ANOTHER NOTE ON SIMPLE STABLE POINTS
IN TOPOLOGICAL LINEAR SPACES

by BEZIO MARCHI *

1. In our recent paper [2], we established some results concer-
ning the simple stable points of games defined on separated, con-
vex, compact, real topological linear spaces. We derived these re-
sults by using a generalization of a result given by Fan in [1],
-which is concerned with the intersection of sets with convex see-
tions.

The object of this note is to prove some existence theorems for
simple stable points of games given on convex, compact, real
topological linear spaces, by using the same idea employed by Nikaido-
Isoda [3] in order to prove the existence of an equilibrium point.

There is certain similarity between the results expressed in this
paper and the respective results obtained by the mentioned techni-
que. However, neither the results obtained here include the other,
nor are included in them.

2. For our purpose, we need the basic result introduced in
[3]. Its application will give the principal results.

Tueorem 1 (Nikaido-Isoda) : Let ¢ be a real function defined
on 3 X 3, where 3 is non-empty, corivex and compact in a real to-
pological linear space, such that the following two conditions are
fulfilled :

(i) For each oe3, the functions ¢(o, 7) and ¢(r, v) are con-
tinuous in 7e3,.

(ii) For each re3, the function ¢ (o, 7)' is concave in oe3.
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Then there exists a point re3 such that

é(r,7) = max ¢(s,7)
Se3

Proor: Assume that there is not a point having the property
Jjust mentioned.

Then, for each 73, there is a o e3 such that

¢(Tr T) < ¢(U,7)'
Let
0y ={re3: ¢(r,7) < ¢(a,7) }

be a set in 3.
By the continuity of ¢(o, ) and ¢(r,7) in 7e3 for each o €3

there exists a finite number of oy, ..., on €3 such that
n
G e =3

Consider the functions
pi(r) = max [¢ (iy7) — o(7 1), 0] fore=1,...,n
Therefore by definition

p(r) = 3 pi(r) >0 for all re3.
: i=1
Let

i

. pi(®
v = 3

be a funection
Yo 33,

since 3 is convex. _
The convex hull of oy, ..., o in 3 is homeomorphiec to a sim-

plex in an Euclidean space. Then, the application of Brower’s fixed

point to the funetion y guarantees the existence of a fixed

‘point e

~ n pi (;)

ai
p(v)
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From the last conditions we obtain

$(r. ) > ¢(7,7)
‘which is impossible. Q.E.D.
3. Let
I = {3, ..., 3 Ay, ..., 44}

be a m-person game where, for each 1e N =11, ...,n}, the set 3;
is non-empty, compact, and convex in a real topological linear
space and the payoff function A is defined on 3 = X 3; with
‘values in the real numbers. N

Let
e(i) SN —{i} and £(5) = N — (e(3) U {i})
‘be sets of players for each 7¢N, and consider 3 =X 3; with
R :e(q) or f(3). feB
A point o €3 is said to be an e, simple stable point of the ga-
‘me T if, for all 7¢ N,
min Ai(oiy Seiy, 07(n)) =
Se (i) € Je (i)
= max min Ai(SiySe (1), o1 (iy) -
Si €3y Se (i) € e (4)
Such a point can easily be characterized by the funetion

®(o,7) = 3 Fi(oi, 71 4))s
=N
‘where, for each 7N, the function F; is defined by

Fi(oi,or)) = min Ai(oiySe (iy 5 OF (i) )+
Se (i) Eze (%)

LEMMA 2: A point ceS is a e, simple stable point of the
:game T if and only if

®,(0,0) = max &,(s,0).
seX

Proor: Let oce3 be a e, simple stable point of the game T.
‘Then, for each i eN,

Fi(oi,oiy) = max Fi(si,or5)),
S;€e3;
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and therefore,

®, (0,0) = max &,(s,0).
Se3,

Now, examine the sufficiency. Let oe3 be such a point which
fulfills, for each 7¢€3,

CI)](;;) 2 @1(7,;),

Suppose that there is a re¢3 and a non-empty subset I C N
such that, for each i el,

