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In the study of curves in a projective plane over a field of characte­
ristic zero, it is well known that, given any point P in the plane, 
there are only a finite number of tangents. to the curve through P. 

This result is not true in the case of fialds of characteristic p # O 
(see, for lnstance (2), Appendix). For instance, there is an infinite 
number of tangents to the curve defined by xp+1_yPz = O through the 
point (O,l~O). TheSe are the so called terrible points. 

The obj ect of this note is to extend this concept to higher dimens ional 
varieties and to give a computational method to determine the terrible 
points. 

In all this note p will be the characteristic of the field k and Fx 
=xPthe Frobenius morphism. 

1. DIEUDONNE DERIVATIVES. 

DEFINITION 1.1. If A is a commutative K-algebra with unit, K a. commUta 

tive ring with unit, and M is an A-module, then a K-linear map 
I}: A _ M is cal1ed an nth-order derivation if it satisfies. 

I}(XO' ••• 'xn ) = I (-1)i+1n: ..... x. x. 
i=l - JI· Ji JI Ji 

1} (xo' ... ,~ . , ... , ~. , .•. , x )) 
JI Ji n 

and 1} (1) O. 

Clearly, a 1-derivation is a ¿tandard derivation. 

NOTATION. Let A, K as before and let ¡.¡: A, ®'k A- A denote the mul ti­
plication map (Le., ¡.¡(x®y) = xy). We wil1 set I Ker ¡.¡, and let 

T: -A ~ I denote the K-linear-map defiiled by T(x) 1 ® x - X ® 1. 

1 This work was partia11y supported by NSF Grant MCS 76-06934. 

2 This work was parti~lly su~~orted by a p~std6ctora1 fe110wship of the 
Consejo Nacional de Investigaciones Científicas y Técnicas (Argentina). 
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The following result is trivial. 

LEMMA 1.2. If 6: A --+ M is an nth-ol"del" del"ivation and if 'Y: M --+ N 
is an A-Lineal" map. then the aomposite '16: A --+ N is an nth-ol"del" del"i 

vation. 

DEFINITION 1.3. The map A ...!... A®A given by e:(x) = x ® 1 gives an A-mo­
dule structure to l. CaUD (A/k) the A-module I1In+l, which wiU be 
called the module of nth~~rder differentials. Call d : A --+ D (A/k) 

n n' 
the composite of T: A --+ 1 with the canonic,al projection 
1 --+ I/I n+1 = D (A/k). 

n 

LEMMA 1.4. If 6: A --+ M is an nth-ol"del" del"ivation and a E A. the 

map a6: A --+ M defined by (a6) (x) = a6 (x) is an n th-ol"del" del"i;ation. 

henae the set Der (A ,M) of nth-ol"del" del"ivations fl"om A to M has a na­

tUl"a'L A-moduLe stl"uatUl"e. 

LEMMA 1.5. The map dn : A --+ Dn(A/k) is an nth-ol"del" del"ivation. whieh 

induaes (by aomposition) an A-isomol"phism d~: Hom(Dn(A/k),M) ~ 

~Dern(A,M). Henee (dn,Dn(A/k) is univel"saL fol" nth-ol"del" del"ivations. 

For the p'roof of this lemma, see [510r [61 • 

DEFINITION 1.6. 1 t is weU known ([ 51 , [61) 
Dn(A/k) is a free A-module freely generated 

of degree at most n. Por n = pe we define a 

that, for A = k[x 1 , .•. ,xn1 , 

by the monomials in dnxi 

(pe)th order derivation 

_3 __ : A --+ A as the' element of the dual basis which is one on 
3Fex. , 1 

dn(Fexi)' 

Since k has characteristic p, this derivation can not be obtained as a 
composite of,lower order derivations, and it will be called a Dieudonné 

de:rivative of order pe with respect to the variable xi' 

These derivatives have been studied by Dieudonné in [ 11 . 

