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1.

OysTeiN OrE [1] has stated that the group of automorphisms
of the lattice of all closure operators definable over the lattice of
subsets of a set S is isomorphic to the group of permutations
of S.

The group of automorphisms of the lattice ¢(L), whose elements
are the closure operators definable over a complete lattice L (%),
has been studied by Pu. Dwinger [2]. However, the assertion,
contained in [2], of the existence of an isomorphism between that
group and the group of automorphisms of L, is not true, as one
concludes from the following example: let L be the chain

a1 <az < ... <ap, (n>2);

ot is clear that L has only one automorphism —the identity auto-
morphism —, although the lattice ¢ (L), which is a Boolean alge-
bra with n — 1 atoms, has (n — 1)! automorphisms.

In [3] we have introduced the notion of quasi-automorphism
of a complete lattice L and we have shown that the group of quasi-
automorphisms of L s isomorphic to the group of aulomorphisms
of ¢(L). We have obtained sufficient conditions to the isomor-
phisms between the group of automorphisms of L and the group
of automorphisms of ¢(L). From one of these conditions, we

(*) A closure operator ¢ of L is defined as an operator of L, satisfying the con-
ditions: () z < ¢ (x) = ¢ (¢&)),for everyx e L; (ii)if v < y,theno (z) < ¢ (y).
It is known that, if L is a complete lattice, then ¢ (L) is a complete lattice rela-
tively to the following partial order: o < ¢, if and only if ¢ (z) < ¢ (), for every
x elL.
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have obtained a result which contains the OrE’s theorem above,
as a particular case (2). .

In this note we improve the sufficient conditions obtained in
[3] and we present some other results, namely, we show that if L
is a complete lattice, then the group of automorphisms of ¢(L)
and of ¢ (¢ (L)) are isomorphic.

2.

Let L be a complete lattice and & be a permutation of L. One
says that his a quasi-automorphism of L, if the following condi-
tions hold:

1) h (/\ x,) = /\ h (z;) and A™? (/\ ) =A B (x;), for every non-

iel

tel”
vozdfamzly {xl bier, of elements of L, and for some non-void
subsets I' and I'" of I;

(1i) h (u) = u, where u s the last element of L.

This notion arises naturally from the following observations:

1) If f is an automorphism of the complete lattice L and ¢
is a closure operator of L, then it is easy to see that the operator
¥ =f o fis also a closure operator of L and that the operator
5, defined by ¢ = ¥ is an automorphism of ¢ (L) (}).

2) The mapping f > s, from the group of automorphlsms of L
into the group of automorphisms of ¢(L), preserves the products
and, if f # g, then m; = x,. This means that the group of auto-
morphisms of L is 1somorphic to a subgroup of'the gro‘up of automor-
phisms of ¢ (L), namely, the subgroup of automorphisms of the
Jorm = (4). ’ -

3) Let us denote by ¢, the closure operator of L defined by

q;a(_'l;) = aq, if £<a and CPa(x) ’=u7 1f:l’,'5|§a

One sees that ¢, is a dual atom of ¢ (L), i. e., ¢, is an element
covered by the last element w of ¢ (L). Now, if = is an automor-
phism of ¢(L), one has =(0v) = w and T, = ¢o for some element
a ¢ L. »

(% In [3], it is shown that, if I is a complete Boolean algebra, then the groups
of automorphisms of L and of ¢ (L) are isomorphic.

() See [2].

(*) See theorem 1, [3].
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One shows that the mapping h, defined by
h(u) = u, and h(a) =ad, if a = u,

is a permutatlon of L satisfying the conditions (i) and (ii).

Since every automorphism of L satisfies the conditions (i) and
(i) (with I’ = I’ = I), it seems natural to define a quasi-auto-
morphism of ‘L as any permutatlon of L satisfying these con-
ditions.

3.
We know that the automorphiéms of a lattice preserve the

infimum of any two elements. For the quam—automorphlsms, the
following holds:

TrEOREM 1: If h is a quasi-automorphism of a complete lattice L
and if x, and x; are incomparable elements of L, then

h(ziAzxy) =h (x@) AR (r2) and A~ (x1 A x2) = A1 (1) A R (22)

Proor: Indeed, from condition (i), it follows that h(z; A x2)
is either h(z:) or h(zz) or h(xi) A h(xs:). But, since h is a permu-
tation of L, one has h(x1 A Z2) = h(x;), if and only if 21 A 22 = 4,
i. e., if and only if x; < x,. Since z; and z, are incomparable,
one concludes that it is impossible to have h(x1 A z5) = h(xy).
By a similar argument, one sees that h(zy A x3) # h(x2). Analo-
gously for h-L.

Now, we can state the following.

THEOREM 2: If x, y are elements of a complete lattice L, such
that x =1y A (_/\x;), where { x;}sr ts a non-void family of elements

vel
of L, incomparable with y, then, for every quasi-automorphism h
of L, one has h(z) < h(y).

