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§ 1. Introduction 

In this paper we 'Consider the problem of the existence and 
construction oy polynomial solutions of equations of the form 

D y(x) = 0 (1) 

defined by linear differential operators with polynomial coefficients. 
The problem of detecting these solutions is related to that of 

finding solutions in integers of the algebraic equations defined by 
(3) and (5). 

The effective solution of this problem has special interest in 
connection with some methods for the numerical approximation of 

the solution of (1). 

§ 2. Definitions and notation 

Let be D the operator 

k 
D = l q.(x) D(i) 

i=O 
(2) 

where the coefficients qi (x) are polynomial with real coefficients 
and D(i) indicates the operator "derivate of order i" when i> 0 

and the identity when i = 0; k is the order of D. With No we shall 
indicate the set formed by zero and the positive integers and with 
In the set { iii ~ n, i E No }. For every i Elk, ni and a. are res­
pectively the degree and the leading coefficient of q.(x). 
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If the operator D is applied to xn (n € No) we obtain a poly­
nomial 

Pn(x) = D xn 

the degree of which shall be called hn • 

and 

For every i € Ik We define an element mi € No such that 

mi = ni + k - i when ai ¥= 0 

otherwise. 

H shall be the set of elements lIlr € No for which there is a 
subset J, C h such that: 

i) Card(Jr ) > 1 
ii) j€Jr Bmj=lIlr 
iii) i € 17< and i < j for some j € J r -+ mi < 111 r 

§ 3. Existence and detection of polynomial solutions 

We shall examine separately the cases where the degree of 
the polynomial solution is ;;::: k (case (i) and where it is < k (ca­
se (ii) ). 

(i) Let be 111 = max(mi). When 111 i H, (1) has no polynomial 
i 

solutions of degree greater or equal to k. In fact, in this case it 
follows that if s is the only element of Ik such that ms = 111 = 
= max(mi), then (1) has no polynomial solutions of degree;;::: s. 

i 

We shall assume then, that 111 € H. Let J = {jl, j2' ... , jll } 
be the subset of Ik aSli!ociated with 111 (i.e.: mj 1 = mj 2 = ... = 

mjh = 111), where jl > j2 > .. , > jh. 

Let us introduce the polynomial 

'IF(n) = ~ (n - jll)! aj 
L--! (n-j)! 
.is J 

(3) 

If the equation 'IF (n) = 0 has no integral roots ;;::: k, then, (1) has 
no polynomial solutions of degree;;::: k. 

Let be W = {Wl' W 2 , ••• , wp } the set of integral solutions of 
'IF (n) = 0, greater than or equal to k. This set is a finite one and 
we shall assume that it is not empty. 
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For every W E W we consider the sets 

T'w= {t'Elw , ht,=hw } 

Tw = {t Elw , ht ~ hw } . 

It follows then that D y(x) = 0 may have a polynomial solution 
of degree w only when Card(T'w) > 1. In this case there exists a 
polynomial solution of the general form 

if and only if there are real numbers c. (i E Tw, Cw =/: 0) such that 

(4) 
iETW 

Identity (4) leads to an homogeneous system of Card (T w) linear 
algebraic equations with Card(Tw) unknowns. The equation 
D y(x) = 0 has a polynomial solution of degree w if and only 
if such system has a non - trivial solution. 

(ii) Let us point out firstly that if mi = 0 for all iElz(z < k), 
then every polynomial of the general form 

where aj (j = 0, 1, ... , z) are real numbers, is a solution o:f (1). 
We shall say that D is a proper operator if qo =/: O. Throughout 

the paper we shall assume that (2) is a proper operator (011<) 

Let be 

where 

Mo < 1111 < ... <"AId 

and :for every M r E H let be 

Jr = Ur , jr , ... , jr 1 
1 2 n 

where 

jr > jr > ... > jr 
1 2 n 

is the subset o:f Ik associated with Mr. 

(*) If (2) is not a proper operator, it admits the polynomial solutions 
considered above. Once these solutions are eliminated, a proper operator re­
mains. 
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With every 1t1r E If, 1t1r > 0 we also associate the following 
sequence of subsets, everyone with at least two elements 

Frl = {ir l , ir2, ... , ir,.} 

F r2 = {jr2, ir3, ... , irJ 

and for every F / we define 

and 

otherwise. 

