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S U MMA R Y . We s how that a c l a s s  o f  d i ffer ent iab l e  func t ions vanish 
ing to gether  w i th the ir der iva t ives  o f  order l e s s  than r on 

tne boundary of a srno o th dorna in n is dens e in the sub s e t  o f  

wm+r , p ( n)  de fined b y  the func t ions already i n  Wr , p ( n) .  W e  give o 

a d irec t proof  by introduc ing a par t icular ext ens ion operator 
and a r e l ated  ·r eflec t ion operator . Thes e  subsets ar e Banach spa -

c e s  that we c a l l  wP 
+ ( n) . 

r , m r 

1 .  P R E L I M I N A R I E S  A N O  N O T A Tl O N . Le t n be  a dorna in in Rn • By ( . , . ) 
and " . "  we shal l always deno te the scalar  produc t and norrn in 

L 2 (n ) . Fo r  r a nonne gat ive inte ger we deno te by H r ( Q) the Sobo 

l ey spac e Hr (n )  : =  {u E D ' ( n ) ; Dau E L 2 ( n )  for l a l  < r }  w i th 

the norrn " u ; Hr (Q ) " = ( I  " Dau " 2 ) 1 / 2 and by �r ( Q) the c l o sure . 
l a I :;; r 

00 
o f  e ( n) o in Hr (n)  ( c fr . [A] where  Hr ( n) = Wr , 2 ( n) and Jir ( n) = 
= wr , 2 ( n) ) . 

o 
We s tate  sorne we l l  known fac t s  about the s e  spac e s  

tha t w e  sha l l  nee d  i n  what  fo l l ows . 

r Q r I I LEMMA 1 .  If u E H  ( n) , v E H  (n)  and a < r ,  then  

Pro o f .  Tf  vh E c: ( n ) i s  a s equenc e such that  " vh - V ; Hr C Q) " + O 



then 
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( Dau , v) = l im ( Dau , vh) = l im (u , DaVh ) = (u , Dav) , Q . E . D .  
h�oo h�oo 

Let  n b e  a bounded doma in with COO boundary ( i . e .  there exi s t s  
a finite  operi cover ing o f  an , { U . ; j = 1 ,  . . .  , N } , such tha t for J 
each j ther e i s  a map � .  from J U . .  on to B = { y  E Rn ; I y I < 1 } J 
with the proper t i e s : i )  � .  i s  one to one , i i )  � .  E C

oo
( U . )  , J J J 

� j l E Coo
(B ) , i i i ) � j ( Uj n n) = B + = { y E B ; Yn > a }  = B n R: ) .  

LEMMA 2 .  If u E c r ( ñ) and Dau 
u E H r ( n ) . 

a on a n  for l a l < r ,  then 

N 
Proof . Let  Uo be  an open sub s e t  o f  n such that U U .  � TI .  

j = 0  J 
Us ing a COO par t i t ion o f  uni ty subordinate  to th i s  cover ing one 

s e e s  that it is enough to prove that : if u E C r ( R: ) , 

Dau (x 1 , . . .  , xn _ 1 , a ) = a for l a l < r and supp u i s  bounded , then 
o + u E Hr ( R  ) ,  ( c f . [A] , 1 . 3 . 3 5 ,  par t icul arly  formula  ( 1 5 ) ) . Now in n 

+ that ca se  l e t  u ( x) : = u ( x) for x E Rn and a o therwis e .  Then 

Gaus s '  theorem yie lds for � E C
oo

( R  ) and l a l < r o n 

f R 
( - 1 ) 1 a I uDa� dx 

n 
,......., 

That  is , nau i s  the func t ion Dau for l a l < r and so  u E Hr ( Rn ) .  

But then u ' l im Ve: in  H
r

( R+ ) where  v ex) = u (x1 , . . .  ,x l 'x - e:) .  
e:�0 n e: n- n 

Since supp ve: i s  c ompac t in R: , ve: E Ji r ( R: ) and the proo f  i s  

comp l e t e , Q . E . D .  

