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NOTE ON GALOIS EXTENSION OVER THE CENTER
by Manabu Harada

"In {2} S.U.Chase, D.K.Harrison and A.Rosenberg obtained a Galois
Theory for strongly Galois extensions of commutative rings (CHR-
Galois). ' This was generalized to non commutative rings by F.R.
Demeyer {3} , T.Kanzaki {6} , H.F.Kreimer {8} and others. Recent
1ly, O0.E.Villamayor and D.Zelinsky obtained in {11} a weak Galois
theory of commutative rings in order to study the strong one from
a different point of view.

In the first section of this short paper we shall use similar ar-
guments to those of {11} to show that if an algebra A over a com-
mutative ring R is a strongly Galois extension of R, then A and its
center C are weakly Galois extensions over C and R, respectively

If A is a weakly Galois extension over C, A is the sum of all C-mo-
dules Jo (see below or {10} for the definition of Jg ). By means
of some properties of the J_ 's, we shall study in section 2, a Ga-
lois theory over the center, the argument being similar to that of
{7} and {5}, Theorem 1.

The author would like to express his thanks to Professor 0.E.Villa
mayor for inviting him to Universidad de Buenos Aires and giving
an opportunity to see his and Zelinsky's preprint of {11}.

1. GALOIS EXTENSION OVER R.

Let R be a commutative ring with identity, A an algebra over' R, C
the center of A and G a finite group of automorphisms of A. We
say that A is a Galois extension with respect to G of its G-fixed
ring A® if there exist elements X 5 ¥y i=1,2,...,n, in A such
that Z“Go(xi)yi = 60’1. We note that if A® = R, then A is a fi-
nitely generated and separable R-algebra by {9} , Lemma 2.

Let T be an R-subalgebra of A and G the group of all automorphisms
of A leaving invariant the elements of r.We quote here the defini
tion of weakly Galois extension of {11}: A is said to be a (right)
weakly Galois extension of I if the following two conditions are
satisfied:

a) A is a finitely generated projective right r-module.

b) Ga, = Hom (A,A), where Zgixil(x) = Zgi(xix) for gieG,xi,AeA

LEMMA 1. Let A be a strongly Galois extension of R with group G.

If R has no proper idempotents, then A and its center C are weakly



92
Galois extensions of C aqnd R, respectively.

Proof: Since A is a finitely generated R-module, there exist mutual
ly orthogonal primitive central idempotents e, such that 21_1 i = 1.
Then Homg (A,A) = ziOHONCei(Aei’Aei) and HomR(C,C) ZiOHom ei(Cel,Ce-i).

Let Ti = {gleG,g(ei)=ei}. We can easily see that e, is a strongly
Galois extension of Re with group T (see {3}). Furthermore, Aei
and Ce are strongly Galo1s exten51ons over Ce and Re with respect
to H; and T,/H; by {3} and {9}, where H, ={g|eT »g(d)=c V ceCe,}. Hence

Hom (Ae Ae ) H. (Ae )2 and HomRe (Ce ,Ce ) = (T /H )(Ce ) .Now,
we put H‘ = {hIeG hIAe =h' for some h'eH hlAe =I, ; for 1#3} .Then
H‘ cH = {hIeG h|C= I, }. Therefore, Hom,, (A A) = HA Similarly we

obta1n Hom (C C) = G C, , where G' is the group of all automorphisms
of C over R. Condition a) follows from {1} , since A is separable
over R. '

THEOREM 1. Let A be a strongly Galois extension of R with finite
group G. Then A and its center C are weakly Galois extensions of
C and R, respectively.

Proof: We shall use the same notation and argument of {11} .Since
A is A ® A* -projective, C, = (HomA!L(A,A))x = HomAi(Au’Aa) (cf.{11},
(2.7)). Furthermore, R has no proper idempotents by {11}, (2.13).
Hence, H(x) (A )1 = HomC (A ,A ) and G’(x)(Cx)2 = Home(Cx,Cx) ,
where H(x), G'(x) are as above in A and Cx. Since C is R-finite-
ly generated, all elements of H(x) and G'(x) are induced by ele-
ments of H and G', respectively (by {11}, (2.14)). Hence (HAl)x=

= H(x)(Ax)2= Homcx(Ax, x) = (Hom , A)) since A is C-finitely ge-
nerated and projective. Therefore, HAz = HomC(A,A). Similarly
G’Cl = HomR(C,C).