Fi(oi, opny) < Filri,or ).
Consider the strategy re3 defined by
_ i if el
T { o if ieN—1I ,
Then the following is satisfied:
® (0,0) < ®i(7,0)

which is absuid. Q.E.D.
A point o €3 is said to be an e™ simple stable point of the ga-
me T if, for all 4N,

max A;(8i,0e i), o)) = min max  Ai(Si, Se i) » of(iy) -
;€35 Se(i) €3e(i) Si€i

Introducing for each icN the function G; defined by

Gi(oeciy, o5y) = max Ai(Si, geqiy s 01(®))
Siizi

then, it is possible to characterize an €™ simple stable point by the

funection

®y(o,7) = 3 [—Gi(oeir, m))],
eN

as is illustrated in the following:
LEmma 3: If for each oS there is a re3 such that for each
1N :

— Gi(re (i), 0eiy) = max [—Gi(Sey, o)l
Se (i) €3e (i)
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Then a point o3 is an e™ simple stable point of the game T
if and only if

®,(0,0) = max &,(s, o).
8€3

Poor: Let oeSy be an e™ simple stable point of the game T.
‘Then, for each teN

—Gi(oei), opi)) = max [—Gi(Se), oriy)] -
Se (i) €3¢ (i)

Therefore

3 —Gi(oey, or)) =} max [—Gi(seiir, ori))],
1eN 1N Se(i) €S i)

which implies the validity of the equality

®:(s,0) = max ®, (s,0) .
Se3

Now, consider a point oe3 which satisfied

Qg(;,;) = max- ®,(s, o)
Se3,

b

:and suppose that there is a non-empty subset I € N such that, for
each 1el,

—Gi(oe iy, o75)) < max  [—Gi(Seiy, ory)] -
Se (i) €3¢ (i)

By hypothesis, given the point oe3, there exists a point re3;
such that, for each e,

—Gi(re i), o55)) = max [—Gi(sei) o30))],
Se (i) €3¢ (i)

.and therefore, we obtain

®,(0,0) < @(r,0) which

«contradicts the hypothesis. Q.E.D.
An inmediate consequence of the preceding lemmag is given in
the following result:
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CoroLLARY 4: If for each o€ there is a 7e3 such that, for
all 1eN. )

Fi(ri, 01y) = max Fi(si, 0r))
SiEEi
and
—Gi(re iy, o) = max  G; (Seiy » 01@))
: Se (i) €3¢ (i)

then, a point o3 is an e, and e” simple stable pbint of the game T if’
and only if

@1(;,;) — max @1(3,;)
Se3
and
®,(0,0) = max @, (s, o)
seX

4. In this section, we will obtain some general theorems which:
are concerned with the existence of simple stable points of n-person:
games.

These theorems will be obtained as a direct application of the
above results.

TaeoreM 5: Let T' = {3, ..., 3n; 4y, ..., 4y } be a game,
where for each ieN, the set 3; is convex, compact in a real:topological
linear space, such that the following conditions are fulfilled:

(i) Tor each <3 and each oy (i) € 37 (4), the function
Fi(oi, 07;)) is concave in o; e ;.
(ii) For each N and each o;e3;, the function F; (o;, o5
is continuous in oy (i) € 35 (i)
(iii) The function
3 Fi(oiy o5 iy)
1eN
is continuous in o€ .

Then, there exists an e™ simple stable point of the grame T.

Poor: Consider the funection

®i(0,7) = 3 Filoi, i)
’teN
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defined on the set 3 x3. For each r¢3, the function ®,(o,7) is
concave in ¢e3. On the other hand, the function ®, (¢, o) is conti-
nuous in ¢€e3; and for each o€, the function &, (e, r) is continuous
in re3. ' ,

Then, by direct application of Theorem 1 to the funection @,
the existence of a point o3 such that

®,(0,0) = max & (s,0)
SeS,

is guaranteed.
By Lemma 2, such a point is an e, simple stable point of

the game 3. Q.E.D.

THEOREM 6: Let T' = {3, ..., 34; 44, ..., 4.} be a game, where
for each 7N, the set 3, is convex, compaect in a real topological
linear space, such that the following conditions are fulfilled:

(i) For each N and fixed oy )€ 3y, the function
Gi(oei), o1 (1))
is convex in oy € Seiy-
(ii) Por each N and each ¢ (i) € Se (3 the function
Gi(oe 3y, o7 (1)) 18 continuous in oy (5)e 3y (i).
(iii) The function
2 Giloecy, o5iy)

1eN
is continuous in oe3.

