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1. INTRODUCTION. 

29,1 

Let M be a (connected) surface in a Euclidean m-space Em. For any 
point p in M and any unit vector t at p tangent to M, the vector t 
and and the normal space T1M of M at p determine an (m-1)-dimensio-

p 
nal vector subspace E(p,t) of Em through p. The intersection of M and 
E(p,t) gives rise a curve y in a neighborhood of p which is called 
the normal seation of M at p in the direction t. The surface M is 
said to have planar normal seations if normal sections of Mare pla­
nar curves. In this case, for any normal section y, we have 
y' /I y" /I y'" = 0 identically. A surface M is said to have pointwise 

pZanar normaZ seations if, for each point p in M, normal sections at 
p satisfy y'/ly"/lY'" = 0 at p (Le., normal sections at p have "zen 
torsion" at p ). It is clear that if a surface M lies in a linear 3-su1: 

space E3 of Em, then M has planar normal sections and has pointwise 

planar normal sections. 

We shall now define the Veronese surface. Let (x,y,z) be the natural 

coordinate system in E3 and (ul,u2,u3,u4,u5 ) the natural coordinate 

system in E5. We consider the mapping defined by 

1 1 
u 2 1 u3 1 u - yz zx xy 

13 13 13 

u4 (x 2 - y2) 5 1.. (x2 + l 2z2) . u -
213 6 

This defines an isometric immersion of S2(13) into the unit hyper­

sphereS4 (1) of E5. Two points (x,y,z) and (-X,-y, .. z)of S2(13) are 

mapped into the same point of 51! (1), and this mapping defines an im­

bedding of the real projective plane into 5 4 (1). This real projective 

plane imbedded in E5 is called the Veronese surfaae (see, for instan­
ce, [4].) 

In [2], we have proved the following. 
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THEOREM A. Let M be a surface in Em. If M has pointwise planar normal 

sections, then, locally, M lies in a linear S-subspace E5 of Em. 

The classification of surfaces in Em with planar normal sections was 
obtained in [3]. 

THEOREM B. Let M be a surface in Em. If M has planar normal sections, 

then, either, locally, M lies in a linear 3-subspace E3 up to si-

milarity transformations of Em, M is an open portion of the Veronese 

surface in a E5. 

In view of Theorems A and B, it is an interesting problem to classify 

surfaces in E5 with pointwise planar normal sections. As we already 

mentioned, every surface in E3 has pointwise planar normal sections. 

A surface M in Em is said to lie essentially in Em if, locally, M 

does not lie in any hyperplane Em- 1 of Em. According to Theorem A, 

the classification problem of surfaces in Em with pointwise planar 
normal sections remains open only for surfaces which lie essentially 

either in E5 or in E4. 

In this paper, we will solve this problem completely for surfaces 

which lie essentially in E5. Furthermore, we will obtain three clas­

sification theorems for surfaces in E4. As biproducts some new geome­
tric characterizations of the Veronese surface and standard flat tori 
are then obtained. 

2. PRELIMINARIES. 

Let M be a surface in Em. We choose a local field of orthonormal fra-

me {e1, ... ,em} in Em such that, restricted to M, the vectors e 1 ,e2 

are tangent to M and e 3 , ... ,em are normal to M. We denote by 

{w1, ... ,wm} the field of dual frames. The structure equations of £5 

are given by 

(2.1) dwA -I A B wB 1\ w o , 

(2.2) A dW B -L A e We 1\ wB' , 

A,B,C, ... 1,2, •.. ,m. 

