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The objective of this article is to present some results about the 

classification of one-parameter groups of isometries of HP and to 

calculate their Lie algebra using hermitian operators. 

It is known that all conformal self-maps of Iz I < 1 can be written as 

( 1 ) <P (z) 
az+b 

Dz+a 

where a,b are complex numbers and 

(2) 1. 

The representation (1) is unique up to sign: if a,b are replaced by 

-a,-b we get the same <P, and only in this case. Thus the group G of 

conformal self-maps of Iz I < 1 is isomorphic to the group PQU(2) 

= QU(2)/±I where QU(2) (see [4]) is the group of 2x2 complex matrices 

with condition (2). 

Suppose now that {<p t } is a one-parameter subgroup of G represented by 

(3) a (t) z + blJ:.l 
b(t)z + aCt) 

with (2) holding for each t. The composition rule <Pt+s 

a(t+s) 

b (t+s) 

a(t)a(s) + b(t)b(S) 

a(t)b(s) + b(t)a(s) 

Taking derivatives with respect to s yields: 

a' aa + {3b 
(4) 

b' if a + ab 
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where ex 

where 

a.' (0), if b' (0). In order to solve (4) we need exp(t~l) 

M = [;;] 

First we differentiate a(t)a(t) - b(t)b(t) 

that a = -ex and therefore 

-
1 to get ex + ex 

It follows that if t Z 113 IZ + ex 2 = 113 1 2 - 1 ex 1 2 we have 

MZn = tZnI 
Z 

MZn+1 = t 2nM 

where 12 is the 2x2 identity matrix. 

Thus 

exp(tM) I Z + tM + t 2 t ZI + t 3 t 2M 
2! Z 3T 

( 1 + (tn Z + (tt) 4 + ... ) 
2 ! ~ 

+ (t + t3t Z + t5t 4 + ... )M 
3'! ---sy-

Cosh(tt)I Z + t- 1 Sinh(tt)M 

+ ... 

12 + 

o so 

(and· then, quite clearly, the choice of square root of t Z is irrele­

vant for these formulas). 

We conclude that the solution of (4) with dnitial conditions a(O) 1, 

b(O) = 0 is 

(5 ) 
aCt) 

b (t) 

Cosh(tn + ext- 1 Sinh(tt) 

if t -1 Sinh (tn 

unless t = 0 in wich case t- 1Sinh(tt) is to be interpreted as t. The 

parameters ex and 13 satisfy (ex,!3) E iR x C and t Z.= 1131 2 - lexl Z. 

Using (3) and (4) we get that q(z) = hIPt(z) It=o is the polynomial 

q (z) ~t 'f~(z) It=o - i3 z Z + 2ex z + if 

whose roots are 
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13 , 0, 

(6) 
T 1 ,T 2 = 0 if 13 = O. 

One readily verifies that q(l/z) -q(z)1Z2 so that if ITll ,,1 then 

necessarily T2 = 1/~1 (or else T1 ,T 2 and-l1~1 would all be roots). It 
is also clear that ITll IT21 = 1 when 13 , 0, since TIT2 if/13 

These considerations simplify the study of {Y't} and q done in [1] 

and [21 (where q was introduced and called the "invariance polyno­

mial" of {Y't})' 

Consider now the representation of pairs (a.13) E iR x C by a = iX I 
13 = x 2 + iX 3 with xl'x2 and x3 real. Then the sign of r2 

= 113 12 - lal 2 = - x: + x~ + x~ changes on a cone -x: + x~ + x~ 0 

and correspondingly we have: 

r2 < 0; this means that lal > 1131 and a,r are both purely imagin~ 
ry. Thus la + r I ;. la - rl and therefore 'IT 11 ;. IT 21 which can only 
occur if ITll < 1,< IT21 or IT21 < 1 < ITll. In either case q has 
only one root in Izl < 1. r 2 = 0; in this case we get Tl = T2 from 
(6) and so also ITll = IT21 = 1. In other words, the roots of q 
coincide and belong to Izl = 1. r2 > 0; in this case r is real and a 
being purely imaginary we get loe + 131 = la - 131 wich implies IT 11 
= IT21 = 1 with T 1 ;' T 2 • Thus q has two distinct roots, both in 

I z I = 1. 

These three possibilities are referred to as type (i), type (ii), and 
type (iii),' respectively. 

In the following we will exclude the case a = 13 = 0 (or {Y't} = rid}). 

Using the proof of (1.7) in [21 and the discussion above we get the 
following theorem (that gives additional information or generalizes 
(1.5). (1. 7) and (1.10) in [21 and simplifies (1.6) in [1] (eL also 
(1.5) in [1]). 

THEOREM 1. Ther,e are three mutuaZZy exoZueive types of one-pa:t'ametel" 

gr'oupsof oonfo'l'ma1- se1-f--maps of the diso I z I < 1 (ZabeZed types (i). 

