t-x) df.l.(x) < ' 

ea {!IKn_y/pl(t - x) 1: Ny(t - x) df.l.(x) V/r 
{V}1/r'. 

Obs,erving that 

and integrating over A~he last inequality we obtain the desired 
inequality. 

L'e m m a 12. Let. 1 <r < 2, 1[(1 2 > elKI, e> 0, L= IKlr'/2. 
N(x) = I[((x) Ir'/(r'-2), W = V(Ny, f.I.). Then 

(II[(Y/r * f.l.llr/)r' < WrI-2 (110/2 * f.l.112)2. 

Proof. Let a=n+ (r'-2) (y-n)/r', b=n+ (Y-2n)/r'. 
Then w-a have: 

2-i(n-y/r)[((2-i x) < e 2i(Y-n) (r'-2)p N(2-i x) 2-i(2n-y)/r' K(2-i x), 

Ky/r(x) < e Na(x) K¡(x), and hence 

I J Ky/r(t - x) df.l.(x) Ir, 
<c IJ INu(t-~)lr'/(r'-2)df.l.(x) 1 r

l

-2\J 1[(b(t-x)lr'/2d f.l.(x) 1
2 

• 
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'Taking· in account that 

.and integrating in t, weobtain the desired. incquality. 
The following lamma is easily verüied and we omit the proof. 

L'emma 13. If (l(Y/2* [('Y/2)(t) < e [(y(t) , where [('(x)= 
.l(( - x), then [11 (I(m * ¡.A) 112)2 < cll([{y * ¡.A)1I1,~ < 01 V([{y, ¡.A). 

Th,eor'em 7. Let f>o,fELP(En),S={x; l[{y/p*f(x)l=oo} , 
and let L=[{PI/2, N=I(PI/(PI-2), 1(2)c[{, c>O, a) If (Ly/2 * 
LY(2)( t) < c Ly( t), then S is of zero Ly - oapacity for 1 < p < 
4/3, and of z,ero Hy-cap'1city for 4/3<p<2. b) If p=l, 
then S is of zero [(y - capacity. 

Proof. a) W'e may assume that S is a bounded set, und 
let ¡.A be conoentrated in S, then by lammas 12 and 13, 

00 = L ([{Y/r * f(x)) d¡.A < J EJ(t) [L [(y/p(t - x) d¡.A(x) ] dt < 

Jlfllp 11 [{Y/p * ¡.Allp' < IIfllp (WP1-2I1LY/2 * ¡.A 11 22) l/PI < 

[o( W) (PI-2) V]1/PI Ilfll p, (64) 

where V=V(Ly, ¡.A), W=V(Ny, ¡.A). If p<4/3 then L>c1 N, 
V >Cl W,' and if p > 4/3 then W >c1 V. 

b) This follows diIlecfly from property e). 

L 'e m m a .' 14. 'Let' [{y/P = [{I Y/P + [{" Y/P, whel',e [(1 Y/P is 
defil1!ed ·as in (61a), O<y<n, l<p<oo, and let ¡.A be a dis
wibution. a) If [{ E LPI then [(/y/p * ¡.A E LPI. b) If ICE L1 then 
Re" * ¡.A E L1 for any e> O. 

Proof. á) W'e have 

11 [{/y/p * ¡.All p' . 112:::=0"'2(y/p-n)iJI((2-i(x-t)) d¡.A(t)llp' < 

<2::i=0""2(Y/P-n)i f UEn 1[{(2-i(x-:-t))I Pl dx r/P1 
d¡.A(t) 

< 'Ili=o 00 2(y/P-n)i 2ni/PI 1I[{ll p' = 11[{llp' 2::i=O'" 2i(y-n)/P< oo. 
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b) The proof is the same as in a) and we will not repeat it. 

