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STATISTICAL DISTRIBUTION ON CONVEX NONOVERLAPPING
PARTICLES IN THE EUCLIDEAN N-DIMENSIONAL SPACE

Valeria Grimaldi and Corrado Tanasi

SUMMARY. In this work we get an extension in the n-dimensional eucli-
dean space of the Santald's results [3] by using a recent work of M.
Stoka [4].

1. Let E, be the euclidean n-dimensional space, the kinematic density
in E_ is [1]: '

dK = dP AdO A... AdO
n-1 1

where dP = dx1 A...nAdx

and dOy is the area element of the h-dimensio
nal unit sphere. ’ '

n

For a body K of E;, o denotes the (n-1)-dimensional volume of the ran-
dom body intersection of K by a random hyperplane H.

Let ¢(0)do be the probability distribution of the volume o of {HNK}
when o is between o' and o'+do' with o' € ]0,0m[ and o, denotes the
maximal value of the volume, we have

) jo“‘ ¢(0)do = 1
0

Then the mean value of the random variable o is [4, pag.58]:

°m
J ov(o)do Trn/2 Vn(K)

(2) Elo] = 2 =

jo“‘ p(@)de TR M__,(K)

where Vn(K) denotes the n-dimensional volume of body K and

(3) M, (K) = J o s, (K)do

-1
(G

with S, (K) the h-rt elementary symmetric function of the (n-1) princi
pal curvatures of the hypersurface K, and do the area element of 3K.

Then for (1) and (2) we have
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n/2
T Vn(K)

j°“ (0)d
4 ¢(o)dc = ———
) o ° r@ M, K

Let Ku be a similar body to XK with the radio of similitude p; if
¢(o,u) denotes the probability distribution of K, so that

v(0,1) = ¢(0)
we have

1-n [}
u ¢ (—7)
u

(5) _v(o,u)

We consider a convex body Q that contains a certain number of convex
nonoverlapping particles distributed at random and similar to K.

The probability that a random hyperplane H, that intersects the convex
body Q, intersecs also Ku is [4]

Mo, (K)

M__,(Q

(6) p =

We denote with F(u)dp the number of particles Ku that are contained in
the unit volume V(Q) of body Q whose ratio p lies in the range u' ,
u'+du', then the total number N, of particles in Q is:

Q) N, = V(QF(w)du

The mean value of the random variable N, is from (6) and (7)
. Mn_z(K )
(8) EIN D = 222 W y(Q)F(p)du
n-2

The conditional mean value of Nu with respect to the condition
o' < o0 <o'+tdo' is

Mn—ZCKu)
(9) p(o,u) ——— V(QF(u)du

M__,(Q)
If Ku contains as its part a particle (n-1)-dimensional with volume o
we have

n-1
o < Op M

and then

1
g n-1
u=> (5;)

We obtain for the mean value of the number of (n-1)-dimensional parti-
cles having volume in the range o', o'+do’
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® M, _, (K)
(10) J ¢(o,u) ——— V(Q)F(n)du |do
(Gg_)lln—l M _,(Q

If f(o)do denotes the number of (n-1)-dimensional particles H N Ku ,
in the unit (n-1)-dimensional volume of the hyperplane with ¢' <o <
< o'+dc' the total number of particles whose volume lies between o'
and o'+do' averaged over all positions of the hyperplane is

/2
(1) —I‘l—nJ—QL £(0)do
r M, Q
If we observe that
2w = R [ sy a0 =D [ sy de =M 0
K K

i

by making equal (10) and (11) we obtain

oo n/Z
(13 | (o, M () FGdu = T—i(0)
: (8,1/n-1 n-2 r3)
qm

that, using (5) becomes

_ _ n
[ W2 o (—ZRdn = ———Eo)
(og)lln—l u r(z M _,(X)
m

The last equality resolvs formally our problem, in fact in this inte-
gral equation it is possible to determine the function F(u) if the
function f(o) is known through measurements of the intersection of Q

by random hyperplanes.

We now consider the particular case that the body K is the unit hyper
sphere K*.

The maximal (n-1)-dimensional volume o, of the body H N K* is

1
o

(15) .0 = ——T—
P(1+a)

m
where o = 2/n-1.
The probability that the (n-1)-dimensional hypersphere H n K has ra-
dius in the range r, r+dr is

r dr
/1—r2

lax| =

with
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x2 =1 - r2
and since
1 2
o _o
(16) o= T2
we have
1 1 a-1
a T(1+2) [T(1+)ol
0(0) = o o
S - Ho1®
2 /7 [F(1+a)o]
and also for (15)
a-1
(17) ¢(0) = 2.7

2 oz/z % - o

From (5) we deduce that the probability distribution of the (n-1)-di-
mensional volume of the hypersphere H n K* with radius u is

(18) (0,1) @ o™
p(o,u
’ 2y cg/z u20ﬁ=ou
Using (5) and (18), (13) becomes
” F (1) . /7 £(0)
19 du = -
(%) fiZogot a0l r2asdy

g o/2
‘(3;)

