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1. INTRODUCTION AND STATEMENT OF THE MAIN RESULT.

In this paper I will derive a result which extends a well known result
due to C. Segovia and R. L. Wheeden (see [5]).

Let a(x) be a Bessel Potential of order a, 0 <a <1, of a function
g(x) belonging to LP(R), 1 < P < =~ and f(x) a function belonging to
Lq(R), 1 < q < . Consider now the commutator of the Hilbert transform:

1.1) aH(£) - H(af) = p.v j méi%l—i—éfll £(y) dy .
- 00 x - y

Call F = aH(f) - H(af) and define the fractional derivative of order
a of F in the form:

a _ “F(x+h) - F(x)
1.2) D7F(x) = p.v J Ih|1+“ dh .

-0

The above limit is understood pointwise a.e.

Define also the maximal derivative of order o as:

1.3) 1?-(0) (x) = sup J M dh

l+a
>0 lhl>5 |h|

C. Segovia and R. L. Wheeden proved in [5] that if % + % < 1, then:

1.4 o C f
) ID%Fy_ < - Ilgllp Ii uq

where r ! = p o+ q ; 1<p<ewe , 1<qg<o,

The purpose of this paper is to extend the above result to larger ran-

* This research has been part;ally supported by the N.S.F. and Univer-
sity of Illinois.
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ges of p and q, more precisely:

1 1
1.5) 0< P + a <1+ a.,

The main results are contained in the. following

THEOREM. Let 1 <p <w, 1 <q < o , and % + % <1+ a. Let T be given
1.1
by % = 5‘+ 3’ then
i) (J “I%E|T a0t <, tal 1£1
e 1 P,o q
.. ® x(a) r 1/r
i) (J_“(F T AT <c, van ol
If 1.1 1T+ a , then:
P q
iii) |E (|D*F|] > )| < S tal®  1£1F
AT P, q
%(a) C4 r r
iv)  JE () > ) < lal H
Ar PsO q

The constants Ci do not depend on » , £, or a.

2. CONSTRUCTION OF THE SET G(A) AND RELATED ESTIMATES.

Consider a(x) = f Ga(x-y) g(y) dy , where Ga is the Bessel kernel of

order a in the real line (see [7] pp. 131-132) and g > 0, g € LP(R).
Introduce the maximal function Mt(e) as
xte
sup [ 3= [ o1t ay 1ty e>0 .
>0 X-€
Call £ = |£] + |f| , where f stands for the Hilbert transform of f.

The set G(A) is defined to be:

2.1) GO = (x: M (g) > ATy U Mg (£ >at/9y .
o v

0

Calling Dl(s) the distribution function of Mp {g) and Dz(s) that of
. 0

M (fj), we have:

90
2.2) ()] <D, (AP + b, 179
1 2
If % + % <1l+a, py and.q, are selected so that:
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1 1
2.3) p0<p s qo<q s %+Eg=1+a

If

+ = 1+ a, then, we select p = Py and q = qq-

1
q

o=

Let U Ik be a covering in the sense of Whitney for G(A), that is:
1

2.4) |1 < d(I G') <4 |I

il Kk’ Kl

o . g
I, n Ij =@ if i#j
d stands for distance and G' for the complement of G. For details see
[7] chapters VI and I.

As a consequence of the above properties we have:

p 1/p
1. g 0 dy 0 <C1 )\r/p

2.5) J
12T, 17 er

r/q
< C2 A

q 1/q
2.6) J £H 0 gy 0
le1, | 21

Where lIk stands, as usual, for the dialation of I, ¢ times about its
center, £ is taken bounded, that is 1 <2 < 8.

The constants C1 and C2 are universal, they do not depend on A, f, g,
k or 2.

Our next step will be to decompose g as g, *8 ;8 =gonkR-G and

g, = uil) + “éz) (x-xk) on Ik’ where:

20w s I g0 e WP -3 e g0 &
R R R

in the above formula the x, are the centers of Ik'

Clearly:

2.8) lg,l <c At/p a.e.

Here, c is an universal constant.

Call ¢, (x) =1[g - uél) - uéz) (x-xk)] wk(x) , Wk is the characteristic

function of Ik‘

We define g, as:

2.9) g,(x) = % ¢, (x)

Thus:
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2.10) ' v jI g, dx=JI b, dx = 0
k k
2.11) JI (x—xk) gzdx = II (x-xk) ¢k dx =0
k Kk
2.12) f lg,| ax < ¢ J g dx < c AT/P 1T,
Iy Iy

Returning to the Bessel kernel Ga(x), we have the estimates:

[

@) .
s 16,7 < IPLEISCE

2.13) 6, x)| < <

—_—— 2 =1,2
|x|1—n ’

Call ak(x) = Ga* ¢, Using 2.10 to 2.13 we'obtain the estimates:’

3
[T,
3- 3-
17 + [ex 00

2.14) Iak(x)l <c Af/P

: 3
for x; [|x-x, | >3 |I.]

lak(x) - 3k()’)|

ESTIMATES FOR } J Toa £y) dy  WHERE
1 /lx-yl>e |x-y| :
x €R - T 6 1,.
The above sum is dominated by
® la, (x) - a, (] 4 > la, (X)-a, (") ] —
25 [ AT ey s [ A ) o
1731, [x-y| 17(31)"  [x-y]

(3 Ik)' stands for the complement of 3 Ik.

