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A POLYGENIC EXT~NSION of THE POLYNOMIALS 
OF BERNOULLI AND EULER 

by John DeCicco and Arun Walvekar 

SUMMARY. The polygenic. - polynomials, 8 - polynomials, Bernoull.1 
·polynomlals. " - polynomials and Euler polynomials a're defined. S,!. 
veral results concerning these polynomials are obtained. The anal~ 
gues of complementary argument theorem and Euler-Maclaurin theorem 
for polynlomla1s are derived. 

10( tTllE POLYGENIC. - POLYNOMIALS. Consider the folloWing equation:. 
, I' 

~.1 (.11 r fp. q (t. t) ~azt+b (zt+zt)+czt+g (t. t) 

r (at + bt)7 ~bt + ct)n .P.q{(a+b)z ; (b+c)i} 
O~m+n~. m.n. m,n • 

where z, i, t and iare four independent complex variables; a. b. c 
are thre·e complex constants such that b2 .~ ac ~ 0 ; g (t, i) is an a­
nalytic polygenic function in the two, independent complex variables 
t and i. 

It is remarked that m ~O , P ~ 0 , iff a ~ 0 , or b ~ 0 , and n ~ 0, 
q ~. 0 , iff b ~ 0 , or c ~ O. 

Let f (t,t) be an analytic function, with region of convergence p,q 
given»y It - tol <r1 , and Ii - iol < s1' Further,let e'(t,t) 

'have a region of convergence about the center (to,io) given by 

Ii - i I < o s2' 

then it is seen that 

f (t i)eazt+b'(zt+zt)+czt+g(t,t) 
p ,q' , 

has a tegion of convergence given by 

11.21 It - t I < r o li-il<s'" o 

It is recalled that, by the principle of permanence the coefficients 

of (at + bt)m (bt + ct)n in the equation 11.'11 can be compared in 
the region of convergence given by 11. Z I 
In eq~ation 11.11 , use the substitution 

u .. at + bt v = bt + ct 

then equation 11.11 becomes 
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f (t,i)e8zt+b (zt+zt)+eit+g(t,t) 
p,q 

= f umvn ~mP', qn {(a+b)z", (b+c) z} O<m+n<ao m!n! 

The expression ~!:: {(a+b)z ; (b+c)z} ,is defined to be the po­

tygenic + - potynomiat of totat Ol'del' p+q and totat degl'ee m+n. 

In equation 11.41 , let z = 0 and z = 0 , then 

11.51 f (t t)eg(t,t) p,q , 

f 
O<m+n<ao 

where ~p,q are the ~ - numbel'8 of totat ol'del' p+q and total de­m,n 

gree m+n. 

In equation 11.41 , let z = z+w and z = Z+W , where wand ware two 
independ'ent complex variables, and then equate the coefficients of 

umvn Here without loss of generality, it may be assumed that m ~ n. 

The result is symbolically written as 

~p,q {(a+b)(z+w) ; (b+c) (Z+W)} m,n 

where (~p,q{(a+b)w; (b+c)w} + z)m is expanded according to w, and 

(+p,q{(a+b)w ; (b+c)w) + z)n is expanded according to W. 

THEOREM 1.1. The + - potynomiats fol' potygenia funati-ons obey the 

fottowing symbotic identity. 

11. 71 ~P'( {(a+b)z ; (b+c)z} 
m(u 

This is obtained by letting w = 0 in 11.61. 

2. THE LAPLACEAN v2 ~p,q OF A ~ - POLYNOMIAL. Differentiate 11.71 m,n 

with respect to z , then 

12.1 1 aaz ~ p ,q {( a + b) z 
m,n (b+c) z} 
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Similarly, 

12.21 

From the theory of polygenic functions, it is known that 

v2 Hz) • 4 L fez) 
azai 

Thus, the Laplacean of a , - polynomial is given by 

12.31 v 2 ,p,q {(a+b)z 
m"n 

THEOREM 2.1. A, - polynomial fop polygenic functions is hapmonic 
iff eithep m =, 0 OP n = 0 . 

This follows directly from 12.31. 
From 12.11 and 12.21 , it is seen that 

12.41 J3 ,p,q {(a+b)z ; (b+c)z}dz= ~ {(,p,q + z)m+l (,p,q + z)n 
d m, n m+ I 

and 

J_3 12.51 ,p,q {(a+b)z ; (b+c)z}dz 
d m,n 

By operating on both sides of the equation 11.41 by operators Zv , 
- -
Zv , zt. , zt. , the following equations are established. 

