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ABSTRACT. A large class of operators, 1nc1ud1ng those corre§pond1ng to
G1 elements of the Calkin algebra can be ""lifted" to a G, operator

by means of a compact perturbation. However, the class (G + compact)
is nowhere dense in the algebra of all operators acting on a complex

" separable infinite dimensional Hilbert space.
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1. INTRODUCTION.

Let £(H) be the algebra of all (bounded linear) operators acting on

the complex separable infinite dimensional Hilbert space ¥, let K be
the ideal of compact operators and let m: £(H) — L(H)/K = A be the
canonical projection onto the Calkin algebra. T € £L(¥) is (essential-

) 6 E IO - DTN = 17400 AQ - 1) = 174,00, resp.) for

all A outside of the spectrum A(T) (essential spectrum E(T), resp.)
of T, where d(A) = dist[A,A(T)] ( dE(XJ = dist[A,E(T)], resp.).

“Let G (e(G),resp.) denote the class of all G1 (essentially Gy resp.)

operators in £(¥). In [8], Glénn R. Luecke conjectured that every

T € e(6) has a compact perturbation in G. In Section 2 a characteriza
tion of those T € £L(H) such that T + K € 6 for some compact K will
be given. This characterization provides an affirmative answer to
Luecke's cbnjecture but, unfortunately, this answer is not completely
satisfactory (in a sense that will be made precise below). Some conse-
quences of the main result and an example of an operator (indeed, a
nilpotent of order two) that.cannot be compactly perturbed to a G,
operator are discussed in Sebtiqn 3. Moreover,this example is used
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to show that 6 + K 1is a nowhere dense subset of £ (#) and e(G) is a
nowhere dense subset of G + K.

The author wishes to thank Professors José Barrfia and Pedro Alson for
severalihelpful discussions.

"2. A CHARACTERIZATION OF G + K.

‘Let T € £(ﬂ3; then the subsets w(T)= {A € A(T):\X -T is not a Fredholm
operator of index 0} and AO(T)= {A € A(T):\ is isolated in A(T) and
the corresponding spectral subspace is finite dimensional} are called
the Weyl essential spectrum of T and the set of normal eigenvalues of
T. It is well known that w(T) = N{A(T+K):K € K} [10], so that w(T) can
not be modified by compact perturbations. :

Throughout this paper, A ® B will mean that A and B are unitarily equi
valent Hilbert space operators, ® will denote orthogonal direct sum

and T(®) will denote the orthogonal direct sum of a (0 <a <) co
pies of the operator T. Finally, U(T) = {A: A = T} 1is the unitary or
bit of T € £(¥) and X - and 83X denote the closure and the boundary of
X, respectively.

LEMMA 1. Let T € e(G). Given €> 0 there exists K € K such that
T-K = ToN, where N s a normal operator such.that A(N) = E(N) = 9w(T).

Proof: Let {un};;l be a sequence of bare points of 9w(T) (i.e., for

each n, there exists A, €C and T > 0 such that r, o= dist[xn,w(T)]=

= IAn—unl_< IAn—uI, for all u € w(T)\{n_}) and assume that ({un}n=1) =

ow(T) and £€{n: wp=uyd = Ko, for allm = 1,2,... .
According to the first part of the proof of Theorem 1.2 in [4], there
exists a normal operator M defined by Men = e with respect to a sui

table ONB {e_} and operators A,C, T, such that E(C) Cc E(T),

n=1

e 1 e um, 1{e 1 - Tek and 1T @ T - TN <, where

.Clearly,-Tgu) ® T1 € e(G). Let » ¢ w(T) and assume that H(x-Toj'IH >
> 1/d_(2) (In this case, d () = dist[x,w(T)]); then 7 (x-T) }=

= max{n{(A-Tl)élﬂ, "(A—To)‘lu} > 1/dE(A), a contradiction. 
Therefore, Il (A-T,)"!I= 1/d, () for all A ¢ w(T).

