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STRICTLY CYCLIC WEIGHTED SHIFTS

Domingo A. Herrero

ABSTRACT. A method is given to construct a strictly cyclic bilateral
weighted shift on 22 from a strictly cyclic unilateral shift with non-
increasing sequence of weights. It is also shown that a unilateral
weighted shift in £P whose weights either decrease to 0, or decrease

© . .

to 1 and satisfy the boundedness condition J(a;a,...a ) ¢ < w for all
0

e > 0 is not necessarily stricly cyclic for any p, 1 <p <-°°,

1. INTRODUCTION.

A weighted shift T in the complex Banach space LP(K), 1 <p <%, is a

(bounded linear) operator defined by the equations Teg =ae .1

where {en} is the canonical basis (i.e., e, is the sequence {snk}keK’

where Snk denotes the Kronecker's delta function) and {an} is a (neces

sarily bounded) sequence of positive reals. If n runs over the set
K = N of all non-negative integers (K = Z of all integers), then T is
called a unilateral (bilateral, resp.) weghted shift.

Given A € L(£2) (= the algebra of all operators acting on £2), let
A(A) (A%(A)) and A'(A) denote the weak closure of the polynomials (the
rational functions with poles off the spectrum A(A) of A, resp.) in A
and the commutant of A in.L(Lz), respectively. Assume that there
exists a vector x in £2 such that A(A)x = {Lx: L € A(A)} (A*(A)x)
coincides with £2; then A is said to be a etrictly‘cyolic (analytical-
1y strietly eyelic, resp.) operator. It is well known (see [7]) that

a strictly cyclic unilateral weighted shift (analytically strictly cy
clic bilateral weighted shift B) always satisfies the following:

A(T) = A%(T) = A'(T) (B is invertible and A(B) # A2(B) = A'(B); moreo
ver, A'(B) is the norm closure of the polynomials in B and B'l) and
the Gelfand spectrum of the Banach algebra A(T) (A'(B)) can be natu-
rally identified with A(T) (A(B), respectively).

Strictly cyclic unilateral weighted shifts (SCUWS) have been analyzed
by several authors (see, e.g., (11;02) ;0415071081000 0100 301105012);
[13]), but-very little is known about analytically strictly cyclic
bilateral weighted shifts (ASCBWS). In section 2 a method will be gi-
ven to construct an ASCBWS in lz(Z) by using a SCUWS in ZZ(N) whose
weights are bounded below from zero and satisfy a certain boundedness
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condition (This result applies, in Particular, if the weights of the
SCUWS form a non-increasing sequence converging to some positive num-
ber).

In section 3 a different kind of problem is analyzed: It is shown that
there exist UWS in £P(N) whose weights either decrease to 0, or de-

o

crease to 1 and satisfy the condition Z(aaal...an)'e‘< o, which are
0

not strictly cyclic for any p, thus answering in the negative a ques-
tion of A.L.Shields ([ 13]).

2. A CLASS OF SYMMETRIC ASCBWS.

Let B be a BWS with weight sequence {an}nez and define‘w0 =1,

-1
W, = ap3y...a g, W= (a_la_z...a_ ) for n > 0. For T a UWS, the

n n

sequence {wn}neN is similarly defined.

THEOREM 1. Let T be a SCUWS with weights {an}neN such that

spectral radius (T) = lim (sup wn*’k/wk)l/n =1 €]
n-+« k '
and
= -1
wn/wn+k - (anan+1"‘an+k-1) <C (2)

for some constant C > 1, and for all n,k € N.
Define the BWS B by

a ,» tf neN

nen+1
Be =

n (1/a , if n € I\N

-q)en+1

Then B is analytically strietly cyelic and A(B) is the boundary 9D
of the unit dise D.

Proof. Clearly, wn(B) = w_n(B) = wn(T) for all n € N. Let R be the

unitary map defined by Re = €, > thenR = R7! and B7! = RBR; in par
ticular, B is invertible.

Let A € A'(B); then A is the strong limit of the sequence of Cesaro

averages of a formal Laurent series [ an“ (see [5];[6]). B is ASC
nelZ

if and only if, given x = Zzbnen, there exists an A_ in A'(B) such

ne .

that Axe0 = x (see [7]). This is equivalent to say that the central

column of the matrix of A  (with respect to the canonical basis) coin
cides with the column vector x. By using the fact that W= W, the

matrix of A = (formally) chan is equal to :
‘ nel- o
(i.e., the (j,k)-entry is equal to cj_kwj/wk for all j,k € Z). The

dotted lines remark: the central column and the central row.
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cen o C_yWolw, o C_yW, | C_gWy/w, Cgy  von
cee W, /v, o c_yv; | c_, C_gW /Wy oo

A= .es cz/w2 cllw1 <o I-—c::>;:‘_——éj;/;;._irt (3)
‘—:_C_az’;—wz €2 ”:1-“-: o :—1-"’:7"; I

eee I A c3w2/w1 c, W,

. c5w3/w2 c4w3/w1 c.W

. .
. “
. . .

e

Let A, = J ¢ B®, A_=1_¢B% x =7]be andx_-= b_e_.Then
+ ngu L vV T nEN nn - ngZ\N nn
A = (formally) A, + A_and x = x,_ + X_. Assume that A, and A_ actually

define bounded linear maps; then it is clear that A+e0 (S lz(N), while

A_eo € KZ(Z\N). Thus, in order to complete the proof, it suffices to
show that if c¥, = bn for all n € Z, then A_ is a bounded linear map
in A(B) and A_ is a bounded linear map in A(B-l), whence it readily

follows that A = A, + A_and Ae, = Aje) + A ey = x, + x_ = X,

The matrix of A, is obtained from (3) by replacing the cn's by 0's for
all negative n. Decompose this matrix according to the heavy lines of
(3). Then A, = (formally) L” + LY + M™ + M™, where L'(L+) is the up-
er left (loﬁer right, resp.) quarter of A _ and M'(M+) is the upper
(lower, resp.) part of the lower left quarter of A, (and the remai-
ning entries of L™, L*, M” and M* are 0's).

