
Revista de la 
Union Matematica Argentina 
70lumen 29, 1980. 

ON THE FRACTIONAL DIFFERENTIATION OF 

THE COMMUTATOR OF THE HILBERT TRANSFORM 

C. P. Calderon 

Ved~eado a~ P~o6e~o~ Lu~~ A. San~a~6 

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULT. 
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* 

In this paper I will derive a result which extends a well known result 
due to C. Segovia and R. L. Wheeden (see [5]). 

Let a(x) be a Bessel Potential of order ~, 0 < ~ < 1, of a function' 
g(x} belonging to LP(R), 1 < p < ~ and f(x) a function belonging to 
Lq(R), 1 < q <~. Consider now the commutator of the Hilbert transform: 

1. 1) aH(f) - H(af) 

Call F = aH(f) - H(af) and define the fractional derivative of order 
~ of F in the form: 

1. 2) J "'F(x+h) - F(x) 
p.v -co IhI 1+Cl dh . 

The above limit is understood pointwise a.e. 

Define aiso the maximal derivative of order ~ as: 

1. 3) ~«(I)(x) = sup I J 
e:>0 Ih I >e: 

F(X+h)l- F(x) dh I. 
Ihl +(1 

C. Segovia and R. L. Wheeden proved in [5] that if + 1 < 1 then' p q , . 

1. 4) nD(lPU <C UgO p UfU q r p,q 

l<q<~. 

The purpose of this paper is to extend the above result to larger ran-

* This research has been partially support~d by the N.S.F. and Univer
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ges of p and q, more precisely: 

1. 5) + 0/. 

The main results are conta1ned in the- following 

THEOREM. Let 1 < p<~, 1 < q < ~ , and 

by 1 = 1 + 1 then 

1 + 1 < 1 + 0/. Let r be given 
p q 

r p q' 

i) (f_:IDaFlr dx)l/r < C1 !lall p ,a Ilfll . q 

f co * dx)l/r ii) ( _ co (F (a) ) r < C2 llall 11£11 p,a q 

If 1 + 1 = 
p q 1 + 0/ then: 

iii) IE (I DaF I > ,,) I 
C3 

!lall r II £II r <-
"r p,a q 

iv) IE (~(a) > ,,)1 < 
C4 !lall r Ilfll r 
"r p,a q 

The constants C. do not depend on A , f, 01' a. 
~ 

2. CONSTRUCTION OF THE SET G(,,) AND RELATED ESTIMATES. 

Consider a(x) = f_: Ga(x-y) g(y) dy , where Ga is the Bessel kernel of 

order 0/ in the real line (see [71 pp. 131-132) and g > 0, g E LP(Rt. 

Introduce the maximal function Mt(e) as 

1- fX+€ / 
supz€ lel t dy 11 t 
€>O x-£ 

t > 0 • 

Call fl = If I + If I , where fstands for the Hilbert transform of f. 

The set G(,,) is defined to be: 

2.1) 

Calling D1(s) the distribution function of M (g) and D2 (s) that of 
Po 

M (fl) , we have: qo 

Z.2) 

If 1+1<-1 dId h P q + .. 0/, Po anqO are se ecte so tat: 
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2.3) Po < p 1 + ex . 

If ~ + ~ = 1 + ex, then, we select p = Po and q = qO' 

Let U I be a covering in the sense of Whitney for G(A), that is: 
1 k 

2.4) 

o 0 
I.nI. 

1. J 
(3 if Uj 

d stands for distance and G' for the complement of G. For details see 

[7] chapters VI and I. 

As a consequence of the above properties we have: 

2.5) 

2.6) 

Where £.I k stands, as usual, for the dialation of Ik Q times about its 
center, Q is taken bounded, that is 1 ..;; Q ..;; 8. 

The constants C1 and C2 are universal, they do not depend on A, f, g, 
k or Q. 

Our next step will be to decompose g as gl + g2 

gl = 1I~1) + 1I~2) (x-xk ) on I k , where: 

2.7)· (2) 
Ilk 

in the above formula the xk are the centers of I k • 

C.learly: 

2.8) a.e. 