The first of the series of 2.15) is readily seen to be dominated by:
la, () |
|1+G

1

2.16) } »
+|x-xk

1 ]Ik

_‘ -]
£ dy + §
+|x-x | 11O Jslk 1,

-
T+a T+a J la l£" dy. -
| [ 35

Using 2.14, the fact that j ,f—I dy < c Ar/a |I,| and the following

l
31, k

potential inequality:

1/sg ; 1/,

-a, %0 PO
T [ e ey < - [ 10,1 %0y
. k 31k ’ k Ik

1

LI
So

2.17)
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one can see that 2.16 is dominated by:

4
® IIkl
2.18) I c ” 7
1 [T+ Ix-x, |
. 1+a 1/q
® |1, | q, 0
+ ¢ Af/p ) k 1 (fj) 0 dy <
T | Yo - (2 81, | U1
k k k k
4 l+a
< ¢ E 1T, | . 1T,
4 4 1+ 1+
1 L|Ik| +|x-x, | [T, “+|x—xk| @

Our next step will be to deal with te second term of 2.15. Let us use

in this case the fact that 0 < fj < Ar/q a.e. in R - ? 3 Ik‘

Consequently:
2.19) EJ ﬁ(_’i)_'%_y)_lfﬂ ay <a7/a J lakCX)-elll:(y)l
1 (3Ik)' |x—y| 1 (3Ik) |X'Yl o
We have aléo the estimates:
3-a
la, (x)-a, (y)] 1, |
2:20) J ek gy < carlP =k o,
[x-y] [T, 127 % | x-x, |
G 'n{lx-y[>|1, |}
3
[T,
+ caT/P J 1 k dy
1+ 3- 3-
oy 7% T o lyx [0

|x-y|>]1,|

Now, we are going to use the fact that |x-xk| >6 |I the mean va-

lue properties of ¢k and obtain:

o

2
la, (x):a, ()| [T, 1
2.21) —k " k7T <ot/ ok s for |x-y| <|I.| .
lx'YI IIkI +|x'xk|
On account of 2.21), we get the domination:
, ..
la, (x)-a, ()| /o T 1= °
2.22) T Ive Y <c 3-o 3-a
’ IX" | |Ik| +|X'Xk|

(3Ik)'ﬂ{|x—y|<!1k]}
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3. PROOF OF THE MAIN RESULT.

Call a, = G * g,, a, = G * g, and'F, = aiH(f) - H(a,f),

F2 = aZH(f) - H(azf). From [ 5], we have:

3.1) ' I

Fl(x+h) + Fl(x) OB c
<
In| [n|t*e Ty < cq teyd Ml
Thlse

[ kr/p f
< q I Iq

Applying now results in [6] ‘and [ 8], we express:

F. (x+h)-F
p (x+h)-F, (x) i

3.2)
|hll+a

. J A xil y) yx-y) dy

-

th|>e

where, |K| <c |x|®!if |x| <1, |K|.<_‘|x|°‘-3 if |x} > 1 and

. £ c APy,
Ivuq < c gyl |l Hq < I uq

Call now Dg[f,x] the distribution function of ;(a) and define:
*
3.3) D(f,xr) = sup D [£f,A]
g: lghs1 & '

From lemma 1.5 in [2] (p. 146-148) and 3.2 we get:
® % q-1 q
3.4) D(£f,2) A dx < C_ £t .
0 q q
From the very definition of ?;“) we have:
* *
3.5) IEGE® > 0| <cDEaY
Let us return to Fz(x) and consider:

3.6) J F2(x+h)—F2(x)
|h|>e

’hll+a

According to [5] see page 348, the above integral is expressible as

3.7) - I fofl;;%EZl fy) dy +
lx-y|7"¢ ‘
|x-y|>e

az (X) -az (Y)
+b J _T;T;TTI;—_ sg(x-y) £(y) dy + T, + T, .

|x-y|>e

Where T, and T, are dominated by (see [5] p. 352)
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3.8) ¢ gl M (£) ) <c AP oMyce) ()

The domination does not depend on € > 0,

The measure of the set where 3.8) exceeds A does not exceed:
3.9) ¢ D, ("9

Call 10 G(A) = T 10 Ik; where 10 Ik is the dialation of Ik 10 times
about its center.

According to the estimates in section 2, -if x belongs to the comple-
ment of 10 G(A) then v

2y (x)-a,(y) ~
3.10) supi J 22" f(y) dy | +
0 Nxoylre 1%V
a,(x)-a,(y) :
sup ‘ b j — v f(y) dy .
=00 eylee XV
does not exceed:
4 l+a 3-a
® 11,1 |1, | 11, |
3.11) ca k k k

+ + +
4 4 1 1+ 3- 3~
k=1 [T, "+ ]x-x ]| [T 1P e |7 T 77 % x| 770

' 3
® 1 IIk|

+c A
l+a 3-a
k=1 . - -
1 -y |51, |x-y| [T, 17 T+ ]y-x

|3-a dy .
k

Integrating 3.12 over the whole real line we see that its integral
does- not exceed c A |G(A)].

gonsequently, the measure of the set where 3.11 exceeds A is less
than C len)].

If p = p, and q = q, the proof stops here.

If p > Py and q > q,, using the estimates already found we have:

3,12) J E G syp™ta <

< C(J ﬁ(f,xr/q) AT an 4 J DI(Ar/P) Zlaa o+
0 0

+ [ 0,070 2wy < agl? s a1
0 P q

This finishes the proof.
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