2 .  I N T R O O U C T I O N . For r ,  R po s it ive integers ,  r < R ,  l e t  us cal l  , ,l 
H r , R ( n) the Hilbert  space  Hr , R ( n) : =  Hr ( n)  n HR ( n) with the 

norm of HR (n )  and cal l D (n) : = {� E C
oo

(ñ) ; Da� = a on an for l a l < r} . r . 
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Now l e t  n he a bounded doma in wi th COO boundary . By Lemma 2 ,  
D ( n) e H R ( n ) . ( I t  a l s o  fo l l ows tha t this  spac e conta ins r r ,  ° R  . properly  the space  H ( n) , c f . Th . 5 ) . I n  th l S  paper we prove 
tha t b (n)  is a dens e sub s e t  of H ·  R ( n) . Tha t i s  r r ,  

THEOREM 1 .  If G r , R ( n )  : =  a Z o s ure of D ( n) i n  HR ( n ) , then r 

Thi s  theorem c an b e  proved in the par t icular c a s e  R = 2r 
/ 

us ing r esul ts  o f  P . D . E . a s  fo l lows . For A > O the operator  

( _ �) r + A  map s  Hr , 2 r (n )  cont inuously  into  L 2 ( n) . Th i s  map i s  

a l s o  1 : 1 s inc e for u E H  2 ( n )  us ing Lemma 1 w e  obtain  r ,  r 
( ( _ � ) ru + AU , U) = I ( r ! /a ! ) ( D 2 au , u} + A U u U

2 

l a l = r 

I ( r  ! / a ! ) U Dau U 2 + A U u 11 
2 . 

l a l = r 

On the o ther hand for A great  enough ( ( _ � ) r + A) G 2 = L2 (m r ,  r 
( c fr . [8 ] , Th . 9 - 2 7 , p g . 2 19 ) . I n  cons e quenc e G ' 2' ( n) = H 2 (n) . r ,  r r ,  r 
We sha l l  g ive  a d ir e c t  proof  o f this fac t and mor eover o f  
Theo r em 1 .  B y  us ing a par t i t ion o f  un i ty a s  i n  Lemma 2 i t  is  
enough to prove 

THEOREM 2 .  L e t  K be a aompaa t s e t in B and u E H R ( R+ ) wi th r ,  . n 

supp u e K n R+ . The n  there  exi s ts a s e qu e n a e  n 
+ uh E D ( R  ) r n 

. + R + s u a h  t ha t  supp uh e B and H Uh - u ;  H ( Rn) U + O fo r h + oo .  

Our proof  r e l ies  on the fo l l owing r esul t o 

3 .  A U lI L I A R V  L E MMA . Gi ven  R i n t e ge rs K 1 , K 2 , . . .  , KR t h e r e  

exi s ts a p o Zynomi a Z  p ( x) o f  d e g r e e  R- 1 s u a h  th a t  

i )  p ( 2 j ) i s  a n  i n te g e r  fo r j = 0 , 1 , . . .  

i i )  p ( 2 m- l ) = Km (mod 2 )  fo r 1 OS;;; m OS;;; R 
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i i i )  m- l p ( 2  } = KR (mod 2 )  fo Y' R < m .  

PY'o of.  I f  xi = 2 i - l , i = 1 , 2 ,  . . .  , R , define p (x)  by 

R j - l R 
p ( x) , : =  L hj

, k
�l ( ( x :- xk) /xk) · k=IIJ. + 1 ( (x - xk) /xj ) 

j = l 

where  hj = O if  Kj is  even and h
j 

= 1 � f  Kj is  odd .  

Ob s erve that p (x)  s at i s fies  i ) and i i )  s ince ( xj - x�) /xs is  

odd  for s = min ( j , k) and is  even for  s < min ( j  , k) . By the s a 

me reasoning for x xm ' m > R , the firs t produc t in the defi 

n i t ion of  p i s  odd and the l a s t  i s  even when not emp ty .  So  

p{xm) - p (xR) i s  even , Q . E . D .  

COROLLARY . Giv e n  R i n t e g e Y's K 1 , . . .  , KR , theY'e exi s ts an e n tiY'e  

fun c tion f e z ) w i th o u t  z e Y' o e s  s u ch tha t 

i )  f ( 2 j - 1 ) = ( _ 1 )
Kj fo Y' j = 1 ,  . . .  , R 

i i )  f ( 2 j - 1 ) 1 / f ( 2 j - 1 ) fo Y' j E N .  