Let uosA e be as above; then



115

,
-1 .
(1 -2yt %) o | . ) . ) ‘ol .
o n s - - -
0 | o |-ec-a )7 AGM-r ) (c-2)7! o

[1/(u -2 )le_

-(c-a ) ta-a )7 te

Since the norm of this vector cannot be larger than 1/lun-xn| =

H[T/(un—xn)]enﬂ , we conclude that 0 = —(C-An)_lA(M—An)—len =

—[1/(un~xn)] (C—An)_lAgn. Hence, Ae for all n = 1,2,..., and there
fore A = 0. )
It readily follows that T-K = M=) e [c(®) o T, =N ®(N_0 c(*) e T,l1=

= N® (T-K), where N = M(m) is normal and A(N) = E(N) = aw(T).

LEMMA 2. Let B € £(H) and let N be a normal operator such that A(N).=
= E(N) = 0w(B). Then there exists K € K such that T= N B+ K€ G ,
A(T) = w(T) U AO(T) and every \ € AO(T) is a reducing normal eigen-

vaZuevcorreSponding to a one-dimensional etgenspace.

Proof: According to [10], there exists K; € K such that A(B + K =
w(B). Thus, without loss of generality we can assume that A(B) =

w(B) (i.e., K1= 0). Similary [2], up to a compact perturbation we

can assume that Ne = v e with respect to a suitable ONB {e Y1 and

that ¢{n:'yn='vm} = 8 for all m=1,2,..,
If 1Al = IIBI, then I (A-B)~™ Yl < 1/(IAl-IBI). Thus, if A =
= 20Bll.exp{(k-1) 7i/3} , k = 1,2,...,6, and L, € £(C®) is the diago-

nal (normal) operator defined by Lﬁfk= A, k= 1,2,...,6, with res-

pect to the canonical ONB of 26, then H(A-B)_IH <‘H(A—L6)_1H =
= max {1/} A=d s k=1,2,...,6}, for all » € C with [l > 2IBll,r # A
(k = 1,2,...,6).

Let Ag = {3, :k=1,2,...,6} and T, = {x & w(B):ll (x-B) }I>

> lI(X-[L6 ® N])_IH}. Clearly, 8[P6 U w(B)] is contained in the open

disc of radius 2IIBl. Let A, € 3T be a point such that dist[a,,w(B)]=
= max{dist[2,w(B)]:1 € I'(} and define L€ £(C”) by L, = Lg ® {4,).
It readily follows that Il (x-B)" 'l <1 (A-L,)7!I for all A ¢ T, U w(B) U

U {3y}, where Ty = {3 € TAOG1:I(-B)"H > I (a-[N @ L.1)7MI} is the
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complement in F6 of a suitable open neighborhood of Age

Define A7 = A6 V) {17}. By an obvious inductive argument, we either
obtain Pk =@ for some k = 6, or an operator L = diag{i;,Xy,...}

(diagonal with respect to a suitable ONB) such that ({Ak}kﬂi) n

nw(B) =40, dist[Ak,w(B)] is non-increasing and tends to 0 (k — =)

and Il (A-B)~ M < I (A-IN © L1)"M for all A & w(B) U A(L), where

1 for-all -

j/Z k). Set n(1) = 1;/inductively, we define n(k) as the second index.
Strictly larger than n(k-1) (k=2,3,;..) such that Uak—vn | <

A(L) c ({Ak}k=: ) U aw{B) (%n the first case, we set Aj = v

(k)
< 2 dist[Ak,w(B)y.

Finally, definé K = diag{r;-v;,0,0,...,0 {(n(2)),0,0,...,0,

1 2X97V0(2)
[ .
.x3-vn(3)(n(3)),0,0,...,O,Ak—vn(k)(n(k));0,...} with respect to the

ONB {e } _7. Clearly, K € K and N + K

diag{xl,vz,vs,...,vn(z)_l,

14

AZ’vn(2)+1""’vn(k)—l’xk’vn(k)+1’°'°} N ® L and therefore

H=-B) TN < i @-INskDTH = (- T = 14d(0) for all A e A(T),
" where T = (N+K) @ B, Hence T = (N ® B) + (K ® 0) € G.

As an immediate corollary of Lemmas 1 and 2, we have
THEOREM 1. Let T € e(G). Then there exists K € K such that T+K € G.