T h e o r e m 7 a. Suppose that the generating kernel satis
fies the condition 1 [{ 12 > C [(, c> O, [{ E LP+l. JI.t E LP, 2 < 
p<oo, andil S={x;l[{y!p*f(x)l=oo}, then Sisal zero 
[(y - capacity for all ó, 0< ó < y. 

Proof. Let ó<y, y/p=ó/r, r'-p'=e>O. W;e may as
sume that S is a bounded set; let the distribution /-'- be con
oentrated in S. Sinde [(" y!P vanishes outside .of ! xl ~ 1, 
[(" y!P * /-'- va¡mshes ou1lsMe of a bounded set A, so that [("y!p*/-'
=cp(A) [{"y!p*/-'-, henoe by lemma 11 (with N=[{) and by b) 
of l'emma .14 (with [( = L), 

11 [{"y!P* /-,-ll p'= Ilcp(A) [("'b!r* /-'-lIr'-e< 
<cIVlbllL"a*/-'-lIl <c1 IVlb, (65) 

where L=[(P+1ELi and V=V([('b'/-'-)' sinoe a=ó-ó(r'-e)r' 
>0. Sinoe I[{IPI~ clIKIP+1E Li, we hav'e by a) of lemma 14, 

(65a) 

Since lI[{y!p * /-'-11 p' < 11[(' y!p * /-'-llp' + II[{" y!p * /-,-lI p" from t110e se
cond il1!equality of (64), (65) and (65a) we obtain 

Let EIl = Em X EIl-m. Wc say that S is of N-capacity in 
Em, if S_cEm and if SUPtEEmIN*/-,-(t)l=oo for any /-,-conoen
trabed in S. For simplicity let us assume that [(y(x),--: IX IY-Il, 

Hylll=f* [(y = IYIl= fy· Thell we have: 

Th,eorem 7b.· Let O<yp<n, fE LP(EIl) , ó=inl (y
(n-m)/p; y), s=inf(n,m). Jf 1<p<2, ,then the set S= 
{xEEm; l[{y*f(x)l=oo} is 01 zero [('bP-capacity in Es. JI 
2 < p <00 then S is 01 zero [(ep - capacity in Es, 101' any 
O<e<ó. ' 

Proot. If m=:n we have the theorem of Du Plessis, al
r,eady proved. If m> n, we have 
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where the norrn is taken in the variable t, and x = (xl' x2). 

If X 2 =-/= 0, the last norm is finite: In fact, we may taIc,e p> 1, 
so that we. have r< n and (r - n) p' < n. If X 2 =0, then 

fr(x) = f f(t) IXl - tlr-n dt and we obtain the preceding case. 

Let now m < n. Then 

where Ihl = 1, t2= Itl - xl u2• Sinca (r -n) p' < m - n, the
last integral isfinite. Sinoe g(tl) = IIfUl' t2)II p E LP(Em), and 
IIfllin) = IIgllp(m), we obtain 

Ifr(x) I <c fEmg(t) It-·xl~-mdt, 

ancl we obtaiin again the pr.eoedent case, alreacly provecl. 
Remal'k: We observe that the hypothesis le E Lip(l, 1) oí" 

~) was nol used in theorems 7 -7b). Similar theor.ems holcl in' 
the case En n Em = Et, 'even if Em is not contained in En. 
( cfr. [15]). 

6. Li.pschitz proplerti·es of Hrn• Now we shalI' 
g.eneralize sorne th~orems due to Hardy ancl Littlewood [17] (cfr. 
[10] ancl [15]). In this section we consider a fixed generating' 
roer,nel k(x) which is assumecl to satisfy conclition a) of § 5. 
ancl to belong to V(En) n Lip(l, 1, En) (sorne adclitional con
clitions ar·e assumed in theorems 8a and 8b). [(rn, k i clenote the' 
generatecl lsernels clefined by (54), (54a), ancl we write [(r ins-· 
tead of [(rn, and Hf instead of Hrll f. The set {y E En; a < 
Iy-xl <b} is denoted by (x,a,b) and En_(x,a,b) by (x,a,b)/~ 
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We say that f ~ Lip ~(En) if If(x + h) - f(x) I <clhll3 O( Ih ll3), 
and that fElip~ if If(x+h)-f(x)1 =o(l h ll3). 