PY'o of.  Define 

( 1)  f ( z )  : = exp ( i1rp ( z )  ) 

where  p e z ) i s  the po l ynomial  in the prec eding l emma . Then 
b o th f e z ) and g ( z ) : =  1 / f ( z )  have the r equired 'properties , 

Q . E . D .  

ClO 
4 .  A N  E X T E N S I O N  O P E RA TO R . Let  f e z ) = L c kz

k 
b e  an entire  

k-O 
func t ion . We a s s o c iate  to f the operator 

( 2 )  
ClO 
L cku (:x> , - 2�t) 

k=O 

where  X l = (X 1 , . • •  , xn_ 1 ) E Rn_ 1 , t E Rl ' 

Tf i s  wel l  defined i f  u vanishes  outs ide  a spher e . 
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. R + + THEOREM 3 . FoT' U E H ( Rn) , supp u e B , ., e  have  

i)  supp Tfu e B , T fu E HR ( R� ) 

i i )  II T fu ; HR ( R�) 11 � M( f) ll u ; HR ( R:) 11 and 

(3 ) 

.,here fh i s  the  e n tiT'e funa tion  

( 4 )  

PT'oo f.  The firs t a s s e r t ion o f  i )  i s  immed i a t e . The s econd fo! 
lows from i i ) .  Ob s erve that if x = ( x ' , t ) E K ,  a c ompac t s e t  
i n  R� , then the sum defining Tfu (x ' , t ) i s  finite . The r e fore  
.(3 ) i s  corr e c t  in D '  ( R�) . To  prove i i ) it i s  there for e enough 
to prove 

( 5) 

But Il u ( x ' , - Z kt)  II Z -k / 2 Il u ll . Summing up , one gets  
ex> 

II T f u ll .;¡;; ( í I c k l . Z k ( 2 h - l ) / 2 ) Il u ll 
h k= O  

Q . E . D .  

+ Ob s erve that the l emma r ema in s  true i f  the ro l es o f  Rn and 
R� ar e inter changed . Now we de fine the extens i on operator E f 

a s soc iated to  f e z )  = í c ik by  
k 

:

= { 
u ( x ' , t ) for t > 0  

( 6 )  E fu (x ' , t) O for t = O 
T fu ( x ' , t ) for t < O .  

+ THEOREM 4 .  L e t  u E H R ( R ) ,  a l o s uT'e in Rn o f  supp u e B .  
r ,  n 

If the e n tiT'e  fun a t i o n  f e z ) v e T'i fi e s  

( 7 )  f ( Z Iil ) = ( - 1 )  S foT' S = r , r + 1 , . . .  , R':' l 

then E fu E HR (Rn ) , supp E fu e B ar:d 

( 8 )  II E fU ; HR ( Rn) 11 � C ( f) O U  ; HR ( R+) 11 • n 
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Ppoo f .  We shall  s how tha t if l a l  < R , h 
by ( 4 ) , then 

( 9 )  

an and fh i s  defined 

Ther e fore , the theorem will  fól low from Th . 3 .  To prove ( 9) we 

cons ider two cas e s . 

CASE 1 :  a = ( O ,  . . .  , O , h) . L e t  � e C: (Rn) .  Then i f  we s e t  
x = ( x ' , t ) ,  

( 1 0 ) 

with 

( 1 1 ) 

ex> 

( - l ) h I
R+U (X) D�$h (X " t ) � ' dt 

n 

ex> 
= � (�' , t ) - I ( _ 2k) h- l  ck� (x ' , - 2 -kt) . k"O  

S inc e I I ck l .  Mk 
< ex> for any M > 0 ,  tt i s  po s s �ble  to inter 

k- O 
change I and J in ( 1 0 ) . Also  $h e e: ( R:) n H S  (R:) for any s .  

