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DENSITY AND TOTAL MEASURE OF NORMAL CHAINS
IN HERMITIAN SPACES

Graciela S. Birman

1. INTRODUCTION.

Let X, be a n-sphere bundle on P,(C) and there the n-normal chains
defined originally by W.Blaschke, [ 1], in eliptic hermitian spaces.

The purposes of this note are: 1) to give a definition of normal
chains of dimension n and r (r < n), both in P_(C), and to compute
their invariants densities with respect to the hermitian group; 2) to
obtain the invariants densities of normal chains by a fix point and of
a point in a fix normal chain. Finally, we obtain an integral formula
and from it we calculate the total measure of n-normal chains in P, (C).
Here and in the sequel we always mean invariant density.

Our notation will be C: for r-normal chain in Pn(C), dCE their dgnsi-
ty, C:[P] indicate a C: by a fix point P and P(C:) a point P in a fix
normal chain.

I wish to thank Prof. Cristidn Sinchez for his suggestions.

2. DEFINITIONS.

Let P, (C) be the n-complex projective space with the eliptic hermi-
tian geometry. The inner product is

(u’V) =

I~
|

ito uj.vj if u = (uo,...,un) y V = (vo,...,vn)

and v denote complex conjugate of v.

n+l

Over Pn(C) we consider the manifold FO(C ) of unitary orthogonal

frames (zo,...,rn) and call m. the projection

1

. n+1
LK FO(C ) — Pn(C)

0
(z7,...,2%) — 20

. A
On FO(Cn 1y the structure equations
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. n
azt = § w,, 23 w.., +w.. =0
2 ij ij ji
j=0
)
dw,. = w., AW, .
ij k=0 ik kj

are valid, Griffiths [2].

It will sometimes be convenient to write
Wiy (dz,23) and with the notation d° = 51 (3-%)

the standard Kahler form on Pn(C)

- K%I {(z,z)(dz,dz) -)gdz,z)(z,dz)} -4 4 loglzlz
z,2

We know, [2] , that

T n
w = —%l {73 Wos A Wo.} is the pullback to FO(C“+1) of the standard
je1 03 j

form 3 3¢ loglzl?.

Now, let K be a n-sphere bundle over FO(Cn+1), i.e., [5]

. ] n+1
Ty Kn — FO(C )

c 20 — (2%...,2

0 T i ® 2 0 n‘ -1,.0
where C [z°]1 = Y a,2zd , Jai=1 , a,e€R, (2,...,2) =7 7(z)
n j=0 3 j=0 3 k| 1

the fibre is the set of n-spheres that contain‘zo.

We emphasize

Cn[zol = is a sphere with respect to frame (zo,...,zn), varying

(zo,...,z“) in the fibre wzl(zo), is the set of spheres that pass by

the fixed point 20.

DEFINITION 1. (Blaschke, [1]). We call n-dimensional normal chain
Cn,(C:) to a section of bundle

b T, Kn —_— Pn(C)

1° 72
i.e., to the set of points

n . n
] a. zd with ¥ a? =1, a, € R and (zo,...;zn) fixed orthogo-
jeo 3 j=0 3 3

nal unitary frame.

DEFINITION 2. If in definition 1, a_, 4 = ... = a 0, we obtain a
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. . . n . . .
r-dimensional normal chain Cr in Pn(C). When no confussion can arise

we shall abbreviate C: by Cr'

3. DENSITIES.

From the structure equations we observe that

. n .
(dz9,2%) = ] azd 2*

1) L h=0
/T

Wik T %kt Byk

Calling L, a linear subspace of dimension r it's known, [4], that
their density is, up to a constant,

dL_ = A w, AW,
(2) r o<jsr ik MYk
r+18k<n

Since [ 1], we know that the density for n-dimensional normal chains
in Pn(C) is
n

3 ac_ = A A
(3) n 0<j<k<n Bjk h=1 th

and the density for r-normal chains in Pn(C) is

n _ r n
4 dCr = dCr A dLr

From this it follows our interest by an.
We can prove that:

The degree of density of r-dimensional normal chains in Pn(C) is

N(r,n) = dn(r+1) - r(3r+1)
2

Proof. A C, is determined by the Lr that contained it and then C, in
that subspace.