THEOREM 2, Let T € L(H), then T € G + K 2f and only if there exists
K' € K such that T + K' ® N ® T for some normal operator N with A(N)=
= E(N) = [ C\E(T)] _, where the subindex "= denotes the unbounded com

ponent of the set Q}E(T).

Proof: Assume that some compact perturbation of T belongs to G. With-
out loss of generality, we can assume that T € G . Let Ab(T)={An} be
the set of normal eigenvalues of T. Since AL is an isolated point of

A(T), it follows from [11] that A is a reducing eigenvalue of finite
multiplicity a s n=1,2,... .

Let.v = 1lim(j — m)xn(j) for a suitable subsequence {An(j)}j-l of

{2} then T = (diag{x

n n=1’

(an(l)),l (an(2))"..}) ® T and it

n(l) n(2)

is clear (e.g., by using the arguments of [10]) that T + K = Te vl
for a suitable Kv € K. Combining this observation with the result of
{2] and the arguments of .[ 10], we conclude that; if



Fo = (a[g)E(T)]w)n.Ao(T)_, then there exist Ko € K and a normal opera

tor N such that T + K = Te N and A(N) = E(N) =T .
o o o o o] o

On the other hand, if u is a bare point of l"1 = (a[Q}E(T)]w)\FO, then

u € E(T) and we -can proceed exactly as in the proof of Lemma 1 in or-
der that T + Ku ~ T e ul for a suitable K € K. By similar arguments

we conclude that T + X; T ® N;, for some K; € K and some normal o-

perator N; such that A(N;) = E(N;) =T,

The're’fore, T+ (K, + K;) ~T e (N_.®N,;), where K, + K, € K and

N =N, ® N, is a normal operator with the desired properties.

Conversely, if T + K' ® T ® N for a normal operatpr N such that
A(N) = E(N) = d[C\E(T)]_ , then there exists K" € K such that

A(T + Kﬁ) = C\[C\E(T)]_ (see [1]) and we conclude that T + K € G for

some K € K by applying the same arguments as in the proof of Lemma 2
to (T + K") @ N,

3. COMPLEMENTARY RESULTS.

Theorem 1 affirmatively answers Conjecture 1 of [8], but it does not
. provide a satisfactory answer, in the sense that A(T + K) is very dif
ferent from w(T), in general.

CONJECTURE 1. If T € e(G), then there exists K € K such that T+K € G
and A(T+K) = w(T).

A satisfactory answer to Luecke's Conjecture (i.e., an affirmative
answer to Conjecture 1 above) would involve a very deep analysis of
the distance from the resolvent of a perturbated operator to K, in the
lines of [1], [3], [7]1, [9] and [10].

Recently, P..Alson (personal communication) affirmatively answered
Conjeeture 2 of [ 8] by showing that

(1) Given T € £(J), there exists K, with rank'Kg < 6 such that T + K,
is- convexoid; ‘

(2) diven T € £(¥), there exists K € K such that W(T+K) = W (T),
where W(.) and We(.) denote the numerical range and the essential nu-
mericaﬁ_range, respectively (see [5], [8], [12] for definitions and
" properties). '

Since WQT)'V(We(T), resp.) is always a compact convex set containing
A(T) (E(T), resp.}, and W(T)~ (W, (T), resp.) coincides with the convex
hull of A(T) (E(T), resp.) for all T € 6 (T € e(G), resp.), second
Alson's result yields the following (very) partial answer to the above



conjecture.

COROLLARY 1. If T € e(G) and w(T) <s convex, then there exists K € K
such that T+K € G and A(T+K) = w(T).

First Alson's result might suggest that every operator has a compact
perturbation in G. This is definitely false.

EXAMPLE 1. Let Q = |0 ! € £(c?) and 1et T = Q®) € £(%). Then
0 0 Y

dist[T,G+K]l > 1/10.

