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RESIDUES OF FORMS WITH LOGARITHMIC SINGULARITIES

Miguel Herrera

Dedicado al profeson Albernto Gonzdlez Dominguez

Let (X,OX) be a reduced complex space of pure dimension n, and Y
a nowhere dense closed subspace, not necessarily reduced, locall)

defined by one equation. Both X and Y may be singular.

The residue Res[@] of a meromorphic p-form @ € F(X,Qg(*Y)) with
poles on Y is in general a (2n-p-1) - current on X with support
in Y (cf.[5] and [6]).

Suppose that @ has only logarithmic singularities on Y. This

means that w = %f-A Y + 0 on each member W of some open covering

of X, where ¢ is a defining equation of Y in W, and ¢ and 6 are
(Grauert-Grothendieck) holomorphic forms on W.

The purpose of this note is to show that in such case Res [w] car

be identified, in a sense precised in theorem 2.1, with a uniquc

_1).

reduced holomorphic form res[a] € F(Y,Si v

This property has been announced in ([5], and it complements re-
sults in [6] . We use without reference notations from this last

paper.

1. THE CYCLE OF ZEROS OF AN INVERTIBLE IDEAL.

Consider the commutative diagram

— ., WP(X;0) ——  HP(U;Q) S mtoge) ——

(1) [ (IR [
. 0" p -0°
— H(X;20) HP (X380 (%)) HP (X5Q, )
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associated in [6] , 2.3, to the exact sequence

. .ox .
0 o Q(*Y) Qg 0

of holomorphic forms on X, meromorphic forms with poles on Y and
their quotient Q; ; here U = X - Y. Denote by I the (invertible)
ideal in OX that defines Y.

The local forms ;;ﬂ , where Yy is a generator of I on each member
- W

W of some open covering of X, determine a section s(I) € F(X;Q;)

that only depends on I: If ¢_ and = fg@ are generators, then
) W Yy g

W
dy dp
77E a ¥, %; , with f invertible.
W w
This section s(I) is closed; we denoted by 4(I) its image in

H'(X;Q5), and by
c(1) = w(s(1)N [X] € H _ (X0)

the cap product of u(s(1)) € Hé(X;E) with the fundamental class

. ; ; Y . ~ . -
[X] € Hzn(X,C) of X. We identify Hzn_Z(X,m) = H (Y;€) and de

2n-2
fine the cycle [Y] associated to I as the couple (cf.[1], n. 2)

(2) [11=10Y,c(1)]

Ocasionally, we will also denote with [¢] the cycle associated to
the ideal generated by a holomorphic function ¢.

This notion of analytic cycle coincides with the classical one

[21. 1If I, and I, are invertible ideals of 0,, it is clear that

c(Ii.Iz) = c(Il) + c(Iz) and [11.12] = [71]+ [12], as follows 1lo-
d(e,.v,) B dp, dy

2
cally from ———=— = +
$1:%9, 91 )

, for generators N € I.. The ho
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momorphism I — [I] is compatible with restriction to open sub-
spaces of X.

Moreover, diagram (1) is functorial with respect to proper mor-
phisms g: X'— X of (paracompact) complex spaces such that Y' =

= g—l(Y) is 1-codimensional. This follows because, except for
theksign, 4 is composition of the connexion homomorphism

HP(X;QQ) sgmg(x;qi) _— m$+1(x;52£) with the integration map
I: m$+1(X;ﬂ§) _ H$+1(X;¢) (cf£.[11, 3.5), both compatible

with morphisms (cf.[1], 3.11} the other vertical maps En (1) are
also compatible, being defined by integration.

Consequently, If I' = g_l(I) is the inverse image ideal of I and

g : H;(X;m) —_— H;,(X';E) is the mapping induced by g, we have
(3) B (B(17)) = g (kg (5(1)))

, Wwhere

In this conditions, suppose that gJX'] = [X]
g.:Hzn(X';G) R Hzn(X;m) is the mapping in (Borel-Moore) homo-

logy induced by g, and [X'] is the fundamental class of X'; this
is the case, for instance, when g 1is a resolution.

Then
(4) gl1'l =111,

as follows from (3) and the equality g (aNg (b)) = g.(a) Nb ,
for a € H (X';C) and b € Hy(X;C). (3], p. 214).

LEMMA 1.1. Let z = (zl,...,zn) be a coordinate system for €.

. -1 -1
Then [Zj] = Zﬂl(zj)z (C) , where (Zj)z (0) denotes the hyper-

plane Zj = 0, oriented canonically.