We shall give latter an example in which a strongly Galois extension
of R is not a strongly Galois extension over its center with respect
to the corresponding subgroup.

2. GALOIS EXTENSION OVER CENTER.

In this section we always assume that A is a separable algebra over
its center C. 1If HA, = Homg (A,A), then for any element x in AH, X,
belongs to the center of Homg (A,A) = C; hence L C. We shallstudy
some properties are treated in {7} and {10} . For o ¢ H let Jg; =

= {x|er , yx = x0(y) for all yeA} = Hom, % (A ,Ac), where Ac is the
same module as A as left A-module and the operation o f
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A as right A-module is defined by x#y = xo(y). Furthermore, A =

A ®.J, and A = AJ_ (see {10}). For any element X0eJ 0 <

A H(x,0)(y) = X5 (y)™ YXr for every y € A, Hence, (J )¢ = (J’a)r

.and Ao = AJo,0 = Az(Jc)r = A, e.c(J'u)r since A,'Ar = A, @A by {1}.

PROPOSITION 2. Let A be separable -over its center C and S a subset
of H. Then SA, = Homc(A,A) if and only if A = Zoech .

Proof: SA, = Zces o=, e (J,), - Since C is a C-direct sum-
mand of A and Hom (A,A) = L Ar’ the proposition follows.

COROLLARY. A is a weakly Galois extension if and only if A= Zaes o?
where S is a finite subset of H. Furthermore,A is generated by u-
nitsas C-module if and only if SA, = Homc(A,A) and the elements of
S are inner-automorphisms.

Proof: It is clear.

Let S be a subset of H. We call S strongly distinct if there exists

a family of elements {xéa) (°)}::T(°), o € S such that

(o), (o) _
Zt(xi )yl o= 61’0 for all o,t ¢ S.

It is cleatr that this condition is equivalent with the existence of
Galois generators if S is a group.

THEROREM 3. Let S ,J  be as above and T = Zoes g+ If S isstrongly
distinct, then T = Xoes g+ Conmversely,if I = zaeSOJ and T is a di
rect summand of A as C-module, then S is strongly distinct.

Proof: Assume that T = ZUOJG and T is a direct summand of A as C-
module. A, ® A = Hom (A,A), since A is C-separfble. Let p, be a
projection of A onto J . Then P, € Homc(A,A). Hence, there exist

elements {xgo) (0)}::?(°) in A such that Xxgg) ® ygg) = p,. There

fore, 0 = p_(J ) = JTZr(x§°))yi°) for ofr. Since AJ =A, Zr(x("))y(“)=
= 0. Similarly, J (I - Xu(xé°))y§°)) = 0. Hence, I =Zu(x(°))y(°)
Conversely, assume S is strongly distinct. We assume O-ZuszO ’

2, ¢ J . Then 0 = Ziz;xéc)zryia) = Zcza(zir(x§°))y£°)) = z_ .Hence,

r = XQJU .

LEMMA 2. Let A D B be R-algebras. If B is R-separable, then VA(B)
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i8 a direct summand of A as two-sided %‘(B)-module, where VA(B) =
= {a|e¢A , ba = ab for all b ¢ B}.

Proof: We consider A as a left B ORB*-module. Since B is R-sepa-
rable, there exist elements {xi,yi}i in A such that inyi = 1 and
be1 oy, = in © y;b for all b ¢ B. Now we define a map $:A — A
by setting ¢(a) = Z(xi ® yHa = inayi for a ¢ A. From the above
relations of {xi,yi! we obtain ¢(A) & VA(B) and ¢|VA(B) = IVA(B)'
Furthermore, ¢(§gﬁj = Zixiaa'yi = (inayi)a' = ¢(a)a' for a'eVA(B).