Now we s ha l l  show that 

( 1 2 )  ( � 1 ) h f
R

+U (X) D�$h (X ' , t) dx = I
R

+ D�U . 1/Jhdx . 
n n 

In  fac t ,  s ince u e Hr (R+) , by Lemma 1 , n 

( 1 3 )  



84 

Th i s  proves  ( 1 2 ) for h ..;; r .  If h > r ,  then in  v iew o f  ( 7 ) , 
�h ( x '  , O )  = O and a l s o  DY�h ( x ' , O ) O for I r l  < h - r .  Then by 

Lernma 2 ,  �h E Hh- r (R�) , and we can appl y  again Lemma 1 to  the 

r i ght hand side  o (  ( 1 3 ) ( j = r now ! )  thus obta ining ( 1 2 ) . 

The comb ina t ion  o (  ( 1 0 ) w i th ( 1 2 ) y i e l d s  

. 
< DaE fU , <P > = J DaU · �h d x  ,;, <E f

h 
( Dau} , <p > .  

CASE 2 :  a � ( a 1 , . . .  , an _ 1 , 0 ) . Then ( 9 )  i s  true r e gardl e s s  c on 

d i t ion  ( 7 )  f or  u E Hq ( R�) ,  q � l a l . I n  fac t , l e t n(t) E CooCRI) ,  

n = O fo r I t I < 1 / 2 ,  n =  1 for I t i > 1 ,  and c a ll nE (t) : =  n ( t/E) . 

Then for <p E Coo ( R ) we  have n <p E Coo ( R - U R+ ) and s o  
o n E o n n 

To comb ine th i s  two c a s e s  we  wr i t e  a = ( a l ' · · ·  , .an_ I , O ) + 

+ ( O , . . .  , O , h) = a ' + a " and o b t a in Da ( E fU) = Da ' E f ( Da "
u) 

h 

5 � A R E F L E C T I O N  O P E R A TO R . Next we define an operator E wh ich 

i s  a gener a l i zat ion of <p ( x ' , t ) + - <p ( x ' , - t ) . L e t  

f e z ) - � c'k zk b e  the ent ire func t ion  cons truc ted in the -
k� O 

Cor o l l ary o f  section 3 for Ki = i H i ..;; r and Ki = i - 1  for 
r < i ..;; R .  

Tha t  i s  

Fur ther , l e t  g ( z ) : = l / f ( z )  

b ounded  support  l e t  u s  def ine 

00 
L dk z k . For v a func t i on w i th 

k= O 
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ca 

r 
T v ¿ dkv ( x ! , - Z kt )  g k= O Ev ( x ' , t ) : =  1 ca 

c kv (x ' , - Z kt ) , Tfv = ¿ 
k= O 

LEMMA 3 .  If � E Cco ( R  ) �  then o n 
i )  E �  E C

ca ( R  ) o n 
E� = � imp Z i e s � E D ( R+) r n 
E 2 � = � 

for 

i i ) 

i i i) 

Iv) H E� ; Hs ( Rn) I .;;; Me 1 1  � ; H s ( RnH 'rJ 5 E N .  

t > O , 

t .;;; o .  

v) L e t v E HS ( RnL s upp o p t  of 'V e B . If the s e quenae  

{ �m } e C: (B ) v e pi fi e s  l im l � m - v ; H S (Rn) 1  = O , then  
m+co 

l im I E� - Ev ; Hs ( Rn) 11 = o .  
m .... ca· m ,  

Ppo o f .  i )  I t  i 5  c l �ar from the defini tion  that ' 5upp E� i 5  

i ) then fo l l ow5 from 

( 16 )  

i i )  Le t a < r .  U5 ing ( 1 5 )  and ( 1 4) i t  fo l l ow5 tha t n . 