Proof. In this case X = €® and Y = (zj = 0). Consider the exact

sequence of semianalytic cochains



» 8T (X,U50) > 8T (X30) > 8T (UD)

used in [6], 1.5, to construct the upper sequence in (1.

The class A(Zj) € ml(X;Q%) in (1) is image of the class t(zj) de-

fined by dz,/z, in ml(x;ﬂ)‘((*Y)) = le(x;m}'((w)). Thus k(s (z;)) =

= 61(*Y)(i(zj)), and we identify I(*Y)(t(zj)) with the class in
HI(U;G) represented by the semianalytic cocycle of Sl(U;m) asso-
ciated to dzj/zj by integration on the compact chains in U. The
class 51(*Y)(t(zj)) is represented by the boundary §a € SZ(X,U)

of any cochain a € SI(X) such that a = dzj/zj on U.

Let Bj € SZ(X;G) be the chain (zk =0 if k # j, lzjl < e for some

€ > 0), with the complex orientation of the j-coordinate plane.

dz .

Necessarily Sa(Bj) = ~;l-(aBj) = 2mri, and this implies that the
]

cap product of the class of da in Hé(X;m) with the fundamental

class of ¢" is the class in Hgn_z(X;m) represented by the cycle

Zwi(zj);l (0) "transversal' to Bj (cf.lo), 1.6 and 1.7). This is
clear in the case n = 1 and in our case can be checked using the

product structure of €% = € x Y.

COROLLARY 1.2. 1In the conditions of the introduction, supposc
that no irreductible component of the set of zeros of ¥ € F(W,OX)

is contained in the singular set of X. Then
(s) Lol = 2mig ! (0)
where ¢;;(0) denotes the inverse image cycle of 0 by ¥ ([21,4.12)

Proof. It suffices to prove the equality on the simple points of

(p = 0). Locally at one such point, ¢ can be expressed as a prod
uct Z?W , with ¥ invertible and z, a coordinate. Therefore l¢] =

= plz,] and also w;l(O) = p(zl);l(O) (121, 4.10), so that (5) is
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implied by last lemma.

2. RESIDUES OF FORMS WITH LOGARITHMIC POLES.

Let M be a complex subspace of an open set U in €™ Define the

subsheaf NU M CSYU of germs of holomorphic forms « with the prop

erty: i*(a) = 0 , where i denotes the embedding in U of the set
of simple points of the reduced space M. associated to M.

The quotient Q; M= Qd/Nﬁ y_ is called the sheaf of reduced holo-
b E] r

morphic forms on M. This sheaf behaves functorially with respect
to local morphisms of complex spaces (l1], 3.3), which allows to
define the sheaf Sl; ¢ of reduced forms for any complex space Y

(cf. also [9]).

There is a canonical epimorphism j: Q gy —— Q. vy > where QY is

the sheaf of Grauert-Grothendieck forms on Y. The image by j of
a form ¥ € 2y will be denoted by VY., if no confusion can arise.

Observe that SZZY =0 if q > dim Y, a property not shared in gen-

eral by 93, even when Y is reduced.

THEOREM 2.1. Let ; be a meromorphic p-form on X that has only lo

garithmic singularities on Y. There exists a unique reduced holo

~ -1
morphic (p-1)-form res(w) € F(Y,QE,Y ) such that
Res[w] = I[I]A res(;) s

where 1 € OX is the invertible ideal that defines Y, Il11<s the
integration current on the cycle [1] and I[T] A res(w) is the cur
rent o« — I[1] (res(w) A ).

Proof. Given a point x € X, choose a neighborhood Wy of x in X

such that a representation

Glwg =S veo
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as described in the introduction can be found (¢ is a generator
of T on W). One can suppose that a function p € I'(W,,0,) exists

whose set of zeros contains the singular set of W, and is nowhere
dense.

Then Yo = (pp = 0) is nowhere dense in Wes and W, - Yo has only

simple points. By Hironaka's resolution of singularities ([7],
p. 158), W, can be chosen small enough to assure the existence of
a proper holomorphic mapping 7: W' — W, from a complex mani-

fold W' onto W,, such that Y! = ﬂ_l(Yo) has only normal crossing

and the induced mapping W'-Y, —— W_-Y_  is an isomorphism.