Similarly ¢(a‘a) = a'¢(a). Hence, ¢ is VA(B) - VA(B) homomorphism.
Since VA(B) is VA(B) - projective, A = VA(B) ® ker ¢.

PROPOSITION 4. Let A be a central separable C-algebra and T a se-
parable subalgebra (T = C). Then T is a direct summand of A as a
two-gided T'-module.

Proof: We know from {6}, Theorem 2 that r =V A w A (r)) and
vV, (r) is C-separable. Hence the proposition follows from Lemma 2.

From now we assume that the subset S of H is a finite group G.

PROPOSITION 5. Let A be a central separable C-algebra and G a fi-
nite subgroup of the group of C-automorphism of Ay let T = XceGJo'
Then the following statements are equivalent:

1) r=7F .8 and |G| is a unit in C.
2) r=7J .8 and T is C-separable.

3) A is a strongly Galois extension of £¢ and ¢ is C-geparable.

Proof: 1) «— 2) It is clear from ({4} Lemma 4) by localization
of C.

2) — 3) Since r is C-separable, T is a direct summand of A as
r-module by Proposition 4. Hence, G is strongly distinct by Theo-
rem 3.

3) — 1) |G| is unit in C by {5} , Proposition 5,and the rest is
clear.

LEMMA 3. Jth = Jro for any o,t .

Proof: Let m be a maximal ideal in C. Then (Ja)'n = HomAz(Am,Amo)=
= = u-1 - = -1
Cmuo, where o(y) u-lyu . Hence, (JOJT)m CmuauT and utc(uour) .
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uu belong to C Therefore, JOJT =J

ott¥1o 10 °

PROPOSITION 6. Let G be a finite subgroup of H and assume A is a
strongly Galois extension of AG; let Q be a separable C-algebra be
tween A and A®. Then the following statements are equivalent:

1) Q= A for some subgroup H of G.
2) A Q) = ZcesJ for some subset S of G.

3) There exist elements {xi € Ry, € A} such that inyi = 1 and
Ie(x;)y; = 0 for ola # Io, o € G. ({8}, Proposition 3.5).

Proof: Since v, (2)¢g ZasGeJO"S is a subgroup from Lemma 3. Fur
thermore, Homnr(A,A) = A, Oc v, (n)r by {6} , Theorem 2, since @
is C-separable and therefore 1) and 2) are equivalent.

1) — 3) Let G = EinH. Then T = zoec ZiPHin and T is a

direct summand of A as r-module, where Ty = ZOEHOJU' Let p be a
projection of A onte r J. = J.. Then p ¢ Hom (A,A) = (AH) ® A_.
H i PHR. L

H
Hence, there exist {x; e AR, y; € A} such that ing ® y;r = P.

3) — 2) Put H = {0]|eG, of@ = I_}. Then V, (2) 5] Let

Q osH o’
y eV, (@) andy

+ o . = yl=
xpl xp2 , where xp. e J 03 Then y = yI

= yzxiyi = inyyi = ijixixpjy Xx Zp (xg)y; = Xo, " Hence VA(Q)=

- ZceHJu'

Finally, we shall give an example of a strongly Galois extension A
of R, such that A is not a strongly Galois extension over its center
with respect to its subgroup. However A is a strongly Galois ex-
tension over its center with respect to a suitable group.

Let G2 be a cyclic group of order 2 and Q the field of rational num

bers. Put G = G, x G, and K = Q(¥2). Then L = K GQK is a strongly

Galois extension of Q with respect to G by {9} ,Proposition 1
Let g and h be the inner-automorphisms of innduced by
-1 0 0 1

and
0 1 1 0

respectively. Then (g) x (h) = G and Q2 is a strongly Galois exten
sion of Q with respect to G, since %{311,311,322’3221e211312,3121321}

is a family of Galois generators. Put A = Q2 ® L. Then A is a strong
ly Galois extension of Q with group G if we define g(a+b) = g(a)+g(b)
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for g e G, a e Qand b ¢ L. It is clear that the fixing group of
its center is equal to G. But if we define g(a + b) = g(a) + b ,
then A is a strongly Galois extension of its center with respect

to G.
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