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SOME FORMULAE FOR G-FUNCTION 

by B.L. Sharma 

1. INTRODUCTION. In a recent paper {S} the author has defined the 
generalized function of two variables as follow 
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where c and c are two suitable contours. 
1 2 

In other two papers {6,7} the author has discussed the simpie prope~ 
ties and particular cases of the generalized functioq of tw,Q varia -
bles. 

The object of this paper is to evaluate integrals involving Meijers' 
G-function in terms of generalized function of two variables. 

The formulae obtained are of general character and in particular we 
obtain some interesting integrals. The results are believed to be 
new. 

In the investigation we require the formula {S} 
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, where t k+I - -:n- ' k-O,1, ••• ,n- I, n is a positive integer. 2 (~+n2) > 

~ 

P2+q2' 2(ril3+n,) > P3+Q3 ' larg 1111 < (m 2+n2- t q2- t P2) 11 , larg bl < 
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We write. as usual + (p) f h(t) when 

(3) + (p) - p I: e-pt h(t) dt • 

INTEG,RALS. 

2. The first formula to be'pro~ed is 
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p-A+k A+k 
where n is a positive integer. 5k+ 1 • n • +It+l • n- .• k+l .. 

Proof: In the proof we use· the Parsevd-Goldstien (3} theorem of 
operational calculus; that is 

+(p) • h(t)· and .(p) • g(t.) 

then 

(S)I-t-1 t(t) g(t)dt· I-t- 1 h(t) ~(t) dt 
00. 

wi1Ct'e the integrals are convergents. 

Now we take (4,. p •. 402 equ. 11) 

n2 ·m2 

[ 
Cl l , ... ,CI 

"":"',; 1 
h(t) • t-A e-et . a·tll 1'2 

(6) G (n)1l 
P2·q2+n b1.···.bqz , 

.+(p) • 

. A+k 
where n 'is a positive integer.tk+1 • -n- k • ·0.1 •••••. n-' 
2 (m2+n2)> P2+q2+n • larg al < (mZ+n2- i Pz- t q2- t n),r.R(1-.A+nby) > 0 

'i • 1.Z ••••• nz ; R(p+c) > 0 • 

By using the ~ormula (1. p.Z09. Equ. 9} • we have from {4,p.40Z 
Equ. 11} 

(7)g(t) .' t-P 
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!O-n) t-p 
+ (2v)2 en) pP 

c 1 ' •••• c 
P3 

1/Il,···,1/In' 

where n is a positive integer, 1/Ik+l = l-~+k k 0,1, .•• ,n:T,R{p) > 0, 

j = 1,2, •.. ,m3 • 

Using (6) and (7) in (S), we get 

(8) J~t-P{t+C)l-l 
o 

J~ p-l-l -ct 
t e 

o 

(4) follows immediately on evaluating the integral on the right of 
(8) with the help of (2). 

PARTICULAR CASES. We shall mention below some interesting particu­
lar cases of our general result (4) 

(a) Taking n , m2 2 , n2 = 2 , P2 = 2 , q = 2 2 , n3 2 , 

m = 3 , P3 2 q3 2 and using" the formula (7) 

[1 ,0] 1 ; 0,0 x, 
(9) S [1 ,2) 1 -a; cS, - cS = L I r{1+p+cS)r(a+cS)r(e+p)r(-2p)r(-2cS) 0,0 y cS,-cS p ,-p 

[1 ,2) l-e;p,-p 0,0 
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a+o , lI+p 1+20 , 1+2p x , y 1 
in (4), we get 

(10) f .. o - >'-1 t 22[t+C 1 1- 0,1+0 J. t Y p (t+c) 2F1(a+y,y-a;1+y-p;-ti) G - dt • 
22 a 1->., II 

bY r(l+y-p) 
.. r(y±a) r I r(p->.+a+o)r(lI+o)r(y+a)r(-2a)r(-20)a obac>.-p-a-o 

0.-0 a.-a 

F2 [ p -).+a+o ; a+o ,y+a 1+20,1+2a; 2-, ~l 

valid for R(y-p+l) > 0 , R(>'-p±a±o) < 0 , R(c) > R(a) , R(e) > R(b) , 

larg el < 11 

(b) Taking n .. 1 , m2 .. 1 , n2 • 2 , q2 .. 2 , P2 .. 1 , n3 .. 2 , m3 .. 0, 

2 , using the formulae {1, p.216 Equ.6. iqu.8} and (7) 

[1 ,0] p; 0,0 x, 
(11) S [0,2) ;a,-a .. I I r(p+a,~:~(-~~)r(-2a) xa ya 

0,0 a,-a a,-a 
[0,2) 

y 
0,0 ; a,-a 

.2 [ p+a+a ; 1+2~,1+2a; x,y] 

in (4),we get 

(12) 1: tOp (t+c). exp [~- -it] W).,a [ t~c] Wp,a [¥] dt .. 

