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ROUND QUADRATIC FORMS 

ENZO R. GENTILE 

A re gul ar quadratic  form � over a field  K o f  charac ter i s t i c  
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,¡. 2 i s  call ed l'o und if  e i ther i t  i s  hyperbo l ic or  i t i s  aniso ­
tropic , s a t i sfying the fol l owing s imilar i ty cond i t ions : for 
any x E K r€presented b y � ,  the i some try <x> � � � ,  hol d s . 

We s hal l s tudy in this  No te , round forms over a l inked field  
ma inly wi th u - invar iant u (K) � 4 .  I f  d im � = 2v . l ,  v � 2 ,  l 
odd , thi s  s tudy was made  by M .Marshal l [M] . We here comp l e t e  
i t  to forms of  dimens ions 2l , l odd . We rely o n  r e sul t s  in  [M] . 

1 .  P R E L I M I N A R I E S . 

K will  deno te  a field  of  character i s t i c  ,¡. 2 .  Quadratic  forms 
over K wil l  be regul ar ( i . e . non - degenerate )  and wr i tten in 
d iagonal form ca l " "  , an> ,  a i E K .  Jí � and I{J are quadra t ic 
forms , � 1 I{J deno tes  or tho gonal sum and � . I{J ,  tensor produc t o 
I f  � i s  a quadratic form , wi th D ( \Ú) we deno te  the s e t  o f  al l 
el ements  o f  K r epr e s ented by � and DN) : =  D ( �) \ { O } . 

For a l , . . .  , an E K , the n - fo ld  Pfis ter form 

< 1 , a l > . < 1 , a 2 > . . .  < l , an> wi l l  be deno ted by « a l , a 2 , . . .  , an » .  

A non - empty �ub s e t  T o f  K wi l l  b e  call ed a p l'e o l'de l'ing i f  i t 
i s  c l o s ed respect  to sums and produc ts , L e .  if  T+T e T -and " - -­
T . T  e T .  
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A ( quadratic )  forrn � over K wi l l  b e  c al l ed round i f  e i ther , 
i )  � i s  hyperbo l i c  or  i i ) � i s  anis o trop i c  and for a l l  x E D ( �) ,  
x f O ,  <x> . �  � � , i . e .  the  s irnilar ity fac tor s o f  � co inc ide 
wi th D ( �) . 

A fie l d K i s  c a l l ed U n k e d ( o r , a U n ke d fi e l d) i f  the c l a s s e s  
of  qua ternion a l gebr as over K forrn a subgróup in  the Brauer 
group of K .  We shal l us e re sul ts  on l inked f i e l ds conta ined 
in [G 1 ] or [G 2 ] '  

The u - invar iant o f  a field  K i s  by definit ion : u ( K) = rnax {dim q}  
where  q runs over the an i s o trop ic  tor s ion forrns over K .  If  K is  
a l inked f i e l d  then it  i s  we l l - known that u ( K) E { O , 1 , 2 , 4 � 8 } . 

Wi th W ( K) we sha l l  deno te  the wi tt  r ing o f  K ,  cons i s t ing o f  the 
wi t t  c l a s s es of all quadrat ic forms . 

Next ,  we r e c a l l  s orne bas ic  r e su l t s  that w i l l  b e  needed in th i s  
paper o B o th are from [M] . We g ive a pro o f  o f  Propo s i t ion 1 
which avo ids the us e o f  the Has s e - invar iant . 

1 . 1 .  PROPOS I T I ON ( [M] , Prop . l . 1  ( i i ) ) . L e t � b e  a round fo rm 

of dime n s i o n  2 • .e.3 .e. o dd .  Th e n  

D ( �) e D « l , det �» . 

Pro o f .  L e t  a E D ( .) , s o  <a> . �  � � , and henc e < l , - a > . �  = O in 
the r ing of K .  Thi s  means that � E Ann « l , - a »  = :  annihi lato r 
ideal in W ( K) o f  < 1 , - a > . Now i t is  wel l  known ( s e e  [EL ] , Cor . 
2 . 3 ) that we have an i sometry 

� "," {J l l • • • l {J .e. ' 

where  (J i  <c 1 > . < 1 , -b 1 > , b i  E D « l , - a » . Ther e fore  - d e t  � 

= b 1 b.e. E D « l , - a » . 

Thus < 1 , - a >  = < - det� , de t � . a> 

or  < l , det�>  = <a , de�� . a > , 

and s o  a E D « 1 , det�» . 
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1 . 2 PROPOS I T I ON ( [ML Prop . 2 . 7 ) .  L e t K b e  a l i n k e d  fi e l d wi th  " 
u (K) ..;; 4 . Le t VI b e  a round fo rm o v e r  K o f  dime n s i o n  ¡2v.e., .e. o dd .  

Then  

i ) If v = 2 , the re exi s ts a un ique  v -fo l d Pfi s te r fo rm VIO de ­

fin e d  o v e r  K s u a h  tha t VI "" .e. x « de tVl> e VlÓ ) ( VIo "'" < 1 > 1 VlÓ ) '  

i i )  if v ' ;;¡;.  3 , there  e xi s t s a un�que v -fo l d  Pfi s t e r  fo rm VIO 
and a unique  u n i v e r s a l 2 -fo l d Pfi s ter  fo rm p defi n e d  o v e r  

K s u a h t h a t  VI "" .e.  x « de tVl» e VIl ) wh e re VI I i s  de fi n e d  by 

VIO e p "" VI e 2H . (H deno te s a hyp e rb o l i a  p l ane ) . 

2 .  R O U N D  F O R M S  O V E R  L I N K E D  F I E L D S . 

