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The purpose of this note is to .show that, with very little modifi 
cation, it is possible to extend the estimates of Calder6n and 

Zygmund [1] to homogeneous spaces.** 

As an application we obtain a criterium for the boundedness in LP 
for operators commuting with a group action. This condition in 

the Euclidean case yields the Marcinkiewlcz multiplier theorem. 
(As proved by L .. Hormander [2]). In the case of the sphere we olz. 
tain a multiplier theQrem for expansions in spherical harmonics • 

iince the natural setting for our theorem is locally compact Abe­
lian groups or compact Riemannian Symmetric spaces, we chose to 
state our results in such a general context. 

§ 1 • 

Let X be a topological space and p(x,y): X-+- R+ a "distance" func 

tion on X satisfying: 

* 

** 

1° p(x,y) p(y,x) > 0 for all x # y 

2° There is a constant C > 0 such that 
for all x,y,z p(x,y) ~ C(p(x,z) + p(z,y) 

3° The sets 

Sr(x) = {y EX: p(y,x) < r} 

form a base of open neighborhoods of x 

The research of the first named authQr was supported in part 
by the U.S.Army Research Office (Durham), Contract No. DA-31-
-124-ARO(D)-58. 

Similar extensions have been obtained independently by N .. Ri­
viere and A.Koranyi and S.Vagi by somewhat different methods. 
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4° There exists a number N such that for every 

x E X and r > 0 there are no more than N 

points xl.' E Sr(x) such that p(x. ,x.) > ~ 
. l. J 2 

We should observe that condition 4° is a "homogeneity" condition 

on the space X; it is satisfied when~ver there exists a Borel 

measure ~ on X such that for some C'· > 0 and for all x,x' E X 

and r > 0 we have: 

(1 . 1 ) 

The following lemma is an analogue of a lemma of Whitney. 

LEMMA 1, Every open set 0 eX, 0 # X aan be represented as 

o = U S (x.) 
i=l r i l. 

where eaah point in 0 belongs to no more than M "baZls" Sr. (Xi)' 
l. 

(M,,;;;; 2NR.g 2 (SC 2 )). Moreover, for eaah i, Skr. (Xi) Cf 0 for k>SC 2 

l. 

The next lemma is well known in a different setting and a gener­

alization of Wiener's covering lemma. 

LEMMA 2. Let E C X be a bounded set (i.e. E is aontained in some 

"balZ") and Sr(x)(x) a aover of E. The: there exist xi E E suah 

that Sr(xi) (Xi) are disjoint and E ~ Ui=lSkr(x.)(xi), where k is 

a aonstant depending only on C and N. .l. 

We now let ~ be a measure satisfying condition (1.1). By a stan­

dard argument, one obtains from lemma 2 a Hardy-Littlewood maximal 

estimate, which, together with lemma 1, yields the following anal­

ogue to the estimate of Calder6n and Zygmund. (See also E.M.Stein 

[3] ) . 

LEMMA 3. ret f(x) > 0, f E L'(X,d~). Then, for every A > 0 , 

there exisi; Sr. (Xi) suah that: 
l. 

a) f(x)";;;;A for a.e. xtf,USr.(x i ) 
l. 



b) 

c) 

d) 

1;1(8 ex.)) Ir _ J;. 
]; 
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I 
S (x.) 
ri 1 

/xi (y) dll (y) 
Lill(8r. (xi» .;;; K -----

1 A 

No point in X belongs to more than M "balls" 

S (x.) 
ri 1 

where the constants K, M depend only on C' and 
C. (*) 

From lemma 3 we obtain the following genera1i'zation of the theorem 
of Calderon and Zygmund. 

THEOREM 1. Let M bea bounded operator on L2 (X,dll) of the form 

M(f)(x) = fxk(X,Y)f(Y}dll(Y) 

If there exist k and C such that. for aLL x,xo,r > 0 • we have. 

(1 .2) J 
X-Skr(xo ) 

then M is a bounded operator on LP(X,dll) for 1 < p .;;; 2 and 

(1 .3) Il ({x E X 

§ 2. 

II fill 
M(f) (x) > A}) .;;; C' 

A 

Let G be a locally compact a-compact group, dx a left invariant 
HaaF measure on G. We assume the existence of a base Ui , i E Z, 
of open neighborhoods of the identity e of G, satisfying the fol­
lowing conditions: 

(*) Lemma 3 is of independent interest since it implies also 
that the estimates of John and Nirenberg concerning func 
tions of bounded mean oscillation are valid in this gene£ 
a1 setting. 
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< ... , where lu. I is the left Haar measure 
1 

of Ui' Examples of groups for which such a base exists 
can be found in Edwards and Hewitt [4]. 