12.61 

12.71 

~ f . (t t) eazt+b(zt+zt)+czt+g(t,t) 
2 p, q , 

(b+c)'Z} 

(v+l) f (t,t) eazt+b(zt+ze)+czt+g{t,t) ----z- p ,q 

m n -
~ zv,p,q {(a+b)z 

O<m+n<~ m.n. m,n (b+c)z} 
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IZ.$! (u-1) fp,q(t,t) eaz.t+b(zt+it)+cii+g(t,t) 

(b+cli} 

IZ.91 (v-1) fp,q(t,t) eazt+b(zt+zt)+cii+g(t,t) 

(b+c)z} 

3. THE POLYGENIC a - POLYNOMIALS. In equation 11.41 ,let 

13.1 1 

then 11.41 becomes 

13.zl upvq eazt+b(it+zt)+cii+g(t,t) 
(eu-1)P(ev-1)q 

(b+c)i} 

where aP,q {(a+b)z m,n (b+c)z} is defined to be the potygenio a -p£ 

tynomiat of totat order p+q and totat degree m+n. 

The a - polynomials can be shown to obey, 

13.31 zAaP,q {(a+b)z m,n (b+c)z} = maP-1,q {(a+b)z m-l,n (b+c)z} 

13.41 zAaP,q {(a+b)z ; (b+c)z} = naP,q-l {(a+b)z . (b+c)z} m,n m,n-l' , and 

13.51 zA zA aP,q {(a+b)z ; (b+c)z} • mnaP-1,q-l {(a+b)z·(b+c)z} m,n . m-l,n-l . ' 

Equations 13.31 , 13.41 , 13.51 may be symbolically written as 

13.61 (aP,q + z)n{(aP,q + z + 1)m - (aP,q + z)m} 

• m(aP-1,q + z)m-l (aP-1,q + z)n 
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and 

13.81 

respectively. 

THEOREM 3.1. Polygenia B - numbe~8 obey the following ~ecu~~en~ 

~elation8. 

13.91 

13.101 

and 

13. 11 1 

This is done b~ letting z = 0 in 1~.~1 ,13.71 ,and 13.81 

4. THE POLYGENIC BERNOULLI POLYNOMIALS. The polygenic Bernoulli 

polynomial BP,q {(a+b)z ; (b+c)z} ,of total order p+q and total m,n 
degree m+n , is obtained by letting g (t, t) :: 0 , in 13.21 . 
Thus 

14.11 azt+b(zt+zt)+czt e 

I;' m n 
L g,.fr BP, q {(a+b) z 

O~m+n~~ m.n. m,n (b+c)z} 

defi,nes a Bernoulli polynomial. 

As a Bernoulli polynomial is a <I> polynomial and a B - polynomial , 
the following results are readily obtained. 

14.,21 BP ,q {( b) , (b )-} (BP,q + z)m, (BP"q + -z)n m,n a+ z; +c z = 

where BP,q are Be~noulli numbe~8 obtained by letting z = z = 0 in m,n 

14.11 
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14.31 2.. BP,q 
3z m,n {(a+b)z (b+c) z} • m BP,q 

m-l,n {(a+b)z (b+c)z} 

14.41 2... BP,q 
3z m,n { (a+b)z (b+c)z} n BP,q 

m,n-l {(a+b)z (b+c) z} 

14.51 V 2 BP,q {(a+b)z m,n (b+c)z} = 4 m'n BP,q {(a+b)z'(b+c)z} m-l,n-l ' , 

14.61 zlI BP,q {(a+b) z (b+c)z} m,n .. m BP-1,q 
m-l,n {(a+b)z (b+c)z} 

-
14.71 zlI BP,q {(a+b)z ; m,n (b+c)z} .. n BP,q-l 

m,n-l {(a+b)z (b+c)z} 

14.81 zlIzlIBP,q{(a~b)z;(b+c)z} m,n m'n BP-l,q-l{(a+b)z'(b+c)z} 
m-l,n-l ' 

14.91 (BP,q) {(BP,q + l)m - (BP,q)) = m (BP-1,q) 
O,n m,o m-l,n 

14.101 (BP,q) (BP ,q + l)n _ (BP,q) = n (BP,q-l) 
m,o o,n m,n-l 

A Bernoulli polynomial of total order zero and total degree m+n is 
defined by 

14.111 BO {(a+b)z; (b+c)z} m,n 
m-n 

Z Z • 

By repeated application of 14.61 ,14.71 ,and 14.91 , the follow" 
ing result is established. 