LEMMA 1.7. Let A = k[x1, ••• ,xn1 whel"e k is a fieLd of ahal"aatel"istia 

p'¡' O.CaUAP s to k[pSx1, .... FsxnJ.. If fEAp e and 3f = O fol" 
e+l 3 (FeXi) 

i 1 .... ,n, then fE AP • 

e 
Pl"oof. Because f E AP , f 
and a = (a(1), ••• ,a(n)). 

e+l 
If f = O, then f E AP Hence we need to show that for each a for 
which c ,¡. O, a(i) is a multiple of p for i = 1,.;.,n. a 
Now H = r c a(i) (FeX1)a(l) ... (FeX.)a(i)-l ... (Fex )a(n) and 

,3 (pex.) a 1 n 
_. 1 a :·/i\'~ft.:.:. 

ilf = O imply that c ~('i) O for aU i. Therefore a(i) O mod p 
3 (Fexi ) a 
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for all i when ca # o and hencea(i) = p P(i). Thus 

e+l 
that is, f E AP 

REMARK 1.8. The same argument shows that if 

fE k[x l , ..• ,pexi , ••• ,xn1 and af ~ o 
a(pexo ) , 

~ 

f E ~[Xl' •.. ,pe+lxo , ••. ,X l. 
~ n 

then 

LEMMA 1.9. If A = k[xl, ... ,xnl, then the depivation 

mined by the following ppopepties: 

a) 

b) 

c) 

d) 

a 
is a k-lineap map A --+ A. 

6 o o. 

~J 

2. DIFFERENTIAL IDEALS. 

is detep-

LEMMA 2.1. Let l be an ideal in k[ xo ' .•• ,xn1 whepe k is afie ld of 

chapactepistic P. thsn l is closed undep the depivation a/axo if and 

only if it has a set of genepatops {f i } with f i E k[xg,x l , ..• ,xnl. 

Ppoof· Let gl' •.. ,gr be a set ofgenerators for 1 and write 
p-l o 

g. = l hooxJo' hoo E k[xPo,xl, ... ,xnl. Now, by taking 
~ j=O ~J ~J 

( a ) p-l (p-l) !ho· land, since l is closed under a we have ox:=- gi = il xo o ~,P-

p-2 o 
ho 1 E lo hence l ho ox~ E l and we 
~,P-

, 
j=O ~J 

they obviously generate l. 

The converse follows from the fact· that 

under a ax- . 
o 

a 
~ (l lof.) = l 

X o ~ ~ 

continue, so, al1 ho o E l and 
~J 

O, hence if 

so, l is closed 

LEMMA 2.2. Let l be an ideal in k[xO,xl, ... ,xnl whepe k is a field of 
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aharaateristia p. Then I is alosed under the derivations a/axO' 

a/aFxO"" ,a/aFe-IXO if and only if it has a set of generators {fi} 

with f i E kl FeXo ,xl" .. ,Xnl . 

Proof. We will proceed by induction on e. For e lwe are reduced to 
the previous lemma. Assume it is true for e = r - 1. Then I has gerte-

I r-l rators gl, ... ,gr E k F xO,xI, ... ,xnl. Now, write 

_ p~l r-l j I r-l g. - ¿ h .. (F xo) and apply a aF Xo p-l times, and the reasoning 
l. j =0 l.J 

follows as in I·emma 2.1. 

REMARK 2.3. Lemma 2.1 can be restated for characteristic zero as fol­
lows: 

If I is an ideal in klxo'" .,xnl where k is a field of characteristic 
zero, then I is closed under the derivation a/axo if and only if it has 

a set of generators {fi} with f i E klx l , ... ,xnl. 

3. TANGENTS. 

Let V be an algebraic variety, L a line and Q a point in L n V. If Q 

is a regular point in V then L is tangent to V at Q if and only if the 
intersection multiplicity is bigger than one. 

By using an affine chunk containing Q, then the ideal of V.gives an 
ideal J in kltl where t is a parameter for L and the coordina te a of 

Q in L is a root for J; The intersection multiplicity is the multipli­
city of the root a in J. 