Under these conditions, the following equality is contained im-
plicitly in the proof of theorem 7.1 of [6] (cf. n®° 7(4)):

(6) Res[w] (a) = Res[%;-Awl (a) = Res[%%* Ayl (o*)

for all smooth forms « with compact support in W.; here ¢* = ¢.7,
and o* and ¥* denote the reciproque image of p, @ and ¥ by 7,

The variety Y] = (¢* * = 0) has only normal crossings, so that
Y' = (¢* = 0) has also this property. Therefore, we can choose a
coordinate neighborhood Q in W', centered at any given point in

Y', together with coordinates w = (aﬁ,...,ah) with the property
that ¢*(w) =w’ - TT i=n wvi on Q, for some vector
B i=1 i ’

Vo= (Vy,eea,v) €27 (cf.l6l, 7.3).

The restriction of [¢*] to Q is equal then to

(7) (@] = Jioq vil wil
dp* n dwk . . .
Moreover, :fa = Zk=1 Ve o ©n Q, which implies ([6], 7.2)
k

dw,
(8) Res[%ﬁ? A Y*] = ZE=1 Vi Res[zq% A Y*]
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By the definition of Res and lemma 1.1,

dew p dow,
Res [ —X , Y%l (B) = 1im —k *
o 5+0Jjw}=6°" A Y* A B
k
= o | VRN B = Tlw] A g*(8) ,
oo y

for any smooth form f with compact support in Q.

By (7) and (8), we deduce that
*
(9) Res [S£° 1 y*] = I1g*] p ya

on Q, and consequently on the whole W'. Then, by (6), (9) and
next lemma,

Res[w*] (@) = I[p*] (¥* A a*) = I[n[¢*]] (Y ra)
Moreover, w[p*] = [y] by (4), so that we conclude
(10) Res[@] = I[p] A ¥
on WX, which is the local version of the theorem.

We show now that the support of the cycle [¢] (in the sense of
(11, 2.2) is exactly Wx N Yr or, equivalently, that the multiplic

ity in [¢] of each (n-1)-dimensional irreducible component of
Wx N Yr is not zero (in fact, is 2ri . k, with k integer > 0).

This is elementary for those components not contained in the sin-
gular set sX of X; it can be deduced, for instance, from 1.1 and
1.2. Consider, therefore, a (n-1)- component I' of W N Y contain

ed in sX . The class c(p) € -2 (W n Y ;C) of [¢] deter-

2
mines a «class c(I') € H2n_2 (r;c¢) (as in. [2] , 4.3) ,
and the class c(p*) € Hzn_z(Y' ;€) of [¢*] determines

cat(re Hyu p 71 (D) 5 €) . Since 7 (c(v*)) =c(v) the image
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of c(n7l(y) by w': 1 (771(r);0)

,H (I';y@) is c(r), where w!'

is the mapping induced by the restriction 'l (r) —— T of =.

The support of [w*] is Y', because W' is a manifold, so that the
support of c(ﬂ—l(F)) is ﬂ_l(F). Define K =W(ALJs(ﬂ'1(F)) u sl ,
where A is the critical set of #'; A and K are analytic sets (by
the proper mapping theorem), dim K < n-1 and 7' induces a proper

local isomorphism W_I(F - K)—— T - K.

This implies that .the class c(TI'), which is image of C(W—I(F)), is

a non-zero multiple of the fundamental class of T, as wanted.

It follows from this property of [¢] that the restriction
wlwxrw Y is uniquely determined by (10), since Il¢] A ¥ = 0 if
and only if the restriction of ¥ to the set of simple points of

W NY 1is zero.
X r

One deduces immediately that the local residue forms ¥|W N Yr as-

1
Y

sociated by (10) to Res[®] define a global form reslwl] EEF(Y,Qi_ )

with the wanted properties.

LEMMA 2.2. Let m: X' — X be a proper morphism of paracompact
analytic spaces, and let [M,cl € Sp(x;m) and [M',c']l € SP(X';Q)
be semianalytic cyeles such that w[M',c'l = [M,c]l (i.e.:m(M') =M
and w,(c') = c, where W_:HP(M') —_— HP(M) 15 the induced map in

homology; ef. [11, 2.2). Then

I[M,c] (v) = I[M',c'](7*y) ,

for each smooth p-form ¥ with compact support in X.

Proof. Let sM' and sM be the singular sets of M' and M, and A

the critical set of the restriction M'-(sM' UV ﬂ_l(sM))———» M-sM
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of #. Then K=7(AUsM') U sM is not semianalytic, in general
([8], p. 135), but has p-dimensional Haussdorf measure equal zero.
The currents 7I[M',c'] and I[M,c] being-locally flat, it suffices
to show that they are equal on M- K ([4], 4.1.20 and 4.2.28)

This is obvious, since the restriction M' - n—l(K) — M- K of
T is a proper local isomorphism.
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