Let ~-«J o ki be denoted by [(y-, I.o ""k i by [{y+ and I._ooN 
ki by [(~-. Then, w¡e have the following properties of the g,e
nerated kernels, whieh 'are easily dedueed from the definition 
(54) and al)' ~1)' 

a) 1I[(y+(t+h) - [(y+(t)111=0(lhl). 

b) Illtl13I[(y- (t+ h) - [(y- (t) 1111'= O (lhll3+Y), ~ > O. 

(For proof, taI\!e N < O sueh, that 2N < I h I < 21\'+1 and split [{y
into [{yN- + ([{y - - [(yN-) j in lestimating K¡v- use condition 
IIki ll 1 <2iY c,k¡=0 in Ixl >2ij in estimating [{y-_[{yN-- us,e 
eondition 11 kili (1,1) < 2(y-l)i e ( cfr. the proof of lemma 2). 

e) By similar splittings is prov'ed that if k E Lip ( q', 1) and 
if N is sueh that 2-N- 1 < I h I <2-N, I h I < 1/3, and if 2-M < 
&<1-3h, then: 

,e) I.X>i=-", { f Iki(X) Iq' dX}l/
q
, = 

(0,0,471) 

=I._ co-N-2 {f Iki lq,}l/
ql 

< 
(0,0.4Ih\) 

< I 2-N Iy-n/q Ilkllq' < IIkllq,( Ihl¡-n/q). 

e) I."",_ {J Ik,(X+h)-k-(X)lq'dx}l/
q
, < 

1- '" (O,a,!) 1 l. 

Th,eorem 8. Lel O<y<l, a=inf(~+y,l). Jf fE 
L1(En) 'n Lip ~ (En), O <~, then Hf E Lip a (En). 
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Proof. From the hypothesis we have If(x) 1 < e <00, We 
haya 

IHf(x +h) - Hf(x) 1 = I tn f(x - t) [Ky(t + h) -Ky(t)] dtl ~ 

IJ f(x-t) [Ky+(t+h) -Ky+(t)Jdt I + 
(0,0,1)' 

JJ (f(x - t) - f(x» [Ky-(t + h) - Ky-(t)] dt + 
(0,0,1) . 

+ If(x)11 [J I{y-(t)dt-I Ky-(t)dt] 1,· 
(k,O,l) (0,0,1) 

and If(X+t)~f(X)I=O(ltl~), hence using a) and b) we obtain 
IHf(x + h) - Hf(x) 1--.:. O( Ihl~+r + Ihl). 

Th'eorem 8a. Let kEL(q',l), q>l, l+n/q>y>njq, 
O<y<n. lf fE Lq then HjE lip(y-njq). 

Proof. W:e have 

IHf(X+h)-Hf(x)l<f If(x-t)IIKy+(t+h)-I{y+(t)ldt+ 
. (0,0,1)' 

[J +J +J ] [lf(x-t)IIKy-(t+h)-Ky-(t)ldt]. 
(O,O,8h) (O,Sh,a) (O, a, 1) 

W'e take N> 1 such that 2-N- l < 1 h I < 2-N and b such 
that 2-M < b < 1 - 31 h I and 

J If( x - t) 1 q dt < e .. 
(O, a) -

Applying Holder's inequality and using Cl)' C2)' cs) we obtain 
IHf(x +h) -Hf(x) I =o( Ihly-n/q) +O( Ihl ) = o( Ihly-n/q). 

Th'e.orem 8b. Let O<y<l, k.E La! (En). lf fE LP(En), 
l<p<oo, then HfElip(p,y). 