We make a change of variable putting

then, the equality (19) becomes an integral equation of Abel's type

) ® Fi(s)
(20) . ?;_—;——a)l—/Z ds = fl(U)
o
with ; [ EL]
o
o
m
(21) Fl(s) = e
and
(22) fl(o) - 2n f(o)

a-1 .o 1
o o r (1""&)

The solution of integral equation (20) is
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RN
Fi(s) = Py . GET; o

from (21) and (22) we deduce

oo

(23) F(p) = - _ant/?y £'(0)o™® -Z(G-l}g'“f(o) do
3 2 a (ca'u Gz)

>0
2 1
o T (1+a) Hu O'm
Consequentily we have the

THEOREM 1. Let Q be a convex body. in the euclidean n-dimensional spa-
ce that contains a certain number of nonoverlapping hyperspheres dis-
tributed at random. Suppose that all hypersbheres are similar to unit
hypersphere and let p be the radio of similitude. Let H be a random
hyperplane and f(o)do the number of sections per unit volume (n-1)-
dimensional in H N Q of hyperspheres that have volume between o' and
o'+do'. Then the number of hyperspheres whose ratio lies in the range
u', w'+du' <s given by F(u)dp, where F(u) <s defined by [23].

In particular case n=3 we find the result due to Santald [ 3].

Let g(r)dr be the number of intersected hyperspheres per unit (n-1)-
dimensional volume Q N H whose intersections have radii in the range
r, r+dr, we have

(24") g(r)dr = £(0)do

From (16) and (24') we obtain

ar(i+ly
(o) = —5—= g(r)
ZWI/“ rB
and
v ar?(1+d
£'(0) = g(r)| > o’
rs 4“2/a rB
_ 2-a
where B = ~

and (23) becomes

. -1/0 B
F(u) = - T r : dr

PP 2 . 2.1/2
al " (1+2) ® (r ue)

) [ ; ]' r(1+hy - 20t /%(a-1) 0™ ()
u

In particular case n=3 we find the formula due to Wicksell [5].
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2. We now consider as probe a moving random line G. Let G be the set
of the random lines, then the lenght A of the chord intersection of
body K by line G is a random variable.

Let A' be a value in the range 10, [ where A, denotes the maximal va-
lue of )\, and let v(A)dA be the -probability distribution when A lies
between A' and A'+dA' , then

Alll
(24) J e = 1
0
The mean value of the random variable A is [4,pag.59]

‘n 27 T V_(K)
(25) E[A] = f A (V)dA = —— e’ n
0 r(z+y) V,_,(3K)

Let Ku be a convex body similar to K. If ¢(A,n) denotes the probabili-
ty distribution of K N G so that ¢(x,1) = ¢()), we have

e(A,u) dOw) = ¢(A/u)dr

therefore
(26) e = Tod
’ TR

With the same notation as above we consider the probability that a 1i-
ne G, wich intersects Q, intersecs also K, namely

ALY
v__, Q)

If Ny, is the total number of particles contained in Q we have
Ny = V(Q) F(uwdu

The mean value of number of particles K, having a ratio in the range
p', u'+dp' which are intersected by the line G is

v, _,(3K)
2o W y(Q) F(i)dw
v _,0Q

We observe that for p we have the condition p > fL .
m
Then for number of chords whose lenght lies in the range A', A'+d)'

we have the expectation

T v _,0K)
(27 e(,n) —2==—H- V(Q) F(uw)du| da
;— n-1
m

Let £(A)dA the number of particles l(u per unit 1enght Q N G in the
range X', A'+dA' , then the total number of chords of lenght averaged
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over all intersection Q N G is given by

27 1) v, _, @

(28) e £(0)dx
aT(z+ )V, _,0Q
Making equal (27) and (28) we have
= 2/7 T(H
o) V) (GKIF(dN = ————= £(3)
+ -
AA aT(z+3)
that, for (26) and since
_ .n=-1
Vn_l(aKu) =y Vn_l(aK)
we get the integral equation
(29) o ) v__ (3K JF(u)d 2 T £00)
¢ (= L] =

We resolve this integral equation in particular case.

For hypersphere particles we have

g b

e(A) = /——7F—
28-1 r(%)
and 1.1
A =2 VL (K) = 2
m n-1 r(é + %J
the (29) becomes
J” Fna r2ch £ 2°
u)au = 3
A2 2anP/? r(% * %) ’
which has the solution
. 2.1
r () !
(30) | F(u) = - e Eu,

2u1r8/2 F(% + D
Then the following result holds

THEOREM 2. Let Q be a convex body in the euclidean n-dimensional space
that contains a certain number of nonoverlapping hyperspheres distri-
buted at random. Suppose that all hyperspheres are similar to the unit
hypersphere and let u be the ratio of similitude. Let G be a random
ikne and £(A)A\ the number of intersected hyperspheres per unit length
of Q'n'G whose chords have their Zength between A' and A'+d)', then
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the number of hyperspheres whose ratio ts in-the range w' and u'+du'
is given by F(u)du, where F(u) is defined by (30).
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