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ACTIONS OF COMPACT, CONNECTED
LIE GROUPS ON SPIN MANIFOLDS

Cristian U. Sdnchez

ABSTRACT. We study actions of compact connected Lie groups on
Spin manifolds with only two fixed points obtaining results
about the equivalence of the representations of the group on
the tangent spaces at the fixed points.

For semifree actions we get: Let X be a connected 2t-dimensional
Spin manifold. Let G be a compact connected Lie group acting dif

ferentiably on X, with only two fixed points and semifreely.
Then the two representations of G at the fixed points are equiva
lent.

1. INTRODUCTION.

As the title indicates our objective is to study actions of com
pact, connected Lie groups on Spin Manifolds. We consider the
specific case of an action with only two fixed points attemp-
ting to obtain information on the relationship between the re-
presentations of the group on the tangent spaces at the fixed
points.

The basic tools for this work are the results of Atiyah and
Hirzebruch [3] (see (2.1) and (2.2)).

In the case of a semi-free actions our results generalize a well
known theorem of Milnor ([ 1], p.478) for the particular case of
connected groups.

Our notation will be essentially from [1], [2] and [3].

We also indicate by F(H,X) the fixed point set of H in X and by
F(H,x,X) the connected component of F(H,X) containing the point
X € X,
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2. SPIN MANIFOLDS.

Let X be a compact, oriented n-manifold with a Riemannian metric.
Let Q be the oriented orthonormal frame bundle of the cotangent
bundle to X. ’

A Spin-structure of X is a principal Spin(n) bundle P over X
with a covering map m: P — Q of degree 2 such that the diagram

P x Spin(n) —— P \\\‘

B

Q x S0(n) —— Q e

commutes, where A: Spin(n) — SO(n) is the standard double
covering and the horizontal arrows are the actions on the bun-
dles. A compact,’orientable manifold with a Spin-structure is
called a Spin Manifold.

If we have an action of a compact Lie group G on X (n=2t) by
orientation preserving isometries and an action of G on P com-
muting with the action of Spin(2t) from the right and compa-
tible with 7 we can consider its Spinor-index Spin(G,X) which
is by definition an element in R(G) ([ 11, p.479, (31, p.18).

The evaluation of Spin(G,X) in an element g of G is denoted by
Spin(g,X).
We shall indicate now two results from [3] and one from [ 1]

which are necessary for our work.

(2.1) THEOREM. (Atiyah-Hirzebruch) Let X be a connected Spin
Manifold of dimension 2t and G a compact connected Lie group
acting mon trivially on X and acting on its Spin-structure P.
Then Spin(G,X) = 0.

(2.2) THEOREM. (Atiyah-Hirzebruch) Let X be a compact, connec-—
ted, orientable differentiable manifold with Riemannian metric
on which a compact connected Lie group d operates effectively
by isometries. Suppose P is a Spin-structure for X. Then there
exist canopically a Lie group G1 and a homomorphism h:G;, — G,
which is either identity or a double covering, such that G1
acts on P inducing via h the given action of G on Ko

(2.3) THEOREM. (Atiyah-Bott) Suppose that f:X — X Zs an isomg
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try of the 2t-dimensional compact oriented manifold X with only
isolated fixed points X. Suppose further that X admits a Spin-
structure P and that f has a lifting t to this Spin-structure.

The Spin-number Spin(f,X) is then given by the expression
spin(£,X) = § »(x)
where X ranges over the fizxed points of f and
v(x) = £ (i/2)" wJ o cosec(8/2)

where 01"'0t i8 a coherent system of angles for af ([11,p.473).

We can prove now

(2.4) THEOREM. Let X be a connected 2t-dimensional Spin manifold
and G be a compact, connected Lie group acting differentiably on
X with only two fizxed points X and y. Assume that each subgroup
of prime order H of G satisfies the following condition:

i) Either F(H,X) = {x,y} or F(H,x,X) = F(H,y,X)

Then the representations of the group on the tangent spaces at
the fixed points are equivalent.