The Lr depends of 2(n-r)(r+1) real parameters, [4]; fixed Lr, to fix
the r-normal chain Cr we determine the orthogonal unitary frame

(zo,...,zr), from [ 3], pag.340, we know that we need r(r+2) real para

meters.
But z° can vary in the Cr (dim Cr =r), z! can vary in the Cr_1 obtai
ned by omission of zo, with generality, zJ can vary in the Cr-j obtai

0

ned by omission of 2z°,z%,...,z3°1,

Finally,

N(r,n) = 2(n-r)(r+1)+r(r+2) - r(?;1) = 4n(r+1%-r(3r+1)
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we have arrived at the desired result.

Following the method given in [3], chap.10, we verify that density of

n-normal chains that their pass by a fixed point P, that we consider

as zo, without loss of generality, is, up to a constant,

>8

= A
(5) an[P] i<j<ksn Bjk Bhn

h=1

and fixing a n-normal chain C_, the density of a point P in Cj is,

n

(6) - dre(c) = j/=\1 Wo

From (6) we want to obtain other expression of dP(Cn).

Let C_ be the r-normal chain determined by (xo,...,xr). We take r+1

orthonormal points in Cr , i.e.

yl = % a: x® (a:) is a unitary matrix of order r+1.
s=0

It's known from (6) that if P = yo, up to a constant, we have

: r 0 .
dp(c,) = A (dy )
5=

As C: is fixed, the x5 are fixed, then

r
dyo = da?. x5 and by orthogonality
s=0 s
0 _jy _ = 0 _j s
(dy ,y?) = zo do_ .oy j o= 1,00.,T
5=
with this
r 0 i l‘ro.
A @yl = A ] dajal -
j=1 i=1 s=0 s
r sgm 1 r 0 AOv 0
= 3 (-1)%8 O +ee0y dao Ao A daiA ...Adar

i em j=0 1 r
m

me{0,1,...,3s00051}

where 7 = perm {0,1,...,5:...,r} and the simbol A over an index indica
tes it was omitted. Equivalently,
r A

_ 1 r 0 0
dr(c ) = .2 A eee Oy dao AueoA daj AveuA dar
j=0 1 r

ips{O,...,j,...,r}

i <1i if <
P q P<q

In the second member of before equality, each coefficient is the deter

minant of the matrix obtained from (ai) by omitting the 0-th row and
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s-th column of (ug) with s = 0,1,...r.
Then we remember that ag = Adj (0/s) and now we can write
r A
aP(c® = § a2 dala...nda%a... ada?
r . 3 0 h| r
j=0
By the other hand, we consider the projections over each cartesian
axis ag with j = 0,1,...r.
Calling ds® the element of volumen of ST at the point yo we have

A

dag Ao A&ag Aees Adao = dsT, o j-=0,...,T

Tr
multiplying each expression by ag and adding, since (aJ(.))2 =1 we

j=0
have A
T
as® = ¥ ol doln.. ndal A ... Adal
hi 0 j r
j=0
and we obtain
7 dp(C?) = ds®

Considering (2), (3), (5) and (6) we can verify

(8) dP A an[P] = anA dP(Cn)

L. INTEGRAL FORMULA.

The total measure of n-normal chains in Pn(C) is obtained integrating
over all space, the density of n-dimensional normal chain. From (8) we
remark that varying the point P and then integrating over the fibre,
we compute the n-normal chain (n+1) times, consequently

(9) f v . J dc_[Pl = (n+1) I ac_ . I ap(c,)

We observe that

_ n-1
an[P] = an_ A B

1 nn
and we know, [4] , that by integration over the fibre J Bon = 2r
and dP = measure of volumen of n-dimensional eliptic hermitian
n
space = LE%%_

From this, (7) and (9)

[ dc < 2 r(men/z) A FDIZ I aco?
i (n+1) ! n
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equivalently

(10) tot.measure Cn

1]

[2]

[3]

[4]

[ 5]

_ et /2 PR T(I/2) L ((m42) (n¥1)-2) /4
j=3 iy
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