We finally form the sets 1V" the elements of which are the 
integral roots w of the equation 

(5) 

such that 

It follows that if for every ri is. Wr = cp, then (1) has no polyno­
mial solutions of degree < k. For every WE Wr and some ri we 
define, as we did in case (i), sets. T'w and T wand us.e the same 
argument. 

It is interesting to point out that if D is a proper operator, 
(1) has no polynomial solutions provided that If = cp. Necessary 
and suficient conditions for the existence of polynomial solutions 
are given in [1]. 

§ 4. Applications of the method 

We shall consider now some applications of the method given 
in § 3 to decide whether a given differential equation with poly­
nomial coeffieients has polynomial solutions and, if so, we shall 
compute them. 



-187-

Example 1: Let be the differential equat:on 

x10y""'(x) + 2x;5yVi(X) + x7y"(x) _ 

_ x2yi"(X) + 5X2y iii (x) -7y'(x) = 0 

defined by an operator D which is not proper. 

In this case 

k=8 

aO - 0 no - 0 mo - 0 

al - - 7 nl - 0 ml - 7 

a2 - 0 n 2 - 0 m2 - 0 

a3 - 5 n3 - 2 m3 - 7 

a4 - - 1 n4 - 2 m4 - 6 

a5 - 1 n5 - 7 m5 - 10 

a6 - 2 n6 - 5 m6 - 7 

a7 0 nr - 0 mr - 0 

as - 1 ns - 10 ms - 10 

Hence 

H = {10,7}; M = Ma = 10 Mo =7 

.and 

J=Ja= {8,5}; J o= 13,1} 

Therefore 

(6) 

w(n)=(n-5)!.1+(n-5)!.1=(n_5) (n-6) (n-7)+1 
(n-8)! (n-5)! 

As no root of wen) = 0 belongs to No, W == cp. Then, there is: 
no polynomial solution of degree ;?: 8. On the other hand, as 
mo = 0 and ml # 0, any constant is a solution of (6). 

As 

POI = 13,1} 

we have 
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and 

>ltOl (n) = (n-l)!.5+(n-l)!. (-7)= 
(n-3)! (n-l)! 

= (n-l (n-2) 5~7. 

Again, W Ol = cp, as both, >ltd l (3) and >ltol (4) are different from 
zero. We conclude that (6) has no other polynomial solution than 
a constant. 

Example 2: Let us consider the differential equation 

(x4 -~ x 2 -. 3x/5 + 3/40) y"'(x) + 2xy"(x) + 

+ (-12x2 - X - 2)y'(x) + 5y(x) = 0 (7) 

Here is k = 3 

Hence 

ao - 5 no - 0 mo - 3 

a1 - - 12 n1 - 2 m1 =4 

a2 - 2 n2 - 1 m2 - 2 

aa - 1 na - 4 m3 - 4 -

H = { 4 }; JJ1 = Ma = 4 and J = t 3,1 f 

>It(n) = (n-l)! .1+ (n-l)! . (-12) = 
(n-3)! (n-l)! 

= (n-l) (n-2) -12 = n2 - 3n-l0. 

The roots of >lt (n) = 0 are the integers n = 5 and n = - 2. There­
fore W= t 51 and Wal =cp. 

As mo# 0, we can only expect polynomial solutions of degree 
five. 

Then, as 

Po(x) = 5 
Pi (x) = - 12x2 + 4x - 2 
P2(x) = - 24xa + 3x2 

Pa(x) = - 30x4 + 2x3 + 3x2 -18x/5 + 9/20 
P 4 (x) = - 24x5 + X4 + 4xa -72x2/5 + 9x/l0 
P 5 (x) = - 36x3 + 9X2/2 
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it follows that 

h5=3 ; T'5= {5,2}; T5= {5,2,1,O} . 

If there is a p<>lynomial solution to (7) it will have the generaL 
form 

The condition D y (x) = 0 leads to an homogeneous system of" 
linear algebrai'C equations which has a nontrivial solution. From it 
we deduce that 

(8) 

is a polynomial solution of (7). We can also state that there is no 
other polynomial solution of (7) linearly independent of (8). 
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