Let now V be a projective (irreducible) variety V ~ Pn(k), defined by 
a (homogeneous) ideal I, P a rational point in Pn(k) andQ a rational 
point in V,Q -f P. We want to study the intersection multiplicity of 

PQ n V at Q. 

Choose a coordinate system such that ~ = (1,0, ... ,0), 
Q = (aO,a l , ... ,an). Since Q -f P at least one a i -f O (i -f O). Let 

aa -f O, then we consider the affine part U of Pn(k) defined by xn -f O. 
By restricting everything to U, the line PQ has parametric equations 

x. = a./a 
l. l. n 

1 .;; i .;; n-1. 

If the ideal I of V is generated by f l , ... ,fr E klxo" .. ,xnl then a O 

is a zero of J = {fi(t,al, ... ,an)} E kltl, but J is a principal ideal 
J ~ (f). 

The following result is well known: 

LEMMA 3.1. The interseation multipliaity 

one if and only if ais a. root·of f and 
. 0 

of PQ n V 
ar or . 

O 

at Q is bigger than 
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COROLLARY 3.2. The conditior¡s above imply that (aO' ... ,an) is a root 

3f. 
f . 1 (1 ~ i ~ r) and conversely. 

01' .a x O 

Proof. In fact, using the notation above,f(xo) = I gifi(xO,a1, •.• ,an), 

gi E k[xol and fi(xO,a1, .•. ,an) = hif(xo), h i E k[xol. Since 

3f. 
ax~ (xO,a1,· .. ,an) = 

o (f i (xO,a 1 , ... ,an)) 
axo 

we have that, if Q is a mul-

tiple root, then so is a O in f, hence aO isa root of and, since 

oh. 
ax~ (aO,a1,···,an) O. 

The converse is obvious. 

4. TERRIBLE POINTS. 

DEFINITION 4.1. Let V be a proj ective (irreducible) variety V S. P n (k) 
and P a rational point in Pn(k), then P is called a terrible point 
for V if the set of rational points Q E V such that PQ is tangent to 

V at Q is not contained in a proper subvariety of V. 

THEOREM 4.2. Let V be a projective (irreduaible) variety in Pn(k), P 
a rational point in Pn(k), where k is a field of characteristic zero. 

Then P is a terrible point for V if and only if V is a aone with ver­

tex P. 

Proof. Take a coordinate system such that P = (1,0, ... ,0) and 1 is the 
(prime) ideal of V. Let lo be the ideal generated by 1 and the deriva­

of tives (Jx o for all f E 1 (If f1, ... ,f r is a set of generators for 1, 

3f1 3f 
then lo is generated by f1, •.• ,f r , --- •.. ,~) so 1 ~ 1 ox o ' ox o ' O - • 

If lo # r, since 1 is prime, it defines a proper subvariety of V. 

If Q E V and PQ is tangent to V at Q then Q is a zero for lO (Cor.3.2), 
hence if P is a terrible point the set of zeros of lo is not contained 

o in a proper subvari.ety of V, so lo 1, hence 1 is closed under ;rx:-, 
O 

which means (in characteristic zera) that 1 has a set of generators f i 
with f i independent of x O. 

But this is equivalent to the fact thatV is a cone with vertéx P. 

The converse is trivial. 

THEOREM 4.3 .. Let V be a projective (irreducible) variety in Pn(kL P a 

rational point in P n (k). where k is a field o[ characteristic p# 0, 

and suppose we have a aoordinate system such that P = (1,0, ... ,0) and 
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I-is the (prime) ideal of V. Then P is á terribZe point for V i! and 

onZy if 1 has a set of generators {fi} with f i E k[x~'Xl""'Xn)' 

Proof. As in the previous theorem, if Q E V and PQ is tangent to V at 
Q, then Q is a zero of lo' If 1 # io it defines a proper elosed subset 

of V, benee P is not terrible. So 1 = lo' i.e., 1 is elosed under 

il! ' and the theorem follows from Lemma 2.1. 
O 

5. POLARIZATION. 

In (3) and [41, Hipps, Mount and Villamayor defined and studied the 

po ,.arization map, extending to fields of positive eharaeteristie the 

elassieal polarization of a homogeneous polynomial. 