Here, c is an universal constant. 

g on R - G and 

Call </lk (x) = [g 

function of I k , 

We define g2 as: 

1I~2) (x-xk )] 1/Ik(x) , 1/Ik is the characteristic 

2.9) 

Thus: 



2.10) 

2.11) 

2.12) 
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f g2 dx 
I k 

Returning to the Bessel kernel Ga(x), we have the estimates: 

2.13) I G (x) I < I ~ 
a - Ixl-a 

IG (Jl) (x) I' < c , Jl 
a IxI11+1-a 

1 ,2 • 

Ga* ~k' Using 2.10 to 2.13 we obtain the estimates:' 

2.14) 

ESTIMATES FOR I J 
1 I x-yl >£ 

f I(y) dy WHERE 

'" x E R ~. ~ 6, I k • 

The above sum is dominated by 

2.15) 

(3 I k)' stands for the complement of 3 I k . 

The first of the series of 2.15) is readily seen to be dominated by: 

Using 2.14, the fact that f ,f I dy < c ;\. r / ql Ik I and th.e following 
, 3Ik 

p()tential inequality:, " 

2.17) 1-. _1_ J lakllkl-aISOdy]l/SO <; cl_1 f l~kIPOdYll/;~'~ = 
,1 3Ik l 3Ik II~I Ik 0 

1 - ex 
Po 
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one can see that 2.16 is dominated by: 

2.18) 
00 

L c . }. 
1 

+ c dy ]
l/qO 

Our next step will be to deal with te second term of 2.15. Let us use 

in this case the fact that 0 ~ fl ~ }.r/q "" a.e. in R - Y 3 I k · 

Consequently: 

2.19) dy . 

We have also the estimates: 

2.20) f 
(3Ik)'n{lx-yl>I I k l} 

+ c }.r/p 

Now, we are going to use the fact that Ix-xkl >6 IIk l , the mean va

lue properties of ~k and obtain: 

lak(x)~ak(y)1 

Ix-yl 

On account of 2.21), we get the domination: 

2.22} J 
(3Ik)'n{lx-yl<I I k i} 

for 

+ 
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3. PROOF OF THE HA1N RESULT. 

Call a l = Ga* gl' a 2 = Ga* g2 and"F l = a;H(f) - H(a1f), 

F2 = a 2H(f) - H(a2f). From [5] , we have: 

Applying now results in [6] and [8] , we express: 

3.2) 
F1(x+h)-FI(x) 

dh 
Ih 1 1+a 

J ~ i 1 K(il y) y(x-y) dy 

where, IKI ..;;; c Ixl a - 1 if Ixl ..;;; 1, IKI..;;; Ixl a - 3 if Ixl;;;. 1 and 

Ar / p 11£11 
q 

Call now D [f,A] the distribution function of ~(a) and define: 
g 

* 3.3) D(f,A) = sup 
g: IIgII~sl 

D [f ,A] 
g -

From lemma 1.5 in.[2] (p. 146-148) and 3.2 we get: 

3.4) 

From the very definition of ~ia) we have: 

3.5) 

Let us retutn to F2 (x) and consider: 

According to [5] see page 348, the above integral is expressible as 

3.7) J a2 (x) -a2 (y) 
fey) dy + 

. Ix_yll+a 
Ix-yl>£ 

r a2(x)-a2(y) 
+ b J I ,l+a sg(x-y) fey) dy + T3 + T4 . 

x-YI 
Ix-y I >e: 

Where T3 and T4 are dominated by (see [5] p. 352) 
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3.8) c II gIll <D M1 (f) (x) .;;;; c >. r /p M1 (f) (x) 

The domination does not depend on £ > O. 

The measure of the set where 3.8) exceeds>. does not exceed: 

3.9) 

<D 

Call lOG (>.) = U 10 I k ; where 10 Ik is the :!iala tion of Ik 10 times 
1 

about its center. 

According to the estimates in section 2, -if x b'elongs to the comple
ment of 1D G(>.) then 

3.10) 

does not exceed: 

3.11 ) c ->. L 
k=l 

+ C >. L 
k=l 

I f - a 2 (x)-a2 (y) - dy I + 
sup 1 11+a fey) 
£>0 Ix-yl>£ x-y 

sup I b 
£>0 

'J a 2 ex) -a2 (y) dy I 
1 11+a fey) 

Ix-yl>e: x-y 

dy • 

Integrating 3.12 over the whole real line we see that its integral 

does· not exceed c >. IG(>.) I. 

~onsequently, the measure of the set where 3.11 exceeds>. is less 
thanC IG(>.)I. 

If p PO and_ q = qO. the proof stops here. 

If p > Po andq > qo' using the estimates already found we have: 

3,12) 

This finishe~ the proof. 
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