Restricting these forms on M, we have wr = 0, r,s,t, ... 
Since 

(2.3) o ~ r i 
- L w. 1\ W 

~ 
i,j,k ... 1,2 , 

3, ... ,m. 
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Cartan's Lemma implies 

(2.4) r 1 h~. IIIj h~ . h:. Ill. = 1 1J 1J J1 

From these formulas we obtain 

(2.5) dlll i = -1 III~" III j , 
J 

(2.6) i + III~ 0 Ill. , 
J 1 

(2.7) dlll~ -1 i k + o~ O~ 1 1 i IIIk" IIIR. 
J IIIk " III j J J '2 RjkR. , 

(2.8) i l(h~khjR. h~R.hjk) RjkJI. -

(2.9) dlll r -1 r t + or oR. i 1 Rr .. wi" III j 
s lilt" Ills s S S1J 

(2.10) Rr .. 1 r s r s) (hkihkj - hkjhki S1J k 

The Riemannian connection of M is defined by (wJ~). The form (wr) defi s -

nes a connection D in the normal bundle of M. We call h 1 h~jwillljer 
the second fundamental form of the surface M. We call H i tr h the 

mean curvature vector of M. We take exterior differentiation of (2.4) 

and define r hijk by 

(2.11) 1 h~jklllk = dh~j - ~ h~R.III~ - 1 h~jW~ + 1 h~jw: 

Then we have the following equation of Codazzi, 

(2.12) 

-If we denote by V and V the covariant derivatives of M and Em, respe~ 

tively, then, for any two vector fields X, Y tangent to M and any vec 
tor field ~ normal to M, we have 

(2.13) 

(2.14) 

where A~ denotes the Weingarten map with respect to ~. If < , > deno­

tes the inner product of Em, then 

(2.15) <A~X,y> = <h(X,Y),~> • 

If we define Vb by 

~2. 16) 
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then equation (2.12) of Codazzi becomes 

(2.17) 

It is well-known that Vh is a normal-bundle-valued tensor of type 
(0,3). 

We need the following theorems for the proof of Theorem 1. 

THEOREM C. (Chen [1]). A surfaae M of Em has pointwise planar normal 

seations if and only if (Vth) (t,t) "h(t,t) = 0 for any t E TM. 

THEOREM D. (Chen [2]). Let M be a surfaae in Em with pointwise planar 

normal seations. Then Imh is para"l"lel. 

3. CLASSIFICATION OF SURFACES IN E5. 

In this section we shall prove the following. 

THEOREM 1. Let M be a surfaae whiah "lies essentia"l"ly in ES. Then, up 

to simi"larities of E~ M is an open portion of the Veronese surfaae 

in ES if and on"ly if M hai pointwise p"lanar norma"l seations. 

Proof. Let M be a surface in ES with pointwise planar normal sections. 

We choose a local field of orthonormal frame {el,e2,e3,e4,eS} such 

that, restricted to M, e 3 is in the direction of the mean curvature 

vector H, e 1, e 2 are the principal directions of A3 = Ae3 Then e3 

is perpendicul~r to h(e 1,e 2). We fUrther choose e S so that eS is in 

the direction of h(e 1,e 2). Then, with respect to {el,e2,e3,e4,eS} , 
we have 

A = [a 
3 0 :J A4 [: -:J As 

Thus, we have 

(3.1) h(e1,e 1) = ae 3 + ye 4 + ne s ' h(e 1,e 2) 

h(e 2,e2) = Be 3 - ye 4 - nes 

It is easy to see that dim Imh = 3 if and only if 

h(e1,e 1)" h(e 1,e 2)" h(e 2,e2) i- O. Therefore, dim Imh 

ly if (a+B)Yo i- O. We put 

(3.2) M3 = {p E M I dim 1m h = 3} . 

[: -~) 

oe s ' 

3 if and on-

Then M3 is an open subset of M. If M3 is empty, then Theorem D implies 
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that M does not lie essentially in ES. From now on, we assume that M 
lies essentially in ES. Then M3 is not empty. We denote by N a compo­
nent of M3 . On N, we have 

(3.3) (a+a)yo .,. 0 . 