Proor: First, let us observe that + < y; indeed, one has z < y,

but if z=v, then y < A x;, hence y < z;, contrarily to the hypo-
sel

thesis.
Now, one has either Az; <y or Az < y.
iel iel
If Ax; <y, then
el
T= Ax; = 2//\(/\90:)—/\(?//\1;),
il iel
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hence

h(:c) h(/\(y/\x,)) = /\h(yAx,), with 0 ;éI’t:I

Since y and z; are incomparable, one has, by theorem 1,

h@) = A @ ARG = @) A (A RE).

From this it follows that h(é) < h(y) and, since h(z) # h(y),
one has h(z) < h(y).

CIf /\x, 4y, one concludes that Ax; and y are incomparable.
zel

In fact, if Axz;>y, then z = y, contrarily to the hypothesxs
, “gel

Hence, by theorem 1, one has & (z) =h (y) Ak (Az;), and from
iel

this follows k() < h(y), since h(z) = h(y).
Analogously one sees that A1 (x) < h~1(y).

An automorphism is clearly a quasi-automorphism % such that,
if ¢ < Y, then h(x) < h(y). Therefore, the f0110vs7ing holds:

TrrorEM 3: Let L be a complete lattice sdtisfyz'ng the condition:
“if 2, y e L and x° <y < u, then there is.in L a non-void family

{a;} i1 such that each x; is incomparable with y and =y A (A x:)”;
tel
then every quasi-automorphism of L is an automorphism of L (%).
In particular, one has

CoroLLARY 1: If the complete lattice L is dual atomistic (%),
then every quasi-automorphism of L is an automorphism of L.

Indeed, in this case‘ 1f z <y <u,one has =y A (/\Ix,),
1€
where the elements z; are the dual atoms which follow z and do
not follow .
- Since the group of quam automorphlsms of L is isomorphic
to the group. of automorphlsms of . ¢(L) ("), one concludes the
following:

CoROLLARY 2: If the complete lattice L zs dual atomfzsmc, then
the groups of automorphisms of L and of ¢. (L) are-isomorphic.

(5) This theorem improves a result obtained in [3].

(%) We recall that a lattice is said to be dual atomistic, if each element is the
.infimum. of the dual atoms following it.

(") See [3], theorem 2.
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We know that, if L is a complete lattice, then ¢ (L) is a dual
atomistic (®) and complete lattice. From this it follows.

CoroLLARY 3: If L is a complete lattice, the groups of automor-
phisms of - ¢ (L) and of ‘¢ (¢ (L)) are isomorphic.
- Let us suppose that L is a complemented modular complete
lattice and let z and y be elements of L such that z <y < u.
If ¥ denotes a complement of y, one has

z=aVHAY) =yAlzVvy)

It is easy to see that the element z vy’ is incomparable with y.
Indeed, one has not y < x.v ¥y, otherwise it would be z =y,
contrarily to the hypothesis; and one has not ¥y > z vy’, other-
wise it would be ¢y’ < x and hence yvy' =<yvz =.y, that is to
say, ¥y = u, contrarily to the hypothesis.

Then, from theorem 3, it follows.

CorOLLARY 4: If L is a complemented modular complete lattice,
then the groups of automorphisms of L and of ¢ (L) are isomorphic.
We can improve theorem 3, by stating

THEOREM 4: Let L be a complete lattice satisfying the condition:
“ifax, yeL and v <y < wu, then there are in L finite sequences

Y=Yo Y, Yoy -, Yn =2 and b1y B2y o oy tny

such that

vi = yiaAtiand ;= A zf’

iel;
where each x,@ is incomparable with y;_1"; then the groups of au-
tomorphisms of the lattices L and ¢ (L) are isomorphic.

Proor: We know that these groups are isomorphie, if and
only if every quasi-automorphism of L is an automorphism of L.
Let h be a quasi-automorphism of L; by theorem 2, one has suc-
cessively

h(z) = h(yn) <h@a-1) <h(ynz) < ... <h(yo) = h(y),
which proves the theorem.

(8) One shows that, if ¢ is'a closure operator of a complete lattice L, then ¢ is
the infimum of the closure operators ¢., where a runs over the set of the elements
closed under o.
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The theorems 3 and 4 give sufficient conditions in order to the
groups of automorphisms of L and ¢ (L) be isomorphic. These
conditions are not necessary; indeed, let us consider a lattice L
isomorphic to 1@ 2?, 'ordinal sum of a lattice constituted by
one element and a Boolean algebra with two atoms; one sees
that the groups of automorphisms of L and ¢ (L) are isomorphic
and L does not satisfy the condition of theorem 3 nor the con-
dition of theorem 4.

We have not been able to find a necessary and sufficient condi-
tion for the existence of an isomorphism between the grrups of
automorphisms of the iattices L and ¢ (L).
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