THEOREM 4.1. If m > p and n ~ q , then 

14.121 zlIP BP,q {(a+b)z (b+c)z} = m(m-1) .•. (m-p+1) m,n 

Bo,q {(a+b)z (b+c)z} m-p,n 

-
14.131 zlIq BP,q {(a+b)z (b+c)z} = n(n-1) ... (n-q+1) m,n 

BP,q { (a+b)z (b+c)z} m,n-q 

and 

- m!n! 14.141 zlIP zllq BP,q {(a+b)z (b+c)z} zm-pzn-q 
m,n (m-p) ! (n-q)! 
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Consider now the integral 

BP,q {(a+b)z m,n (b+c)z} dz 

m!l {B~~i,n{(a+b)(z+l);(b+c)z} - B~~i,n{(a+b)z;(b+c)z}l 

1 zA BP,q {(a+b)z;(b+c)z} m+l m+l,n 

BP-l,q {(a+b)z;(b+c)z} m,n 

In particular let z = z o • then 

14.151 BP,q {(a+b)z 
m,n (b+c)z} dz 

Similarly, 

14.161 fo
l 

BP,q {(a+b)z (b+c)z} dz 

5. TilE COMPLEMENTARY ARGUMENT THEOREMS. 

Consider BP,q {(a+b)z ; (b+c)z} ,then m,n 

BP-l,q 
m,n 

BP,q-l 
m,n 

15.1 I upvq ea(p-z)t+b{(p-z)t+zt}+czt 
(eu -1)P (ev -l)q 

(b+c) z} . 

Or, 

(b+c)z} 

(-u)Pvq e-azt+b(-zt+ztl+czt 
(e -u_1)P (ev -l)q 

(_u)m vn BP,q [(a+b)z 
m!n! m,n (b+c)z} 
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Thus the following. result has been established. 

THEOREM 5.1. Fi~6t CompLement4~Y A~gument Theo~em. A potygenic 
BepnouZZi polynomial obeys, 

15.21 B!:: {(a+b) (p-z) ; (b+c)z} • (_1)m B!:: {(a+b)z (b+c)z} • 

The fol~owing two theorems are obtained similarly. 

THEOREM 5.2. Second CompLement4~Y A~gument Theo~em. The follow­
ing identity is obeyed by a polygenic BepnoulH polynomial. 

15.31 BP,q {(a+b)z ; (b+c)(q-z)} - (_1)n BP,q {(a+b)z ; (b+c)z} • m,n m,n 

And, 

THEOREM 5.3. Thi~d CompLement4~Y A~gument Theo~em. Fop a polyge­
nic BepnoulZi polynomial. we have 

15.41 B:;:{(a+b)(p"z);(b+c)(q-z)}" (-1)m+nB!::{(a+b)Z;(b+C.)Z} 

In the next ·sectidn polygenic 11 - polynomials are considered. 

6. THE POLYGENIC 11 - POLYNOMIALS. In 11.41 , let 

16.1 I fP,q 
m",n 

then 11.41 becomes 

16.21 
2P+ q . e8zt+b (zt+zt)+czt+g(t,t) 

(eu+1)P(ev +1)q 

_ '" umvn 
L 11mP',.nq {(a+b)z ; (b+c)z} - O~m+n~" m!n! 

where 11P,q {(a+b)z ; (h+c)z} , is defined to be the polygenic 11 -m,n . 

poZynomiaZ of totaZ oFde~ p+q and totaZ degree m+n. 

By methods similar to those in section 3, the following equations 
are readily obtained; 
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16.3[ II V1l P,q{(a+b)z (b+c)z} . p-l,q { (a+b)'z (b+c)z} m,n 1lm,n ., 

16.41 zV1lp,q{(a+b)z ; (b+c)z} = p.q-l {(a+b)z (b+c)z} m,n 1lm,n 

16. SI (1lp ,q) 
o,n 

{(1lP,q+1)·m + 1l p ,q} 
m,o 

21l P- 1,q 
m,n 

16.61 (1lP ' q) m,o 
{(1lP,q+1)n + .1l p ,q} 

o,n 
21lP,q-l 

m,n 

and 

16.71 

where 1lp ,q is, the poZygenic 1l - numbeps of totaZ opdep p+q and m,n 
totaZ degpee m+n , obtained by letting z = Z = 0 in 16.21 . 