Proof. We can think that G acts effectively and by isometries.
From (2.2) we obtain a Lie group G, (which is connected by cons-
truction [ 3], p.22) and a homomorphism h:G1 —* G, which is the
identity or a double covering, such that G, acts on P and indu-
ces via h the action of G on X.

The action of G1 on X is by orientation preserving isometries
and its action on P commutes with the action of Spin(2t) from
the right and is compatible with 7. We can consider then the
Spinor-index of the action of G1 on X and as a consequence of
(2.1) we have Spin(Gl,X) = 0.

Since we want to prove the equivalence of the representations
and the elements of prime order form a dense set in G, it is
enough to prove the equivalence of the restrictions of the re-
presentations to each cyclic subgroup of prime order p. Let H
be a cyclic subgroup of prime order p#2 of G with generator f
and assume that F(H,X) = {x,y}.

Put H = (H), then h'l(f) = {fl,f } (we could have one or two
elements in this set). Take f y» then Slgn(?l,x) = 0 and we can
apply (2.3) to obtain a condltlon on the coherent systems of
angles of dfx and df . This condition will suffice to prove the
equivalence of the representations.,
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Let us identify H with Zp and f with the preferred generator. The
expression of » (x) in (2.3) can be written as

(2.5) v(x) = ¢ ,r;: t[ exp(ioj/Z)_ - exp(-i‘gj/z) }

=1 | (1T - exp'iej)(1 - exp(-ioj))
Note that exp(iej) # 1 since x is isolated fixed point of f.

Let us put now hk = exp(-iek/Z). We have

_ h
(2.6) v(x) = % 1{11::;': Tk__.
B hy - 1
k .
Now the condition Sign(fl,x) = 0 gives v(x) + v (y) = 0 which in
turn implies ]v(y)[z.lv(x)['z = 1.

In Iv(x)|2 we have all the eigenvalues of dfx, therefore

a

S S
(2.7) % e 7| P
seZ; h -1

where az is the number of eigenvalues of dfx which are equal to

Je (h exp(im/p) ) and Z; is the set of congruence classes mo-
dulo p which are prime to p.

We have then
Yy _ ,¥
hS (aS a‘S)
(2.8) s 55 = 1
sez* | h*® 1
P
X

Put now a_ = a’ - a> and write
S s S

sas 2s _as 2s
h (h“® - 1) =h? 7 °° - 1)

seZ* seZ*
P P

(2.9) 1

n
]

where q = } sa_.
seZ* s
P

Clearly q = 0 (mod p), then (2.9) can be written as

' 2 -a
(2.10) : r  (h*% - 1) % =1
sel*
P
Put new h? = t; bs = -a_ and write
b
(2.11) (-1)st T (1 -1t%) %=1
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Since Jb_ = 0 we have

b
(2.12) T (1 -t%)°% =1
seZ*

P
Now by a theorem of Kummer ([1], p.477) we have bs =0, s e Z;
and then a_ = 0.

We have proved then the equivalence of the restrictions of the
representations to H in the case F(H,X) = {x,y}. If this is
not the case then F(H,x,X) = F(H,y,X) and in this situation the
equivalence is obvious. The theorem is then proved.

(2.13) REMARK. If the group G is a torus condition (i) of (2.4)
can be replaced by

i) Either dim F(H,X) = 0 or some of the subspaces F(H,x,X),
F(H,y,X) has positive dimension. (dim F(H,X) means the maximum
of the dimensions of the components).

If the action of G is semifree, that is free outside the fixed
point set and F(G,X) = {x,y}, the theorem can be written as

(2.14) THEOREM. Let X be g connected 2t-dimensional Spin mani-
fold. Let G be a compact connected Lie group acting differen-
tiably on X, with only two fized points and semifreely. Then
the two representations of G at the fixed points are equiva-
lent.
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