From (2.16) and (3.1) we find 

(3.4) 

(3.5) 

(3.6) 

(3.7) 

(3.8) 

(3.9) 

[el(a) + ywt(e l ) + nw~(el)]e3 + 

4 4 + [aw 3(e l ) + el(y) + nWS (e l )]e4 + 

+ [aw~(el) + yw~(el) + el(n) - 2owi(e l )]e S ' 

[e2(a) + ywt(e 2) + nw~(e2)]e3 + 

·44 + [aw 3 (e2) + e2 (y) + nwS(e 2)]e4 + 

+ [aw~(e2) + yw~(e2) + e 2 (n) - 2owi(e 2)]e S ' 

[ ow ~ (e I) + 

4 

2 (a-a)w l (e l )]e 3 + 

+ [ow 5 (e I) 
2 + 2yw l (e l )]e4 + 

3· 3 [ e I (a) - yw 4 (e I ) - nw 5 ( e I) ] e 3 + 

4 4 
+ [aw 3 (e I) - e I (y) - nw 5 (e I)] e 4 + 

5 5 I 
+ [aw 3 (e I) - yw 4 (e I ) - e I (n) - 2 ow 2 (e I ) ] e 5 

3 2 [ oWs (e l ) + (a-a)w I (e 2)] e3 + 

4 2 + [ow S (e 2) + 2yw l (e2)]e4 + 

2 
+ [e2 (o) + 2nwl (e2)]eS ' 

3 
[e2 (a) - YW 4 (e 2 ) -

4 
+ [aw3 (e 2 ) - e 2 (y) 

4 - nWS (e 2 )]e4 + 

5 5 I 
+ law3 (e.,) - YW 4 (e l ) - e 2 (n) - 2ow 2 (e 2)] e s 

Because M has pointwise planar normal sections, Theorem C implies 

for some local functions ll,l2. Combining (3.1), (3.4), (3.9) with 
(3.10) we obtain 



(3.11) ell<l) 

(3.12) el(y) 

(3.13) el(n) 

(3.14) e2 un 

(3.15) e2 (y) 

(3.16) e2 (n) = 

(3.5) , Moreover, from 
zzi, we also have 

(3.17) 

(3.18 ) 

(3.19) 

(3.20) 
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<lAl 
4 + yw 3(e l ) 

YA I 
4 - <lW 3 (e l ) 

nAl - 5 <lW 3(e l ) 

aA2 
4 - yw 3 (e 2) 

YA 2 + 4 aw3 (e2) 

nA2 + 5 aW 3 (e 2) 

(3.6) , (3.7), 

5 + nw3 (e l ) 

5 + nW4 (e l ) 

5 YW4 (e l ) + 2t'lw~(el) 

5 - nW3 (e 2) 

+ nw~(e2) 

5 - yw 4(e 2) 2 + 2t'lw l (e2) 

(3.8) and equation (2.17) 

(3.21) 

(3.22) 

AlY - (<l+a)wj(e l ) - t'lw~(e2) + 2yw~(e2) 

A2Y + (<l+a)wjc e2) + t'lw~(el) - 2yw~Cel) 

o 

o . 

Let t = e l + ke 2. Then, from Theorem C, we have 

(3.23) 

of Coda-

for any k. Because e3 II e4 ' e3 II e5 and e4 11 e5 are linearly independent, 

(3.1), (3.3), (3.4) - (3.10), and (3.23) imply 

(3.24) 

(3.25) o 

(3.26) o 

(3.27) Yt'iw;(e 2) + at'iw~(e2) - (<l+a)yw~(e2) = 0 

(3.28) 2yt'lA l - 3YnA2 - 3(<l+a)Yw;(e2) - 3t'lnw~(el) + 6'Ynw~(el) = 0 

(3.29) . 

F.rom (3.25) and (3.27) we find 
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(3.30) o • 

From (3.24) and (3.26) we find 

(3.31) 

Similarly, from (3.21), (3.22), (3.28) and (3.29), we also have 

(3.32) o 

(3.33) o • 

From (3.22) and (3.24) we find 

(3.34) o 

Similarly, from (3.21) and (3.27) we get 

(3.35) 

From (3.21), (3.30) and (3.22) and (3.31), we obtain, respectively, 

(3.36 ) o 

(3.37) o . 