In this seetion we will summarize their eonstruetion and apply it to 

the terrible points. 

Let U be a vector spaee over a field k and U* its dual. Call OrU* the 

r-fold symmetrie produet of U*. If e O'" .,en is a basis for U, eall 
xo , ..• ,xn i ts dual basis in U*, so OrU* has as a basis all monomials 

of degree r in the xi's. Then, the rational points of Pn(k) are the 
one dimensional subspaees of U. 

DEFINITION 5.1. Let w be a homogeneous polynomial of degree r. Then 

the polarization map POlo(w): U --+ Or-lU* is the linear map defined 

ilw 
by POlo(w) (e i ) = ~ • 

]. 

Call vertexow = Ker(Polo(w)). 

Suppose Poli_1(w) and vertexi_l(w) have been defined, then we can de-

fine Pol.(w) I ( ) by the following properties ]. vertex i _ l W 

a) POli(w)(x+y) = Poli(w) (x) + Poli(w) (y) for x,y E U. 

b) Pol.(w)(kx) = Fik Pol.¡(w)(x) for k E k, x E U. 
]. , ~ 

e) If el"" ,es is a basis for vertexi_l(w), el'''' ,en a basis for U 
and xl'" .• xn its dual basis 

ilw PoI. (w)(e.) = for 
]. J ilFix. 

J 

LEMMA 5.2. The map Poli(w) iB independent of the baBis. ([4). Lemma 
2. l:.). 

DEFINITION 5.3. If 1 is an ideal in k[xl •.•. ,xn) generated by homoge­

neous polynomials "'1"" ."'m o.f the same degree. eall vertexs (1) = 

= ~ vertexs(wi )· 
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THEOREM 5.4. LetV a proojeative varoietyV ~ Pn(k) defined by an ideaZ 1 
generoated by foroms wi aZZ of the same degroee. Then a roationaZ point 

P E Pn(k) is a teroroibZe point foro V if and onZy if P E vertexo(I). 
Heroe we aroe identifying the points of Pn(k) with the one dimensionaZ 

subspaaes of U. 

Prooof. Itfollows from Th. 4.3 and [4] Th. 6.4. 

6. A GENERALIZATION. 

If V is a projective variety V ~ Pn(k) over a field of characteristic 
p # Di P is a terrible point for V and Q E V, then the intersection 
multiplicity of PQ n V at Q is always a mul tiple of p. 

This fact suggests the idea of'searching if the set of points Q such 
that the intersection multiplici ty is bigger than p has proper'ties si­
milar to the set of points Q such that PQ is tangent to V at Q. 

We can use the results of [4] to extend the definition of terrible 
points in the following way. 

DEPINITID.N 6.1. If V is a proj ecti ve (irreducible) variety V ~ P n (k) 
where k is a field of characteristic p # O and P is a rational point 
in Pn(k), then P is called e-terrible for V if the set of rational 
points Q E V such that the intersection multiplicity PQ n V at Q is a 
multiple oí' pe bigger than pe, is not contained in a proper closed 
. subset of V. 

Then, following the reasonings of §3 and §4, we can.prove: 

THEOREM 6.2. Let y b~ a proojeative (iroroeduaibZe) varoiety in Pn(k), 
P E P n (k), wheroe k is a' fieZd of aharoaateroistia p #0, and assume theroe 

is a aoorodinate system Buah that P = (1,0, ... ,0) and 1 is the ideaZ of 

V. Then P is e-teroroibZe foro V if and onZy if 1 has a system of generoa­

toros {fi} with f i E k[pe+lxo,xl, .•. ,xn]. 

THEOREM 6.3. Let V be a proojeative varoiety in Pn(k) defined by an ideaZ 

1 generoatedby foroms wi aZZ of the same degroee. Then a roationaZ point 

P E P n (k) is an e-teroroibZe poi-nt foro V if and onZy if P E ve'rtex e (l). 
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