(a)a+t (b) a+t 
- - - - r(p->.+a+a) r(-2a) r(-2a) 

(c)p->.+a+13 r (1 ± 2a) a,-a 
I 

13,-13 

.2 [p-).+a+l3; 1+2a,1+213; 2-'~] 

valid for R(b) > 0 , R(e) > R(a) , R(p-uaUl > 0 

(e) Taking n • 2 , m2 • 2 , n2 • 1 , P2 .. 2 , q2 • 2 , m3 .. 0 , 

n = 3 and using the formula (7) 
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in (4).we get 

G
01 [~ 2 111 · ~ 1 22 z{l+p)._ zP 
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x. 
n~~ ~ f%~ 0.1 -a- = " 

Y 0.1-11 

dt = (c».-p r(p-)'/2) r (p-?,+l/2) 
111 1411 r (lIlr (l-z).) r (z -z).) 

valid for R{p -).) > ° . R{c) > R(la) • R{c) > R(lb) • R(c) > ° . 

3. The second formula to be proved is 

). -p 

1 
a 

a 1 ' • • ,a 
P2 

valid by analytic continuation. for Z(m2+n2) > P2+ Q2 • R(l-).) > 0,. 

R().-Zp+Zb.+l) > ° . R(e) > ° . RCb) > ° . RCa) > 0. j=1.Z ..... n 2 ",. .. J 
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pzeoof: In the proof, we use the theorem recently proved by the 
author {9} • 

If +(p) I h(t) 
b 2 >. I ( 1· 1 1 . b 2 t and '(>',P,re) It - E 1--Z>',Z--Z>':: ""'4C) h(t) 

then 

(16) fo t->' (a+bt+ct2 ) -I +Ca+bt+ct2 )at • _b=->._-_I-:->. 1/1(>. ,a, ~) , 
a/1l2 

provided that the integrals are absolutely convergent, R(a) > 0 , 

la?~I. <.Ji ' h(t) is independent of a. 
I • 

We take {2,p •. 222. Equ. 34.} 

n2,m2 

[ I .,...... I 
(17) h(t) • t- P G t 

bl, ... ,b:: P P2,q2+1 

n2 ,m2 

r 1 

a 1 ,··,·,a 

I + pP G 1 P2 + (p) 
P2,Q2 P b i ' ... , b 

l q2 

valid for R(p) > 0, R(l-p+by) > 0 , y • 1,2, ••• ,n~ 

2(P2+q2) > m2+n2+1. 

Also from (2), we have 

A-p 

By'using (17) and (18) in (16), we g~t (15). 
\ 

1. 
p 

PARTICULAR CASES. We shall mention some---jnteresting particular cases 

of the general result (15). 
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r 
(a) Taking n2 - 1 , q2 - 1 , m2 -0-- " P2 - 0 ,in (1S); ,we get 

(a)p->,-Ir(>.-p+t) r(t->') 

2 (.c)i->' r(l-p) 

b(a)p->.-l r(>.-p+l) T(l->.) 

2(c)1->' r(l-p) 

a+bt+ct 2 
] dt 

[ 1 1 1, b2 1 ,] '1 l-p+ 2 '2 - >.; 2,l-p;4ac'-ii -

f ,l-p ~ ] 
1 1 b 2 

valid for R('2 - >.) > 0 , R(i + >. - p) > 0 , R(a) > 0 , R(ac) > R('4" ). 

In case b + 0 , (20) reduces to a known result {l,p.225. Equ. 2} . 

For the definition of ~1 ' see {1,p.225. Equ. 23} 

(b) Taking n2-1, m2-1, P2=1, q2-1 , in (15), we get after a little 
simplification 

(20) r t-2>.(a+bt+ct2)p+a-l (a+l+bt+ct2),:,a dt 
o 

( ) p-A_12 (1 ,) r(' l.) a r! - ~ "-p+,, 

2(c)~->' r(l-p) 

_ b(a)p->.-l r(A-p+l) r(l-A) 
2(c)1-A r(l~p) 

l. -A ·l-p 1._!..).;] -
.. ' '2' a' .. aC 

1 1 b 2 
Valid for R( '2 - A) > 0 , R(>.-p+ 2 ) > 0 , R(a) > 1 , R(ac) > R('4"). 

In case b + 0 , we get a known result {1, p.60 • Equ. 12} • 



167 

REF ERE N C E S 

II} Erdelyi, A. Higher Transcendental Functions, Vol. 1 1953. 

12} Erdelyi, A. Tables of Integral Transforms. Vol 1 1954. 

13} Goldstien, S. "Op"erational representation of Whittakers' 

Confluent Hypergeometric and Webers parabolic cylinder functions~ 

Proc. London Math. Society, (2) , 34, pages 103-125, 1932. 

14} Saxena, R.K. "Some theorems on Generalized Laplace Transform -

I",Proc. Nat. lust. Sciences, Vol. 26, A, N°4. p.400-413, 1960. 

Is} Sharma, B.L. "On the Generalized Function of Two Variables (1)", 

Annales de la Societe Scientifique de Bruxelles, T. 79. 1 pp.26-

40, 1965. 

16) Sharma, B.L. "On th~ Generalized Function of Two Variables (II)", 

Seminario Matematico de Barcelona (in the press). 

17} Sharma, B.L. "On the Generalized Function of Two Variables (III)", 

Seminario Matematico de Barcelona (in the press). 

Is} Sharma, B.L. "An Integral involving Generalized Function of Two 

Variables". The Ricerca, Ita1ia (in the press). 

19} Sharma, B.L. "On Operational Calculus". Seminario Matematico 

de Barcelona (in the press). 

Department of Mathematics 

Uni'Versity of Ife, Ile-Ife 

Western Nigeria 

/ 