(iv) For each o3 there is a 7e3 such that for each 4eN:

—Gi(re iy, o5(iy)) = max [—Gi(Se i), ori))] -
Se (1) €3¢ (1)

Then, there exists an e™ simple stable point of the game T.
Proo: Consider the function

®:(0,7) = 3 Giloewy, i)
1eN
defined an 3 x 3. On one hand, for each re3, the function ®,(o,r)
is concave in ¢e3; and on the other hand, the function ®,(s, o) is
continuous in oe3. Furthermore, for each €3, the -function ®,(o; )
is continuous in re3.
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Then, Theorem 1 applied to the function &, guarentees the
existence of a point oe3 such that

®, (0,0) = max ®,(s,0) .
: Se3,

By Lemma 3, such a point is an e™ simple stable point of the
game I'. Q.E.D.

TueoreM T: Let: T = {3y ..., 3a; 4y, ..., Aa} be a game
where for each 7N the set 3; is convex, compact in a real topolo-
gical linear space, such that the following conditions are fulfilled :

(i) For each 4N and each of¢iy € 3y, the function
Fi(oi, 01 ) is concave in o; e 3, and the function
Gi(oe(i), of (i) is convex in oe (i) € Ze (i) -

(ii) For each ieN and every o; ¢ 3; and oe (i) € Ze(iy the
functions F;(oi, o7 (i) and Gi(oe (i), of(i) ) €Ze(iy areeon-

tinuous in of(i) € S -

(iit) The functions

b Fi(ﬂ'i,o’f(,’,)) and 3 G,’,(o‘e, of (i))
1eN 1eN

are continuous in oe3.

(iv) For each oe3 there is a reX such that for each 4eN:

Fi (viyopy) = max Fi(si; o7¢))
S,tezi
and
—Gi(tei), oy ) = max [—Gi(Sewr, o7 ir)] -

Se (i) € e (i)
Then, there exists an em and e” simple stable point of the ga-
me T.
Proor: Again, consider the function
®(0, 1) = @ (0,7) + ®:2(0,7)

defined on 3 X 3. The function ®(o, o) is continuous in o ¢ % since
the functions ®,(c,o) and ®.(o, o) are continuous in oe3. Mo-
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reover, since the functions ®,(o, r) and &®,(s,7) are continuous in
7e3 for each o€, then the function ®(o, ) is continuous in =3 for
each oe3. Finally, for each 73, the function ®(o, r) is concave in

o3, since it is a sum of concave functions.

Then, Theorem 1 applied to the function ® (o, ) guarantees the

existence of a point o¢e3 such that

@1(;,;) +‘I’2(;;;) - ma;{ [<I>1(s,;)—|—<1)2(s,;)],
Se

By the last condition, there is a e such that

QIG);) + @2(;(:) = mgx [@1(8,—;’) + (I)Z(S: ;)] d
Se

On the other hand, for each 73

[N (T,;) < @1(:,;) = 37 max F,’,(Si,;f(i))
1eN 835
and
®y(r,0) < @p(r,0) = 3 max  [— Gi(Secir , o5ny) ]

€N Se () €Se i)
which implies that

&, (0, 0) + ®3(0, 0) = max @,(s,0) + max ®,(s,0),
Se3 Se3,

and therefore

®,(s,0c) = max @, (s, o)
S€3,
and
®,(s,0) — max &, (s, o).
Se3,

Then, by corollary 4, such a point is an e, and ™ simple stable

point of the game I'. Q.E.D.

The above results are the principal of this paper. We note that

in [3], since a e, simple stable point of a game 3 = {3,,...

Ay o, Ag) s an equilibrium point of the game T'= {3,...,3;

F,...,F,} and conversely.
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An immediate consequence of the last theorem is the following :

CoroLLARY 8: Let T' = {34, ...,34; 44, ..., 4,5} be a game
that satisfies all the conditions of the last theorem. If for each o€
and each %eN.

max F@(Si, O'f“)) peent min G,‘(Sc (4) , Uf(“) ,
Sie3; Se (i) €3e (i)

then there exists an e, e™ simple stable point oe3 such that for
each i¢ N,
Ai(o,0¢ 3y, 05 (iy) = max Fi(si,074)
Siezi
- min G,-(Se i)y Of (:”) .
Se (4) €€e (i)

Such a point is called an e - simple saddle point of the game T

Indeed, there is a kind of—games for which the additional con-
dition in this last corollary can be in some sense weakened.

In fact, this is possible by using the Sion’s minimax theorem
[1] for games defined on separated, real topological linear spaces.
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