From (3.21) and (3.36), we obtain 

(3.38) o 

Similarly, from (3.22) and (3.37), we obtain 

(3.39) o • 

Combining (3.21) and (3.38) we have 

(3.40) 'VAl 
5 

+ 6'V1Il~(e2) 0 - 3t'i1ll4 (e2) 

Equations (3.22) and (3.39) imply 

(3.41) 'V A2 + 3t'i1ll;(e l ) 2 - 6Ylll1 (e l ) 0 

From (3.34) and (3.39) we find 

"i (3.42) aA 2 + 3t'i1ll~ (e I) - 3(a-fl)IIl~(el) 0 

Similarly, we have 
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(3.43) o • 

From (3.32) and (3.39) we find 

(3.44) o . 

Similarly, we also have 

(3.45) 

Now, we want to claim that N is pseudo-umbilical in ES, i.e., a=S on 
N. Assume that a # S at a point pEN. Then there is an open neigh­
borhood U of p in N such that a # S everywhere on U. From (3.38) -

(3.45), we obtain the following expression of wi and w: on U, 

(3.46) {
26n l i + [;(a:s) + 26 21l2} wI + 

. 3 (Il - S ) 

+ 

(3.47) 

(3.48) 

(3.49) 

Now, we shall make a careful study of the integrability condition to 
obtain a contradiction. In order to do so, we need to compute the ex-

terior derivatives of (w s ). 
r 

From (3.47) we have 

(3.50) 

Thus, by applying (3.11) - (3.18), (3.46) and a direct long computa­

tion, we may find 

(3.51) 
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Similarly, we may also obtain 

(3.52) 

(3.53) 

On the other 

(3.54) 

(3.55) 

(3.56) 

1 {6(a2-a2)62[el(Al)-e2(A2)) 
96(a+a)2(a-a) 

- 6(a2-a2)6n[e2(Al)+el(A2)) 

- 2{(6 2-l) [(a+a)2+462)+262n2}(A~+A~) + 

+ 262[a(a+a)+262)A~+262[a(a+a)+262)A2 + 

2 2 1 2 + 26(a -a )nA1A2} 00 /\ 00 , 

2 2 - 12y6n(a -a ) [e 2 (A 1)+e 1(A 2)) 

- [(a+a)2(a2+aa+a 2)y + 

+ 2y6 2 (5a 2+5a2+4n 2+46 2)) (A~+A~) + 

+ y [(a+aJ 2+46 2) (a2A~+a2A~) + 

+ 4Y6nCa2-a2)A1A2} 001/\ 00 2 

hand,_ by using (2.10) and C 3.1) , we have 

4 
R312 0 

5 
R312 ca-a)6 

5 
R412 -2y6 

Therefore, by equation (2.9) of Ricci, equations (3.47) - (3.49) and 
(3.54) - (3.56), we also have 

(3.57) 1 2 
00 /\ 00 

(3.58) __ -.~~1 _____ {2y2[ (a+a)2+46 2) (A2+A2) _ 
96Ca2-a2) Ca+a) 1 2-

_ 96 2(a 2_a 2)2} 001/\ 00 2 , 

(3.59) 

Comparing (3.51) with (.3.57), we find 
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(3.60) 

Comparing (3.52) with (3.58), we find 

(3.61) o le l (A l ) -e 2 (A 2)]-n lez (Al)+e l (A 2)] 

~ 2 {la(a+S)+202+2n2]Ai+IS(a+S)+202+2n2]A~} 
3(a -S ) 

1 3 2 Z 
- "3 nA 1 A 2- Z(a - S ) 0 

Combining (3.53) with (3.59), we get 

(3.62) Z 2 I (a+S) +40 ][ e l (Al)-e2(A2)]-40n leZ(Al)+e l (A Z)] 

_-."...:1c....."._ {(a+S) 2 (a 2+aS+SZ) + 
3(aZ_S 2) 

+ 20Z (3a 2+4aS+3S 2+4nZ+402)] (Ai+A~) 

_-."...:1--;;-_ {1(a+S)Z+40 2] (S2AZ+a2A2)} 
3(a2_SZ) 1 2 

4 2 Z Z - "3 onAlA2-60 (a -S ) . 