7. THE POLYGENIC EULER - POLYNOMIALS. In 16.21 let get) - 0 , then 

17.1 I 2P+q eazt~~~_~+;t)+czt 
(eu +1)P(ev +1)Q 

I;' m n 
L u,V, EP,q {(a+b)z 

O~m+n~~ m.n. m,n (b+c)z} 

where EP,~ {(a+b)z ; (b+c)z} , is defined to be a poZygenic EuZep m,n 
poZynomtaZ of totaZ opdep p+q and totaZ degpee m+n. 

The polygenic Euler number 

degree m+n is defined by 

EP,q , of total order p+q , and total m,n 

17.21 

PoZygenic C - numbep8 

17.11 • Thus 

cP,q are obtained by letting m,n 

The following results are readily obtained, 

z = z = 0 in 



17.41 EP,q {(a+b) z 
a,n 
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17. 5Iv2E!:: {(a+b) z; (b+c) i} =4mnE!~l,n_l {(a+b) z ;,(b+c) i} 

17.61 VzViE!:-:<ea+b)Z; (b+c)i} = li!:!,q-l{(a+b) Z; (b+c)i} 

Define 

17.71 

then 

17.81 

So,o {(a+b)z 
m,n- (b+c)i} • z· in 

THEOREM 7 • 1. (I) F.iJt4t: Compie.me.nt:a.It!lThe.olte.m. 

17.91 EP,q{(a+b)(p-z);(b+c)i} = (-l)mEP,q{(a+b)z;(b+c)i] 
m,n .,n 

(II) Se.eond Compie.me.nt:a.It!l The.olte.m. 

17.101 

(III) Thf1tdCompie.me.nt:a.It!l The.olte.m. 

17.111 E!:!{ (a+b)(p- z) ; (b+c)(q - i)} = (-1 )m+nE!: !{(.a+b) z; (b+c) i} 

The proofs are similar to those in Section 5. 

8. THE THEOREMS OF EULER-MACLAURIN FOR POLYGENIC POLYNOMIALS. 

Define 

18.11 B~,i .. 0 
l,O 

for alli,and j, then it can be shown that 

jB.21 

where p(z,i) is a p~lygenic polynomial of total degree m+n. 
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Hence 

Is.31 a P(Z+W',z)" p.{z+w+B1 ,0+ 1 a (z+w) 

Now, if m ~ n , then by Taylor's th~orem we have 

+ •••••• + 

or 

Is.41 

Thus, 

IS.51 

P(z;z) +(B. 1 ,0..!... + B1 • O ~)(l) P(zz) az ~z. ., 

(B1 ,O ..!... + B1,0 a)m 
az IT ~---.,;:..::....----=..;=--- P (z , z) 

m! 

- 1 oa ( -) P(z;z) + B ' . -az P z,z + •••.••••• 1.,0 

lOam -
+ B' '-m P(z,z) 

m,O az 

i) .. zAP(z;z) + B1,o {(~+blw 
1,0 

zA{aaz p(z.i)} + ••••• +1 B1'0{(a+b)W , iii!" m,O . 

(b+c)w) 

The following result may now be established. 

THEOREM S. 1 The. F..ilr..st 'rhe.Olr.e.m 0 6 Eute.Ir.~Ma.c.LtuLIr...in Folr. PotyS e.n..ic. 

Potynoni..ia.t.s. If P(z,z) is a polygenic polynomial of total degree 

m+n • where m ~ n • then 

Is.61 a az P (z , z) .. :I; AP (z , i)+ B}:g z!' { aa z P (z , i)} + ••••• 

This is done by letting w = w .. 0 in 1S.51 . 
.... ,' 
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THEOREM 8.2. The Seeond TheOA~ 06 EuleA-MaeLaUAin FOA Polygenie 
Polynomial4. If p(z,i) is a polygenic pol.ynomial. of total. degree 
m+n • ~ith n ~ m • then 

18.71 a - z Olz a -ar P(z,z) = 6P(z,i) + BO:I 6{ar P(z,z)} + ••••• 

The proof is similar to Theorem 8.1. 
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