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SOME RESULTS ON FIXED POINTS
J. Achari (*)

In this paper we have studied fixed point theorems for pair
of contractive type mappings involving four points of the space. This
result includes as special cases that of Reich [7], Kannan [2] and
Maiti et al.[3] and also as a consequence is applicable to various dis
continuous mappings.
ABSTRACT.

1.

INTRODUCTION.

In recent years many extensions and generalizations of Banach's fixed
point theorem had been done by many authors. But in all the cases the
mapping under consideration involves only two points of the space. Until recently, Pittnauer [4] and also Rhoades [6] studied contractive
type mappings involving three points of the space. Pittnauer [5] also
studied mappings involving four points of the space.
In this paper we have studied a fixed point theorem for pair of contractive type mappings involving four points of the space. We have
then extended this result to family of mappings. Finally we have shown
that our result contains as special cases that of Reich [7], Kannan
[2] and Maiti et a1. [ 3] .
Let (X,d) be a complete metric space. Let Wi: P

~ [0,00)

i=I,2,3

(P is the

range of d and P is the closure of P) be upper semi-continuous functions from the right on P and satisfies the condition
Wi(t)

<

t/3

for

t

>

0

and

wi(O) = 0,

i=1,2,3

(1.1).

Also let f and g be mappings of X into itself such that
(1 .2)

(*)
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2. FIXED POINT THEOREMS.

of Boyd and Wong
The follow ing theorem is patter ned after the result
more genera l set[1] with necess ary modif ication s as requir ed for the
tings.
ing (1.2) •
THEOREM 1. If f and g be mappin gs of X into itself satisfy
then f and g have

a

unique common fixed point.

Proof. Let x,y E X and we define

y.

Then (1.2) takes the form
y)]
d(f(gy ) ,g(fx) ) .;;; 1/Jl[ d(fx,g y)] + 1/J2[ d(fx,g y)] + 1/J3[ d(fx,g

(2 . 1 ) .

ce {xn} define d
Let Xo EX be arbitr ary point and we constr uct a sequen
by
gx n = x n+ 1
fXn+l = x n+ 2 , n=1,2, ...
fx n-l = x n
Let us put x = x n-l' y = x n in (2.1) , then we have

Let n be even and set an = d(xn_1 ,x n ). Then

(2.3)
hence an -+ a say,
From (2.3) it is clear that an decrea ses with n and
upper semi-c ontiis
1/Ji
since
as n -+ 00. If possib le, let a > O. Then
nuous, we obtain in the limit as n -+ 00

which is imposs ible unless a

O.

. Suppos e that it
Next, we shall show that the sequen ce {xn} is Cauchy
positi ve inteis not so. Then there exists an E > 0 and sequen ces of
gers {m(k)} , {n(k)} with m(k) > n(k) > k such that
k=1,2, 3, ...

(2.4)

(2.4) holds,
If m(k) is the smalle st intege r exceed ing nCk) for which
then from the well orderi ng princi ple, we have
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(2.5)

Then

which implies that d k
be considered

-+ £

as k

(a)

m is even and n is odd,

(b)

m and n are both odd,

(c)

m is odd and n is even,

(d)

m and n are both even,

-+

00.

Now the following cases are to

Case (a)

Letting k

-+

00

we have

This is a contradiction if

£

> O. In the case (b) we have

Letting k -+ 00 in the above inequality we obtain £ < £/3, which is a
contradiction if £ > O. Similarly the cases (c) and (d) may be disposed of. This leads us to conclude that {x n } is Cauchy. Since X is complete so lim xn
z E X. We shall now show that gz = z =fz. Putting
Xn

in (1.2) we get

4

letting n -->we get d(z,gz)
gz = z. In the same way it is
a common fixed point of f and
point w (#z) such that fw = w
u3 = w in (1.2) we have
00

.;;; 0;, which is a contradiction and hence
possible to show that fz = z. Thus z is
g. If possible let there be another
= gw. Then putting u 1 = u4 = z and U z =

d(z,w) = d(fz,gw) .;;; 1/Il[ d(z,w)] + 1/12[ d(z,fw)] + 1/13[ d(w,gz)] < d(z,w)
which is a contradiction. Hence z=w. This completes the proof of the
theorem.
THEOREM 2. Let fk (k=1,2, ... ,n) be a famiZy of mappings of X into itseZf. If {f k } satisfy the conditions
(i)
d(flf2···fnUl,fnf~1···flUZ)

';;;1/Il[d(u 1 ,u2)] + 1/I2[d(ul,flf2···fnu3)] +
+ 1/1} d(u 2,fnf n_1 •• .f 1u4)]

(ii)

for u 1 ' u 2 ' u 3 ' u 4 E X and 1/Ii (i=1,2,3) satisfies the condition (1.1).
then {f k } have a unique common fixed point.
Proof. Let f

(iii)
By Theorem 1, f and g have a
= gz = z. For any f k , fk(fz)
So fkz is a fixed point of f
u 1 = u 3 = fkz and Uz = u 4 =

unique common fixed point z. Then fz =
= fkz. By the assumption, f(fkz) = fkz.
and z is a fixed point of g. By putting
z in (iii) we have

which is a contradiction. Hence fkz = z, (k=1,2, ... ,n). This means
that z is the common fixed point of the family {fk}~=l' It can be easily shown that z is the unique common fixed point of {fk}.This
tes the proof.

compl~

3. SOME SPECIAL CASES.

In this section we shall show that our result contains some well-known
fixed point theorems as special cases.
If we define the functions 1/!i(t) by 1/!l(t) = a.t, 1/Iz(t) = b.t, 1/!3(t) =
= c.t with 0 < a+b+c < 1, then we have the following results as spe,,:i3.1 cases:
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(a) By putting a=O, b=c=a and u4 = ul' u3

u2 in the Theorem 1, we

get the resul t of Mai ti et al. [ 31 .
(b) Putting f=g and u 3 = ul' u4 = u2 in Theorem 1, we have the results
of Reich [71 .
(c) By putting f=g and a=O, b=c=a, u3

u 2 in Theorem 1, we

get the result of Kannan [21.
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