Proof. Assume that IA-TI < 1/10 for some A € G+K. Then a straight-
forward computation shows that the spectrum of A is contained in the
the open disc of radius 3/10 about the origin. Thus, if

A € A[Q\E(A)] _ is a bare point, then A - AI - K has an infinite dimen
sional reducing subspace: (use the proof of Theorem Zj for a suitable
compact K and, a fortiori, w#([A-AI] + [A-AI]*) cannot have an inverse
in A. On the other hand, IT - [ (A-ADI)+(A-AT)*12) = I (T+T#*)%-[ (A-AI) +
+ (A-AD)*1 2 < (IT+TH1 + 1 (T+T%)-[ (A-AD)+ (A-AD)*11)2 - 1T+T#12 <

< (1 + 200T-Al + |A]1)2 - 1 < 1, whence we obtain that (A-AI)+(A-AI)*
is invertible in £(H), a contradiction.

COROLLARY 2. (i) .G+K Zs nowhere dense in £ ().

(ii) e(6G) Zs nowhere dense in G+K.

Proof. (i) According to [6, Lemma 2], given A € £(J) and ¢ > 0 there
exists A_€ £ () such that HA-AEB < e and )

AI+e!'T B
A =
€ 0 C

where e/4 < €' < e/2, ) belongs to the unbounded component of C\E(C),
dist[A,E(C)] = ¢/2 and T is the operator of Ezample 1. Minor modifi-
cations of the above proof show that dist[Ae,G+K] is positive.

(ii) Combining the proofs of [ 6, Lemma 2], Lemma 1 and Lemma 2, it is
not difficult to show that if A € e(G), given ¢ > 0 there exists an

operator A_ ~ A @ (AI+e'[0(m) ® T]), where e¢/4 < e' < ¢/2, A belongs
to the unbounded component of C\E(A), dist[A,E(A)] = ¢/2 and T is the
_operator of Example 1, such that JA-All <. '

By Theorem 2, A_ € G+K and another modification of the proof given in

f&ample 1 shows that dist[Ae,e(G)] = ¢g',

The proof is complete nqﬁ.



[1]

[2].

[3]

[4]

[5]

[ 6]

[7]

[8]

[9]

[10]

[11]

[12]

119
REFERENCES

C.APOSTOL, C.PEARCY and N.SALINAS, Spectra of compact pertunrba-
tions of operators, Indiana Univ. Math, J. 26 (1977), 345-350.

I.D.BERG, An extension of the Weyl-von Neumann theorem-to noamal
operators, Trans: Amer., Math., Soc., 160 (1971), 365-371.

———————— s On nonm approximation of functions of operatons in the
Calkin algebra,Mich. Math, J. 21 (1974), 377-383.

C.FOIAi, C.PEARCY and D.VOICULESCU, Biquasitriangular operatonrs
and quasisimilanity, Linear Spaces and Approximation, Birkhaliser-
Verlag, Basel, 1978, 47-52,

P.R.HALMOS, A Hifbert space problLem book, D.Van Nostrand, Prince
ton, New Jersey, 1967. /

D.A.HERRERO, Quasisimilan operatorns with different spectra.
Acta Sci. Math. (Szeged) 41 (1979), 101-118.

R.B.HOLMES and B.KRIPKE, Best approximation by compact operatons,
Indiana Univ. Math., J., 21 (1971), 255-263.

G.R.LUECKE, Essentially (Gy) operatons and essentially convexoid
operatons on Hilbert space, Illinois J.Math., 19 (1975), 389-399.
C.L.OLSEN, Noams of compact pertuxbations of operatons.
(To appear).

J.G.STAMPFLI, Compact perturbations, nonmal eigenvalues and a
probLem of Salinas, J.London Math. Soc. (2), 9 (1974), 165-175.

e ettt ,» A Local spectral theory fon spectral operatons.lI11:
Resolvents, spectral sets and similarity, Trans. Amer. Math. Soc.,
168 (1972), 133-151.

e ————— and J.P,.WILLIAMS, Growth conditions and numenical
range in a Banach algebra, Tdhoku Math. J., 20 (1968), 417-424.

Instituto Venezolano de Investigaciones Cientificas
Departamento de Matemdticas
Apartado Postal N°1827, Caracas 101

Venezuela,

Recibide en junio de 1978,



