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CONVEX POLYTOPES IN RIEMANNIAN MANIFOLDS 

by Su-shing Chen 

1. INTRODUCTION. Let Mn be a n-dimensional Riemannian manifold. 

By a m-dimensional convex polytope pm embedded in Mn (2 ~ m ~ n) 

we mean a convex Riemannian polyhedron (for definition, see [11) 
embedded in Mn bounded by a finite number of totally geodesic su~ 

manifolds p~-l of dimension m-l such that p~-l intersect at lower 

dimensional totally geodesic submanifolds pr (O ~ r ~ m-2). 
p 

Let various dimensional outer angles of pm be given. One question 

is to find the volume V(pm) of pm in terms of the given outer an­
gles of pm. When m is even (m = 2p) and Mn is of constant sec­

tional curvature K (#0), the Gauss-Bonnet formula of Allendoerfer, 
Chern, Fenchel and Weil ([ 11 and [21) implies such a volume for­

mula which might be interesting and seems not to have appeared in 
given classical literatures on convex polytopes. 

2. GAUSS-BONNET FORMULA OF RIEMANNIAN POLYHEDRA IN RIEMANNIAN 

MANIFOLDS. 

A Riemannian polyhedron pm is a Riemannian manifold with a boun­

dary consisting of polyhedra P~ of lower dimensions for 

O ~ r ~ m-l. We denote by X' (pm) the inner characteristic of pm, 

that is, the Euler-Poincaré characteristic of the open complex 
consisting of all inner cells in an arbitrary simplicial or cel­
lular subdivision of pm. 

From now on we shall assume m = 2p, that is, m is even. 

Let S(pm) be the tangent sphere bundle over pm that is the bundle 
of unit tangent vectors of pm. Let cr:S(pm) ---+ pm be the pro­

jection. Let E. .... be the Kronecker index which is equal to 
1 1 1k 

+1 or -1 according as i 1 ... i k constitute an even or'odd permu-
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tation of 1, ... ,k. In [2], Chern constructed a (m-1) -form 

p-l 1 
oI> = 

7r P 
L (-1)~ 

~=O 1.3 ..• (2p-2~-1)2P+~ ~: 

on S(pID), where for ~ O,1, ... ,p-1, 

There exists a unique closed m-form W on pID such that 

a* (w) = 

Let r(pID) be a outer normal vector field on pID in S(pID). Then the 

Gauss-Bonnet formula for Riemannian polyhedra pID (m = 2p) in 

Riemannian manifolds is given by ([ 11 and [21) 

where r(apID) denotes the outer angle 

apID ~hich is a spherical cell on the 
normal linear manifold to P~ at x. 

at an arbitrary point x of 
. h SID-r-l. unlt sp ere ln the 

3. CONVEX POLYTOPES IN RIEMANNIAN MANIFOLDS OF CONSTANT 

CURVATURE K(~O). 

Let pID be a convex polytope in a Riemannian manifold Mn of con­
stant sectional curvature K(iO). We shall consider pID as a convex 
polytope in a totally geodesic submanifold NID of Mn . The curvature 

form O = (O~) in the principal bundle O(NID ) satisfies 
J 

where O = (Oi) is the canonical form in O (NID ) • 

Consequently, 
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Since pm is convex, X' (pm) = 1. Hence (1) becomes 

Jpm 
\{f + 1 - J . 

Jr<apm) 
<1>. 

apm 

m-l 
Let apm U U pro Then we have 

r=O \l 
\l 

Japm J r (apm) 

m-l 

Jpr Jr<pr)<I> 
<1> I I 

\l r=O 
\l \l 

Since P~ are totally geodesic in Nm, we may choose a suitable 

frame {el'" .,er } on a coordinate neighborhood U in P~ such that 

{e1, ... ,er,er +l , ... ,em} is a frame for Nm and the Christoffel 

symbol 

o 1 ..; el, a ..; r, r+ 1 ..; /) ..; m. (see [31). 

W k h d h h " n from r(pr) to Sm-r-l , e remar t at un er t e sp erlcal map "' 
\l \l 

71*(da) = w~;l A ... A w~:-l , where da is the surface area ele-

ment of Sm-r-l. 
\l 

It ~s not difficult to see that 

(2) 

when r n, otherwise 

Consequently, we get from (1) and (2) the following 
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p-1 
.. I 

A=O 

(_l)A (n): (2p-2A-1): KA 

71'P 1.3 ... (2p-U-1)2PH A: 

Thus, we can express the volume VCP2p) in terms of outer angles 

of p2p and p2A, for A = O, ... ,p-1. This will be achieved induc-
1l 

tively.When p = 1, we get the usual Gauss formula for geodesic 

polygons. 
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