( 1 7 ) 

But i f  E � = � then 

( 1 8 )  

Compar ing ( 1 7 ) and ( 1 8 )  w e  g e t  Da� ( x ' , O ) = O for l a l  < r ,  tha t 



i s  cj> E D ( R+). 
r n 
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00 00 
i ii )  Ob s erve that  T

g
T f CP (x ' , t )  ¿ dk ( ¿ chcj> (x ' , Z k+ht ) ) 

k= O h= O 
00 

cp (x ' , ZJ t ) .( ! ¿ d,kCj - k ) . 
j = O k= O 

S inc e f e z )  . g ( z )  = 1 we have  f �kCj _ k = 1 i f  j = O and O other 
k= O 

wi s e . Ther efo r e , it  ho l d s  po intw i s e  that  

( 1 9 ) c p(x ' , t )  

iv) B y  i ) , II E cj> ; Hs ( R ) 1I ...;;; II T f <P ; HS ( R- ) II + li T <P ; H s ( R+ ) II . Now n n g n 
Theorem 3 y i e l d s  iv) . 

v )  By iv ) , Ecj>  i s  a Cauchy s equenc e in H S ( Rn ) .  Ther e fore , m 
ther e ex i s t s  U E HS ( Rn ) such that II E <P - U ; H s ( Rn ) 1I t ends to  m 
z ero . 

But in v irtue o f  Theo r em 3 ,  i i ) both  norms II E cj>  - T v ; H S ( R+ ) 11 m g n 
and II E <Pm - T fv ; Hs ( R� ) 1I t end to  z ero . So U r e s t� ict ed to  R: i s  

equal t 6  T v and U r e s tr ict ed to  R i s  T fv . S in c e  t h e  d i s t r i -
g n 

but ion U i s  a funct ion o f  L 2 ( Rn ) it fo l l ows t hat  U = Ev , Q . E . D .  

No t e  t hat  cond i t ions ( 1 4 ) f o r  r < i ...;;; R a r e  no t r ea l l y  us ed 
in the proof of Lemma 3 .  

6 .  P R O O F  O F
'
T H E O R E M  2 .  Let  u E H  R ( R+ ) ,  supp u e K and cal l 

r ,  n 
u '  : =  E fu ( cfr . ( 6 ) ) . Ob s erve t hat by ( 1 4 ) the  hypothe s e s  o f  

Theor em 4 a r e  ful f i l l ed . Thereby u '  E HR ( Rn ) ,  supp u '  = K '  

= compac t  i n  B and Eu ' E HR ( R  ) . In  con s e qu en c e , from the de -n . 
f in it ion o f  u '  we have Eu ' = u '  a . e .  ( c f . ( 1 9 ) ) . Now l et 

<P '  E C
oo (B )  b e  a s e quence  converg ing h o 

3 ,  v ) , Ecj> h converg e s  to  Eu ' = u ' in 

to u '  in HR ( R  ) .  n 
HR ( R  ) and then n 

By L emma 
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( 2 0) 

Us ing Lemma 3" , H i ) , we s e e  that E<P h = <P h ' Then by i i J  o f  the 

same Lemma we obta in that uh 
D ( R+ ) .  r n 
"" Il u ' -

S ince  l u -

<P h ; HR ( Rn ) 11 , 

R + uh ; H ( Rn ) O 
we s e e  by 

: =  <P h r e s t r i c t ed to R+ 
n 

B u ' - <P h ; HR C R: ) I "" 

( 2 0 ) that:  t he s equence  

f i e s  aH th.e r equ ir ement s ,  Q . E . D .  

belongs to 

uh sat is -

7 .  T H E  S P A C E S  wP 
R

(O ) . Our method  can b e  app l i ed to  prove that r , 
D ( n) i s  dens e in other Banach spaces . Po r 1 "" P < 00 ,  O < r < R, r . 

r ,  R int eger s , l et u s  defin e  

THEOREM 1 ' . If n i s  a bounde d doma in w i t h  eco 
bo undapy, t h en 

P . Dr ( n )  i s  den s e  
.
in wr . R ( n ) . 

Th i s  theo r em redu.c e s  to prove 

THEOREH 2 ' .  {u E D ( R+ ) :  supp u bounded } is den s e  in wP R
(R+) . r n r .  n 

The proo f fo l lows the  s ame l ines  a s  that o f  Theor em 2 no t ic ing 

that . the operator Ef def ined by ( 6 ) is cont inuous  from wP R (R+) r .  n 
into WR , P ( R J ,  and the  operator E o f L emma 3 i s  cont inuous in n 
WR , P ( R ) .  Lemma 2 s hould  be  r eplaced  by n 

LEMMA 2 ' . If u E e r ( ñ )  and Dau 

u E w� , P ( n ) . 