Proof. Let 

Yl(X)=J f(t) Ky(x-t)dt; 
(:r.,O,clhl) . 
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g2(X) . f f(t) Ky(x-t) dt, 
(ro,c¡lI¡,d¡lI¡> 

gS(X)=j f(t) I{y(x-t) dt; 
. (ro,O,d\"\)' 

It fis sufficient to prova that, givan E> 0, for suffici.elltly 
small constant e and sufficiently large. d, it is true that (for 
small h tending to zero): 

j li:>gsIPdx< ElhIPY, (66) 

(116g i llp)P= jli:>glIPdX<ElhIPY, (67) 

We first prova (68). Let A= (x, clhl, d/h/), ¡-10 = (O, clhl, 
dlhl). If tE A, u=x- t, and Ihl small, then 2::- 00 aJ /lc¡(u) I < 
2n-Y M luly- n, hence 

Ii:> g2(X) 1= \J A [f(t) - f(t - h)] 2:: ki(X - t) dt I < 

<2n-Y M J I!(t) -f(t-hllx- tIY-ndt~ 
A . 

Mi dlhlY-n [(d - e) Ihln]l/PI {fA If(t) - f(t - h) IP dt f/P = 

=M(c,d) Ih/y-nIP{L If(t)-f(t-h)/Pdt f/P: 

~1I6g2I1p)P<M(c,d) IhIYP- n tn dx L /f(t)-f(t-h)IPdt= 

= MlhlYP-nf dxf If(t)-f(t-h)IPdt=o(lhIY). 
A En 

Now we prova (67). Let B= (O, 0, clhl). Since ·/Ky(u) I < 
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M I u I Y-n if u E B and I h I is amall, we have for sufficiently 
amall e, . 

IIg1(x)lIp<1I IB If(x-u)IIKy(u)1 dullp< 

<Mil In If(x-u)lluIY-ndullp< 

M In lul y- n IIfllp du<M1(clhI)Y <elhIY. 

Similarly IIgl(X - h)lIp < elhl Y. 
Now l,et us prove (66). Let D=(O,O, (d+1) Ihl),D'= 

(h, dlhl, (d + 1) Ihl), 2-N < (d + i) Ihl <2-N+1. W,e havoe 

I~ gs(x) I < I In f(x '- u) 2::-00 00 [ki(u - h) - ki(U)] du 1+ 
In !f(x - u) 12::-00 '" Iki(u) I dú + 

+ ID' !f(x- u) 12::-00 00 Ik¡(u) I du=Rl + R2 + Rs· 

I 

If d is sufficiently large, then 

IIRlllp < {I I f D 2:: Iki(u - h) - ki(u) l!f(x -u) I du I P dx VIP < 

<JDZl Iki(li-h)-k¡(u)lllf(x-u)lIpdu 

< IIfll p 2::"'¡=N 2i(Y-n)l hl < Mldly- n IhIY< elhl Y. 

Let D"= (O, dlhl, (d + 1) Ihl), then applying Minkowki's 
integral ,IDelquality, 

(IIR2I1p)P< Jdx [In;, !f(x-u)I'2::-oo"'lki(u)!'dur < . 

. ~Ml(dlhl)(r-n)¡: J [J. !f(x- u) I du lP 
dx 

En D" 
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M2dP6-n)+(n-l)(P-l)lhIPy-n J If(x) IP dx I(x, dlhl, (d + 1) Ihl) 1= 
En . 

=MsdP(Y-l) IhIPY< elhl PY, sinoe y<1. 

Similarly we see that (IIRallp)P < elhl YP. 

Th'e ore m 8e. Let 1 <p <00, O.<y< 1- a, a> 0, lc(x)= 
lc(-x). 1f fELPn Lip(p,a), then HfELip(p,y+a). 1f fE 
lip(p,a) then HfElip(p,y+a). 