Schematically, we have

LY :e2(N) > 22(N), L7:22(2\N) » £2(Z2\N) and M (M%) :2(2\N) » £2(N).

Lt = A+|£2(N) € A'(T) (The vertical bar denotes "restriction").

and therefore, since T is a SCUWS and the first column of Lt Belongs



72

to Lz(N), L is actually bounded ([9]1).

Condition (1) implies that A(T) = D = {z: |z| < 1} = point spectrum
of T*, the adjoint of T (see [3];[7];[9]). Thus, in particular,
{1/wn}neN € LZ(N) and Icnl < |Ix||/wn < C' for a suitable constant

C' > 1 and for all n € Z. Consider L™ ; clearly, LI < ] IL (n)l,
neN
where L™ (n) is obtained from L™ by replacing c by 0 for every m # n,

n=20,1,2,... . Hence, by (2),

L™ < ngNl.cnl max{wj/wn+j; jeNr<cC nz ]cnl <

1/2 -2,1/2
<ciJ (e lw)trit20 1w 2 ¢
nEN non neN

Similarly, by considering the formal decomposition M~ = [ M (n),
neN\ {0}
where M™ (n) is that part of the matrix M corresponding to & fixed

coefficient > it is not difficult to conclude that M~ is also boun-
ded.

It is easy to see that M* has ‘the same norm as the operator
M:22(N) + 22(N) defined by the matrix

C,  CaWy /Wy cuwa/w Cgw, /Wy L
0 A c5w3/w2 ’c6w4/ﬁ2 v

M= |0 0 e c7w4/w‘3 ces
0 0 0o Cg

. . . . J

2 s .
Let y = ]} d e € £°(N); then My IR Crrn Vk-1 w./w_} e .Hence
neN » neN k=n+l

+, 2 -

iMi12 = 12 = sup

| 1 wk/wnl2 <
lyl=1 neN k=n+l :

Cr+n Tk-1

2 I 2
< sup { (e w /w )%} { lyi €} <
lyl=1 nEN kzn+1 |Cral Wic/¥y kén k

< I I (c,l wm_n/wn)2 <c?y wn'z} {1 (el Wm)Z} <
neN meN neN meN

The boundedness of A_ follows by a completely symmetric argument. The
details are left to the reader.

3. NON-SCUWS WITH NON-INCREASING SEQUENCES OF WEIGHTS.

In ([13], Question 15), A.L.Shields asked the following: If an'¥ 1
and § w "2< e, must T be a SCUWS (in £2(N))?.If a_ \ 0, must T be
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-strictly cyclic?. It is worth to recall that both questions have an
affirmative answer in LI(N) ({31;[5]; see also [1]1). Nevertheless,
the answer is NO in £P(N) for 1 < p < . We shall need the following

.result:

THEOREM 2. (E.Kerlin and A.L.Lambert, [8], Theorem 3.2). If {an} 8
monotonically non-increasing and Ten = ae . then T 18 strictly
eyelie in LP(N) Zf and only if

n
sup } (wn/wkwn_k)q < , where q = p/(p-1).
neN k=0

COROLLARY. (i) There exists a sequence &, v 1 such that } wn-e < o

for every e > 0, but Te = a e ., does not define a SCUWS in EP(N)
for any p, 1 <p <.

(ii) There exists a sequence a \ 0 such that Ten =ae does not
define a SCUWS in 2P (N) for any p, 1 <p <.

Proof. (i) Set a, = 2, n, = 0, n 1, n,

0 0 1 - j+l
for all j = 1,2,... and a_ = 1+ 273 for n, <n<n

> an (nj to be defined)

j+1; then a, ¥ 1.

If an <ng nj+1 - nj and nj <k<gn - nj, we have
PR *
= 273y d =
w/lwew o= 1+ 277) /wnj c; >0
so that we can inductively define the nj's in such a way that
n.

+1 . .
kio (v, +1/wkwn 1_mk)J > (ngy, - an)(cj)J > j for all j=1,2,...
= j i+

~ Clearly, the above inequalities remain true if the n_ 's are replaced

by mj's so that m, > n, and mj+1/mj > nj+1/nj, j=1,2,... . There-

fore, without loss of generality we can asiume that the nj's tend to
1/2 y
o fast enough so that a, > [(n+2)/(n+1)]n , whence it follows that

I w "% < for every e > 0.

(ii) Take nj as above, except that now we take a = 27! for n, <n <

_J'n
. = ]
< Ny then a_ Vv 0. For n and k as above, wn/wkwn_k 2 /wn =

3

= dj > 0, so that we can inductively define the nj's in such a way
that

2 (“nj+i/"k"nj+l-k)j > gnj+1-2nj)(dj)j >3, 3= 2,3, .

The conclusion is the same in both cases: By THEOREM 2,-T cannot be
a SCUWS in £P(N), for 1 <p <<,

THEOREM 2 and its COROLLARY are actually true for the space c,(N) of
all sequences converging to 0, under the maximum norm, if the expo-
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nent q is replaced by 1. (The details for these changes are left to
the reader).
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