We now define 

p (x) inf {I u·1 
1 

and 

( -1 px,y)=p(xy) 

It is immediate that p(x,y) satisfies the conditions 1°,2°,3°,4° 
of § 1. 

We should observe that for convolution operators the condition 
(l.Z) of theorem 1 reads ~s follows: 

(Z.1) f IK(x y-1) - K(x)ldx <; C for all y E Ui 
X-ui+1 

Our purpose now is to give conditions under which a bounded linear 
operator on L2(G), commuting with left or right translations, can 
be represented as a "convolution" with a kernel satisfying condi­
tion (Z.l). 

Let 'r ~ 0 be a family of functions in L'(G) n L2 (G), 0 < r < ... 

such that 

a) I ' (x)dx = 1 I ,2 (x)dx <; 
c 

G r G r r 

b) 'r*'s ~s* 'r 

c) J 'r(x)dx <; C(f)£ and 
p (x) > t 
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I 14> (xy-l) -4> (x)ldxo;;;;C·(eJli)e:' 
r r r 

for some C,C' ,e:,e:' > 0 

If we now define $r 

ing theorem: 

4>;r - 4> r /2 ' for r > 0 , we have the follow-

THEOREM 2. Let M be a bounded linear operator 'on L2(G) oommuting 

with left (or right) translations of G. If. for some e:, C > 0 we 

have 

(2.2) 

then M is a.bounded operator on LP(G) for 1 < P < 00 and i8 of weak 

type (1.1). 

A basic example of an approximate identity 4>r satisfying the con­
ditions a), b), c), is obtained in the following way. 

Let 

(2.3) 

and 

(2.4) 

S 
r 

{x E G p (x) < r} 

1 

{~ if 

if xES 
r 

x $. S 
r 

Condition b) is satisfied if G is Abelian or G is compact, and 

the sets Sr are invariant under conjugation. As for condition c) 
we ~ust add the assumption 

(2.5) for some C,e: > 0 

which is satis.fied for the examples cited below. The other con­
ditions are then obvious. 



14Z 

Most approximate identities useful in Analysis, like the 'Poisson 
kernel or Gauss-Weirstrass kernels, satisfy the conditions a),b), 
c). We should observe also that. instead of defining wr as above, 
we can. with suitable modifications. let 

and theorem Zo remains valid. 

Let now G/K be a compact Riemannian symmetric space. Fix a G-in­
variant Riemannian metric on G/K and define p(x) to be the volume 
of the smallest closed ball centered at 0 containing x. (0 is 
the base point of G/K). Define Sr'~r by (Z.3) and (Z.4); condi­
tion (Z.5) is then satisfied for e: = k ' nbeing the dimension of 
G/K. Theorem Z remains true for dperators on L2(G/K) which com­
mute with the action of G. As a conse~uence of theorem Z we ob­
tain in the case of the sphere l:n = SO(n+l)/SO(n). a multiplier 
theorem for expansions in spherical harmon..iG:.s~ 

Let Y~(x) • i = l"Z.; ..• dk 
base of sphe:f'ilCaI harmonics. An 
mutes with the action of SO(n+1) 

(Z.6) 

where ~ is a bounded sequence. 

k = 0.1,Z •... , be an orthonormal 
operator M on L2(E ) which com -

n 
is of the form: 

THEOREM 3. An operator M defined by (2.6) is bounded on LP(E ). . n 
1 < P < 00 • and is Of IJeak type (1-1) if the sequenae {mk } is 

bounded and satisfies 

(Z.7) 
2N+1 

\ 1 J' 12 Z>-(2J'-1)N 
I.. t. ~ "C 

K=2 N 
for j=[!]+1 

Remark: condition (2.7) is satisfied if 1 fiimk 1 < 
n 

[2'] + 1. 
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In conclusion, we observe that, in the case of Rn , Tn, and the p­
adic number fields (see Taibleson [5)), condition (2.2) is easily 
seen" to be equivalent to a condition involving estimates on deri~ 
atives or differences of the Fourier transform of M. This equiv~ 
lence is still valid for compact symmetric spaces as will be 
shown explicitely in a forthcoming paper. 
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