O o n a o fop l a l < r ,  t hen 

THEOREM 5 . L e·t r b e  a p o s i t i v e  i n t e gep and R a nonnega t i v e one. 

The  aomp Z e t i o n  of  D ( n )  in t h e  nopm 1I . ; WR , p ( n ) U i s  i s omo pp h i a  r 
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to the space WR , P ( r¡ ) if R � r and isomorphic to WP ·· R ( r¡ ) :) 
o r ¡ r 

� W� , p ( r¡ ) if R > r .  

Proof· I n  f a c t , f o r  R � r ,  b e c au s e  o f  L emma 2 ' , we have 

Coo ( r¡ ) 
o e D ( r¡) 

r 
e DR ( r¡ ) e WR , p ( r¡ ) .  

o 

I f  R > r ,  it  f o l l ow s  f r o m  T h eo r em 1 '  t ha t  wP 
R :) v¡R , p .  To pro -r , o 

v e  t hat t h e  inc l u s ion i s  pro p er c o n s ider t he fun c t ion 

k ( x ) = x�� (x ' ) � (xn) r e s t r i c t ed to R: wher e � (x ' ) E C: ( Rn _ 1 ) , 

� E C: ( R 1 ) , � and � e qua l to o n e  in a n e � ghbo r ho o d  o f  z ero . 

T hen , k i s  o f  b o und ed supp o r t  and b e l o n g s  to  WR , P (R+) n Wr , P (R+) .  . n o n 
R - R I f  k b e l o n g e d  t o  W , P ( R+ )  t hen k s ho u l d  b el o n g  t o  W , P ( R+ ) . o n n 

However , Dr+ l i i s  no t a func t ion , Q . E . D . xn 

By t h e  s am e  argument o n e  g e t s ,  fo r r < S < R ,  t h e  proper in 
c lu s ion s 

( 2 1 ) 

I t  a l s o  ho l d s , s in c e  r¡ i s  bound e d , t hat  t he norm 

R 
( 2 2 )  ( ¿ 

j = r 
¿ fl DuU ; LP ( r¡ ) n P ) l / p 

l a l = j 

is equivafent t o  t he o r i g inal  norm in wP 
R ( r¡ L  ( c f . [A ] , p . 1 5 8 ) . r ,  

8 .  C O M M ENT S . T h e  c o n s t ru c t ion o f  t h e  ext en s io n  o p e r a t o r  ( 6 ) , 
E f , w i t h  f a s  in paragr aph 3, i s  s im i l a r t o  t h e  o n e  u s ed by  
S e e l ey in [Se ]  however c o r r e s pond ing t o  ent i r e  funct ions  o f  

d i f f e r ent natur e . I n  o r der t ha t  E f ext end s COO ( R+ )  t o  COO ( R  ) , n n 
S e e l e y n e e d s  f ( 2 h ) = ( _ 1 ) h fo r h = 0 , 1 ,  . . .  and t h i s  i s  not  

t r u e  fo r our f s in c e  we hav e f ( 2 h ) = ( _ l ) h+ l f o r  h = O ,  . . .  , r - l 
( o n  t he o t her hand t he c o e ff i c i ent s a k found by S e e l ey d e f in e . 
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an ent ire  funct ion o f  exponent ial  type with z ero es  and in t hat  
case  g = l / f i s  not ent i r e ) . This  exp l a in s  the  ma in d iffer ence  
between our  ext ens ion operator  and  that  o f  S e el ey and  ot her 
ext en s ion operat o r s , for exampl e ,  the a l t o g e t her d i fferent one 
cons truct ed by A . P . Calder6n ( [C ] , p . 4 5 ) . I t  cons i s t s in the 
fact t hat for the e;t ens ion E f t

.
he funct ion s naE fu , l a l < r ,  

can b e  d i scont inuou s a t  the  boundary exc ept in the  ca s e  when 
t hey van i s h  ther e ,  and ther efore  E f do e s  no t define  a cont i -

nuous operator  from WR , p ( n ) into WR , P ( R ) ( but it  do e s  when . n 
r e s t r icted to wP R ( n ) , ( c f . Th . 4 ) ) .  r ,  
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