Substituting (3.60) into (3.61), we obtain 

(3.63) e l (A l )-e2 (A 2) = ~ Z {la(a+S)+20z] Ai + 
3 (a - S ) 

+ Is(a+S)+20 2] A~}-f(a2-S2) 

Substituting (3.60) and (3.63) into (3.62), we may obtain 

(3.64) 

This contradicts to (3.3) because we assume that a ~ S. 
Therefore, we have proved that a = S identically on N, i.e., N is 

pseudo-umbilical in E5. Because a = S, (3.42), (3.43), (3.44) and 
(3.45) reduce to 

(3.65) aA 2 
5 + 3000 3 (e l ) 0 

(3.66) SAl + 5 30oo 3 (e 2) = 0 

(3.67) (a+S)SA l -20 ZAl + 20nA2 

(3.68) (a+S)aA 2 -2 0nAl - 202A 
2 
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From (3.67) and (3.68) we obtain 

(3.69) A = 1 A2 = 0 . 
Thus, from (3.30) and (3.31), we have 

(3.70) 5 = 2Ylll2 c511l 4 1 

From (3.38), (3.39), (3.42) and (3.4'3), we find 

(3.71) 

substituting (3.69) and (3.71) into (3.11), (3.14), (3.17) and (3.18), 
we find 

(3.72) a = B = constant on N • 

From (3.12), (3.15), (3.69) and (3.71), we obtain 

(3.73) 

From (2.9), (2.10), (3.1) and (3.71), we find 

(3.74) 

Using (3.13), (3.16), (3.69), (3.70) and (3.71), we have 

(3.75) dn 

Taking exterior differentiation of (3.73) and applying (2.9), (2.10), 
and (3.74), we obtain 

(3.76) 

From (3.76) we get 

(3.77) 

12 -2yc5n III "Ill • 

n = 0 • 

Since (3.74) shows that 1Il~ ; 0, (3.75) and (3.77) give c5 2 

Without loss of generality, we may assume that 

(3.78) .-y • 

From (3.70) and (3.78), we find 

(3.79) 

2 Y . 
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From (3.73) and (3.77), we see that 6 = -y is a nonzero constant on K 
Thus, by the definition of N and continuity, we conclude that N is the 
whole surface M. 

From (2.7), (2.9), (3.1), (3.74), (3.78) and (3.79) we find 

(3.80) 

Consequently, we may assume that a = -13 y. Therefore, by combining 

(3.71), (3.77), (3.79) and (3.80), we conclude that the connection 
B form (wA), restricted to N, is given by 

0 2 13 yw 1 1 yw 2 ) 001 -yw 

1 0 13 yw 2 2 1 
00 2 yw yw 

-13 yw 1 -13 yw 2 0 0 0 

yw 1 -yw 2 0 0 2 
200 1 

-yw 2 -yw 1 0 1 200 2 0 

This shows that, up to similarity transformations of E5 , M coincides 
locally with the Veronese surface [4]. 

Conversely, if, up to similarity transformations of E5 , M is an open 
portion of the Veronese surface, then M has parallel second fundamen­

tal form, i.e., Vh = o. Thus, by Theorem C of Chen [1], we conclude 
that M' has pointwise planar normal sections. This completes the proof 
of Theore,m 1. 