Proof. We proy,e the first part of the theorem; the other 
part is proved in the same way. Let A=(0,0,3Ihl),B=En-A, 
I((t) = I<y(t) , then 

~Hf(x+h) -Hf(x- h) 1= 16Hf(x) 1= 

IJ f(x+u)I«u-h)du-f f(x-u) I«u-h) du 1= 
En En 

= 1 t (f(x +u) - f(x - U)) [I((u- h) -I«u)] du + 

+ L[f(X-U)-f(x+u)]I«u)du+ 

+ J )f(x+u) - f(x- U)] I«u- h) du:1 = IJ1 +J2 +Jal. 

Applying the integral inequality of Minkowski, and letting 

< {J E,.I t If(x+ u) - f(x- u) IIK(~- h) - K(u) Idu¡V dx }l/P < 

~ fB IK(u-h) -K(u)1116fllp du::; 

<M L lula IK(u-h) -':"K(u)1 du< 

< M f Ixla 2:;:0 ~co 2(y-n)i Ilc((x -h)/2i) - k(2-i x) Idx 

<Ml 2:;'" _N2ai+in (Y-n) 12-ih l = 

= Ml(2:;l_N + 2:;0
00

) Ihl < MslhlY+C1 
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IIJ211 11 < L /I((u) / { tn /f(x + u) - f(x - u) /P dx r/p
, du < 

<M f /,u/ a Z:_«>-N+12i(Y-n)/k(2-iu) / du< 

<M2 Z:_ oo":"N+12(Y-n+a)i f k(2-iu) du<Ms/h/a+Y. 

IIJsllp<Mf /·J(u-h)/luladu<M J /,J(u)/Iuladu 
(O,n,SI1t1l . (O,O,4Ih Il 

I 

and the last integral ~ e3timated in the same fashion as J 2' 

R e m a r k. It was proV'ed in [2] that in the case of y = O 
the proprerties of Hilbert transIorms hold also for «ergodic 
Hilbert tranSfOrIDS», that is for operators of the form 

where {Ol x} is a gr,oup of measur.e-preserving transformations 
of an abstraet measure space X = {x}. The eorresponding exten
siQIl for y> O i.s not clear and the few results we obtained are 
mostly of ll'egati~e eharaeter ( cfr. [15]). Henee it is an open 
prob1€Jm wh~eh are the' type and eapaeity properties of the 
«'ergodic potential operators». 
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PROFESOR CHARLES EHRESMANN 

En la Asamblea General de la Unión Matemática Argentina celebrada en 
Córdoba el dia 20 de octubre de 1959, se nombró Miembro Honorario de la 
sociedad al Profesor Charles Ehresmann. ' . . 

Nacido el 19 de Abril de 1905 en Strasbourg el profilsor Ehresmann, dils
pués de habe~ sido profesor en la Universidad de su ciud.'1.d natal, es actual
mente (desde 1954) profesor de la Sorbonne en París. Su especialidad es la 
Geometria Diferencial,' de cuyas tendencias modernas es uno de los más ca
racterizados fundadores. Sus numerosas publicaciones pueden clasificarse eJ1. 
los siguientes grupos, cuyos titulos genéricos indican los campos abarcados, 
en todos los cuales ha contribuido con aportes significativos y de algunos de 
ellos ha sido el creador: Topologia de ciertos espacios homogéneos, Grupos de 
Lie, Estructuras localils y espacios localmente homogéneos, Espacios fibrados, 
Variedades casi ~omplejas, Variedades foliadas, Conexiones infinitesimales en 
un espacio fibrado, Pseudogrupos de Lie. 

Actualmente, de unos afios a esta parte, está interesado principalmente en 
la fundamentación de la' geometria diferencial, Sus ideas y resultados a este 
respecto han sido expuestos de manera sistemática en el curso que bajo el 
titulo de "Estructuras, locales y geometria diferencial' , ha dado, en la, Fa7 
cultnd de Ciencias de la Universidad de Buen?s Aires durante los meses dEl 
agosto a noviembre de 19.59. 