(ii) and ('Ui)). parametr'ized by thT'ee real. paJ:'ameters xl ,x2 ,x3 ' eaoh 
d " 'h h,.2 2 2 2 t: f' type oorrespon ~ng to t e set were l • - Xl + X 2 + x 1 sa ~8 ~e8 

r 2 < O. r 2 = 0 opr 2 > O. respeoti1Je1-y. For each point- (x1 ,x Z.x3) the 

oorl'espondin(J one-paJ:'ametel' group 'is given DU (5) ,above, l"hel'e IX '" ix 1 , 

and f3 = x2 + ix3 , and the fixed points are given by 

(Tl = r 2 = 0 if xi x3 • 0). FUl"thep T1.T Z are th~ roots 01 the invu­

rianoe po1-ynomia1-
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An alternative characterization of {opt~ can be obtained from this 8li. 

follows. First a matrix 

4 can be represented by (g1,gz,g3,g4) E R with a = g[ + ig 2 , 

b g3 + ig 4 · Then the group QU(2) can be replaced by the hyperboloid 

2 2 Z Z V {gl + gz - g3 - g4 = 1}, which then becomes a two sheeted cover' 
of G. The one-parameter subgroups of G appear as curves in V, as 

follows: 

type (i): wri te ~ = il1 with 11 real (11 agrees with the "angular velo­

ci ty" of {op t} ; see [21 paragraph preceding (1.13)). Then {op t} corres 

ponds to 

where U E R3 , 

g1 (t) = cos (l1t) 
-1 

(gZ(t),g3(t),g4(t)) = 11 sin(l1t) U 

type (ii): {IP t } corresponds to 

. g1 (t) = 1 

(g2(t),g3(t),g4(t)) tU, 

type (iii): {opt} corresponds to 

g1{t) = Cosh (~t) 

(g 2 ( t) • g 3 (t) , g 4 C t)) = ~ - 1 Sinh (~t) U • 

Let now HP, 1 .;;. p < 00 , p " 2, denote the Hardy space of the disc. It 
is 'known (see [1] , Th. (2.1)) that each one-parameter grmrp--of isome­

tries {T t } of HP has the form 

where {<p t } is a one-parameter group in G. Thus the characterization 
and classification of the theorem above carries over to the {T t }. 

Further, if uP denotes the group of all isometriesof HP onto HP , it 
is proved in [3], Th. 2.l~ that UR is a 4-dimensional Lie group and 

.t.here is an exact sequence 

(7) -T 1-uP 'T 
-G 

where T is the circle gro~p T = R/Z ,~(8) 

-
Tf = "'fCop). It is also known that the extension (7) .does not split, 
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but it suffjces to calculate the Lie algebra L(UP) of uP as the pro­

duct 

where L(G) .is the Lie algebra of G. Since G is isomorphic to QU(2)/~I, 
then L(G) is isomorphic to the Lie algebra qu(2) of matrices 

(8) 

with (a,~) E iR x C the correspondence being given by assigning to 

dop t 
the tangent vector V = --I ' where {opt} is given by (3), the rna" 

dt . t=O 

trix M(v) with a a'(O), ~ = I>"'[01. (Of course QU(2) - SL(2,R) im­

plies also qu(2) = sl(2,R)). 

Our next goal is to interpret L(UP) in terms of hermitian operators 
in HP . Let us recall that an operator A in HP is hermitian if 

dT t 
A = -i --I for some one-parameter group {T t } in uP (notice that A 

dt It=o 
will be unbounded, in general). According to (2.4) in'[ 2]: 

iAf = i~f + gf' + (l/p)q'f 

where primes denote d/dz, q is the invariance polynomial of {op t} and 
~ is a real constant. But then the Lie algebra L(UP) can be identi-
fied to the space vP of operators 

V(~,q)f i~f + qf' + (l/p)q'f 

where q (z) = _~ t 2 + 2az + if , with (a,~ ) E iR x C and ~ E R. 

THEOREM 2. The Lie algebra L(UP) is isomorphic to the algebra vP of 

all operators V(~,q) with the bracket defined by operator composi­

tion [V1 'V2] V1V2 - V2V1 . 

Proof. First we calculate 

ql (q2 f ' + (l/p)qif)' + (l/p)qi (q2 f ' + (l/p)qif) 

qlq2 f " + {qlqi + (l/p) (qlq2)'H' +' (1/p2)qiq i f , 

so that, using [~I,T] o for all ~, T we get 
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(9) 

Observe now that if we put [~1'~2] 
then (9) reads 

A routine calculation shows that [q1,q2] is again an invariance ~oly­
nomial (and that [q1 ,q2] is a Lie bracket, although this follows from 
(9) and the fact that [T,S] is a Lie bracket for operators). Then vP 
is isomorphic via (~,q) I~ V(~,q) to R e Q where Q = {q} has 

the bracket [q~,q2] = q1 qi - qi q2' The proof can be finished by obse£ 
ving that qu(Z) and Q are also isomorphic under the correspondence 
q(M) = ~~z2+ Zaz + J for M as in (8), i.e., by showing that 
q[M1 ,M2] = [q(M1),q(M2)L This is a routine calculation. 

We close with the remark that the identity representation of vP in HP 

is irreducible (see [3]). 

This research was partly supported by the Consiglio Nazionale de11e 
'Ricerche while the author was a Visiting Professor at the Istituto 
Ulisse Dini, i~ Florence, Italy. 
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