4. SURFACES INE4 WITH CONSTANT MEAN CURVATURE. 

In this and the next two sections, we will study surfaces in E4. Assu 
me that M is a surface in E4 with pointwise planar normal sections. 
We choose a local field of orthonormal frame {el'e2,e3 ,e4} so that, 

restricted to M, e 3 is in the direction of H, e 1, e 2 are the princi­

pal directions of A3 . Then e 3 is perpendicular to h(e1,e2). With res­

pect to {e1,e2 ,ei,e4}, we have 

Thus we have 

( 4. 1 ) 
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It is easy to find that the mean curvature, the normal curvature and 
the Gauss curvature of M in E4 are given respectively by 

IHI = }la+81 , KN = 2(a-8)202 and K = a8 - n2 _ 02; 

Since M has pointwise planar normal sections, Theorem C implies 

(4.2) (Velh) (el,e l ) 

(Ve2 h)(e2 ,e2) = A2h(e 2,e2) 

for some local functions AI' A2 • Using the same method as before, we 
have the following 

(4.3) 

(4.4) 

(4.5) 

(4.6) 

(4.7) 

(4.8) 

(4.9) 

(4.10) 

(4.11) 

(4.12) 

(4. 13) 

(4.14) 

4 4 2 -nw3 (e l ) - 000 3 (e 2) + (a-8)oo l (e 2) 

4 2 aw 3 (e l ) + 20w l (e l ) 

2aoA I - 3anA2 - 3nowj(e1) - 3a(a+8)wj(e2) + 

2 
+ 3(a-8)nool(el) = 0 

224 4 - 3(a +a8+20 )w 3 (e l ) - 3now3(e2) + 

+ 6(a-8)ooo~(el) + 3(a-8)nw~(e2) = 0 

(a-28)nA2 + 3nowj(el) -3(a8+82+202)ooj(e2J 

2 2 -3(a-8)nwl(el) + 6(a-8)ow l (e 2) 0 

38n Al + 280A 2 - 3(a+8)8wj(e l ) + 3n ow jC e 2) 

2 
3(a-8)nool(e2) o. 

THEOREM 2. Let M be a surface which lies essentially in E4. ThenM is 
an open portion of the product surface of two planar circles if and 

only if M has pointwise pZanar normal sections and constant mean cur­

vature. 
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Proof. If M is an open portion of the product surface of two planar 
circles, then it is easy to check that M has constant mean curvature 
and pointwise planar normal sections. 

Now, let M be a surface which lies essentially in E4 Assume that M 

has constant mean curvature and pointwise planar normal sections. 
Then, by using Theorem 4 of [2], we see that a+S , O. We want to claim 
that (a-S)o = O. Assume that (a-S)o, O. If n , 0, then by elimina-

ting w~(el) , w~(ez) from (4.12) and (4.13) with the help of (4.11), 
(4.14), we have 

(4.15) 2[(a+S)n z - 2ao Z]ll + 2(3a+ SJn ol z 

Z 4 4 - 3(a+S) nw3(el) + 6a(a+S)ow 3(e Z) 0 

(4.16) -2(a+3S)noll + 2[(a+S)n Z - 2SoZ]lz + 

+ 6(a+S)Sow;(e l ) + 3(a+S)Znw;(ez) O. 

Combining (4.15) and (4.16), we have 

(4.17) o . 

If (a+s)ZnZ + 4aso Z ,0. We have from (4.11) - (4.17) 

(4.18) Z 2noll + (aZ+aS+2o Z)A z wI wI 
3(aZ_S Z) 

+ 

+ 
(as+S Z+2oZ)AI - 2n oA z 2 

3(a Z_S 2 ) 
w 

(4.19) 4 2(nAI +ol z ) 
wI + 

2(oA I -n l z) Z 
w3 w 

3 (a+S) 3 (a+S) 

If (a+s)ZnZ + 4aso Z 0, differentiating this relation, we have, with 
the help of (4.3) - (4.10), 

(4.20) [a(a+S)n Z - 2aSo Z]ll + 4aSn ol z 

- [a(a+S)Z + 2(a-S)o2]nw;Ce l ) + 

. Z 2 4 Z 2 + [4aS(a+S) - (a+S)n - 2ao ]ow3 (e 2)+2(a-s) nowl(el) + 

+ (a-S)[ (a+S)n Z + 2aoZ]w~(ez) = 0 . 

(4.21) -4asnoll + [S(a+S)n 2 - 2aSo Z] 1.2 + 

+ [4aS(a+S) - (a+S)n Z - 2StS 2] ow; (e l ) + 
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2 2 4 + [~(a+~) - 2(a-~)0 ]nw3(e2) 

+ (~- ~)[ (a+ ~) n 2 + 2 a 0 2] w ~ (e 1 ) 

2 2 
+ 2 (a-a) now 1 (e 2 ) = ° . 

+ 

+ 

From (4.11) - (4.14) and (4.20), (4.21), we still have (4.18)'. (4.19). 
Because IHI is constant, differentiating the relation a+~ = constant, 
we have 

(4.22) ° 
(4.23) 

Substituting (4.18), (4.19) into (4.22), (4.23), we get 

(4.24 ) ° 
(4.25) (3~+a)A;= ° . 
Thus we have (i) Al = A2 = .0, or Cii) 3a+~ = 0, 3a+a = 0, or (iii) 

3a+a = 0, A2 = 0, or (iv1 3~+a = 0, Al = 0. If case (i) occurs, (4.18) 

and (4.19) imply w~ = w~ = 0. In particular, we have KN = 0. Thus, by 

applying Theorem 5 of Chen [2], we see that M is an open portion of 
the product surface of two planar circles. In particular, we have 
o =0. This is a contradiction. If case (ii) occurs, we have a = a 
= 0. This contradicts to a+~ # 0. For case (iii), differentiating 
3a+a 0, we have 

Since A2 0, (4.7), (4.8), (4.18), (4.19), and (4.26) imply 

(4.-27) 

Prom this we may again obtain a contradiction. The last case is simi­
lar to case (iii). Consequently, we have n = 0. 

. 2 
If (a-~)0 # ° and a~ # 0, then from (4.3) - (4.14) we have aa+o = ° 
and 

(4.28 ) 2 aA 2 wI 
aAl 2 

WI 3(a+aJ - 3(a+~) w 

(4.29) 4 .20A2 1 
20A l 2 

w3 3 (a+~) w + 3(t:t+a) w 

Differentiating a+a = constant, we have (4.22) and (4.23). By subs­
tituting (4.28) and (4.29) into (4.22) and (4.23), we obtain 
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(4.30) 

(4.31) o • 

Thus, (i) Al = A2 = 0, or (ii) 3a2 + 2aS + S2 - 20 2 = 0 and 

a 2 + 2aS + 3S2 - 20 2 0, or (iii) 3a 2 + 2aS + S2 20 2 = 0 and 

A2 0, or (iv) Al = 0 and a 2 + 2aS + 3S 2 - 20 2 = o. 

Case (i) contradicts the assumption. Case (ii) implies a 2 = S2 which 
contradicts the assumption too. For case (iii), since as + 02 = 0 , 
we obtain 

(4.32) 

This implies 3a+S = O. We know that this is impossible. The last case 
is similar to case (iii). 

If (a-S)o ~ 0 and as = 0, then without loss of generality, we may 
assume S = O. From (4.3) - (4.14), we have 

(4.33) e I (S) 
4 2 0 -OW3 (e 2) + aWl (e 2) , 

(4.34) e 2 (n) 2 = 0 = 20w l (e 2) 

(4.35) 4 20A I = 3aw3 (e2) = 0 

These imply Al = 0 and since S = n = 0, we have h(e 2,e2) = O. Thus, 

by (4.2). we may choose A2 = O. From these we obtain a contradiction. 

Consequently, we obtain (a-S)o = O. Thus, KN = 0, from which we ob-

tain Theorem 2 by applying Theorem 5 of Chen [2). (Q.E.D.) 

5. SURFACES IN E4 WITH CONSTANT NORMAL CURVATURE. 

In this section. we give the following classification result. 

THEOREM 3. Let M be a surface which lies essentially in E4. Then M 
is an open portion of the product surface of two planar circZes if 

and only if M has pointwise pZanar normaZ sections and constant nor­

maZ curvature. 

Proof. Let M be a surface which lies essentially in E4. Assume M has 

constant normal curvature and pointwise planar normal sections. As 
mentioned in the proof of Theorem 2 we may assume that a+S ~ O. We 
want to claim that (a-S)o O. Assume that (a-S)o ~ O. Because, 
(a-S)8 = constant, we have 
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(5. 1 ) 1 ,2 . 

Assume that n # O. Using (4.3) - (4.10) and (4.18), (4.19), we obtain 
from (5.1), 

(5.2) o 

(5.3) 

2 2 From these, we know that either Al = A2 = 0 or Al + A2 o and 

(5.4) 

4 The first case implies that w3 = 0 which gives (a-S)o = O. In the se-

cond case, we differentiate (5.4) to obtain 

(5.5) 

where we have used (4.3) - (4.10) and (4.18), (4.19). From (5.5) we 

find n2+o 2 = 0 which contradicts to the a§umption. Consequently, we 

have n O. 

If as # 0 and (a-S)o #0, then, from (4.3)-(4.14), we have (4.28) and (4.29: 

and as+o 2 = O. Differentiating KN, we. find 

(5.6) (3a - S) S e i (a) + (a - 3 S) a e i (S) = 0 i = 1,2 

Using (4.3), (4.4), (4.7), (4.8), (4.28) and (4.29), we have from 
(5.6) , 

(5.7) (5a-3S)A I = (3a-5S)A 2 = 0 • 

Since as+o 2 = 0, 5a-3S and 3a-58 are nonzero. Thus, Ai = A2 - O. This 
will give a contradiction. If (a-S)o # 0 and as = 0, then, by the sa­

me argument as given in section 4, we also have a contradiction. Thus, 
we have (a-S)o = 0, i.e., KN = O. Therefore, by Theorem 5 of Chen [21, 
M is an open portion of the product surface of two planar circles. 
The converse of this is clear. (Q.E.D.) 

6. SURFACES 'IN E4 WITH CONSTANT GAUSS CURVATURE. 

THEOREM 4. Let M be a surface which lies essentially in E4. If M has 

pointwise planar normal sections and constant Gauss aurvature. then 

M has vanishing Gauss curvature. 

4 
Proof. Let M be a surface which lies essentially in E . Assume that M 
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has constant Gauss curvature K and pointwise planar normal sections. 
We may assume that a+S # 0 by Theorem 4 of [2]. If (a-S)no # 0, then, 
by differentiating K, we have 

(6. 1 ) i 1 ,2 . 

Using (4.3) - (4.10), (4.18), (4.19) and (6.1) we find 

(6.2) o • 

From this, we may conclude that K = as - n2 - 02 = O. 

If (a-S)o # 0, as # 0, but n 0, then we have (4.28), (4.29) and 

as+0 2 = O. Differentiating K as-0 2 ~ constant~ we have 

(6.3) 

From (4.3), (4.4), (4.6), (4.7), (4.8), (4.10), (4.28) and (4.29), we have 

(6.4) 

Thus, we have as-0 2 = 0 which contradicts as+0 2 = O. If (a-S)o # 0 
but n = as = 0, then by a similar argument as given in section 4, we 
have a contradiction too. 

When (a-S)o = 0, KN = O. In this case, Theorem 5 of [2] implies that 
M is an open portion of a flat torus. Thus, K = o. (Q.E.D.) 
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