2 . 1 .  PROPOS I T I ON .  L e t  K b e  a l inked  fi e l d and  VI a round fo rm 

of dime ns i o n  2.e., .e. > 1 ,  odd . The n 

i)  VI "" 1 �Xi>� i 1 < 1 , detVl> w i t h  � i , 2 - fo l d  Pfi s t e r  fo rms,  

xi E K ;  

i i )  q : =  1 <x . >� . i s  a round fo rm and D ( VI) J. J. 

i i i) D ( VI) = D « 1 , d etVl» = D ( q) ; 

Iv) D ( VI) i s  a p re orde ri ng . 

D ( q) ; 

Proof.  I f .e. = 1 then VI = < 1_ , a > , and so  we can a s sume .e. > 1 .  

i )  B e ing K a l inked field  we can wr ite  ( s e e  [G I l )  

wi th � .  , 2 - fo l d  
J. 

Cl early ,  det  VI = 

, VI "" 

Pfis ter 

a . b .  I f 

1 <y .  > . � .  
. J. J. 

forms . 

1 

we mul t iply 

<a , b >  

VI by <a>  

VI "" < a > VI  "'" 1 <x . >� . 1 < 1 , d e t Vl> .  
J. J. 

we get 

i i )  From Prop . 1 . 1  we have D ( VI) e D « 1 , detVl» and then from i ) 
it  is  c l ear that 

D (VI) = D « 1 , de tVl» . 

iii) i s  consequenc e o f i )  and i i) .  

Iv) L e t  x , y  E D ( VI) . Then  x E D ( l <x i>� i) and y E D « l , de t Vl» 
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and so  x+y e D e .) . Por the produc t x . y ,  it is c l e ar tha t 
x . y  E D ( .) . 

2 . 2 . P ROPO S I T I ON . Le t K b e  a � i n k e d  fi e �d wi th  u ( K) � 4 and � e t  

. b e a round fO Í'm o [ dime n s ion U. , .e. = 2 k+ l , k > O .  
1) A s s ume k o dd .  The n,  :the re e xis t a  a unique 2 -fo � d Pfi s ter  

fo rm « a , b » s u a h  tha t 

i)  • "" k « a , b » 1 < l , de t.> 

i i) D « l , de t.» = D « < a , b » ) 

i i i) D « < a , b » ) is  a p r e o rdering . 

2 ) A s s ume k = 2 r . h, r � 1 ,  h odd . The n,  there  e xi s ts  a unique 
( r + l ) -fo �d Pfis ter fo rm .0 and a unique univ e r s a � 2 -fo � d 
Pfis te r form p s u a h  tha t 

i )  • "" h.1 1 < 1 , de t.> w h e re .1 i s  a round form de fi n e d 
b y  .0P'P "" . 1 1 2H . 

i i) D ( . 1 ) i s  a pre ordering . 

i i i) D ( . l ) = D « l , de t .» . 

Pro of .  1 )  By us ing Prop . 2 . 1 i )  we c an wr i t e  

• "" 1 < X . >'P . 1 < l , de tlP> 
. - 1 1 

w i th : 'P 1- , 2 - fo l d  Pfis ter fcirm , and q : = 1 <X - >'P - a round form 1 1 
o f  dimens ion 4 k ,  k odd . 

By  applying [M) , 2 . 7 ( i )  i t  fo l 1ows the exi s t enc e o f  a unique 
2 - fo l d  Pfis t er form 'P O « a , b »  such tha t 

q "" k . « a , b» . 

Ther e fore  
• "" k.o 1 < 1  , de t .> . 

I f  k = 1 ,  then D « <a , b » )  = D « l , de t .» and we know tha t  
D « l , de t.» i s  a preorder ing . As sume then k >  1 .  That k .  « a,b» 
. i s  a r ound form impi i e s , by u s ing �) 1 . 7 ,  that D « < a , b » )  i s  
a pr eorder ing . S o  D « < a , b » ) = D ( k « a , b » )  = D « l , d e t .» . 
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2 )  As sume k =  2 r . h ,  r :> 1 , h odd . W i th the no tat ion o f  Prop . 2 . 1  

i )  we have tha t q = 1 <x i >ep i is a round form of dimension 2r+l .h ,  h 
odd . I t  fo l l ows from �] 2 . 7 , the exi s t enc e o f  a uni que v + l ­
fo l d  P f i s ter form �O a nd a uni que univer s a l  2 - fo l d  P f i s t er 
fo rm p s uch tha t 

where  ep I i s  d e f ined b y  

ep O 1 p "" ep 1 1 2H .  

The refore  
� "" hep l l <1  , de t�> . 

By P�op . 2 . 1  we have fhat 

D « l , d e t �» . 

I f  h = j ,  then ep l i s  r ound and D (ep l ) i s  a pr eorder ing . I f  
h > 1 ,  then " b y  [M] , 1 . 7 i t fo l l ows that D (ep l )  i s  a pr eorder ing 
and ep I is round . 

2 . 3 .  PROPOS I T I QN . L e t K b e  any fi e L d and L e t  � b e  an a.n i s o tr-o ­

p i e  fo r-m o v e r- K, and � l  a r-ound fopm . Then if � can b e  wr-i t te n  

a s  

� "" k ' �1 1 < 1  , de t �> 

wi th k E N, k odd, and 

D ( � l )  = D « l , de t �» a p r- e o r-der-ing,  

th e n  � i s  a r-ound fo r-m . 

Pr-o o f .  S inc e D ( � l )  i s  a pr eorder ing � K ,  i t  fo l lows from [MI , 
1 . 7 tha t k�l ' i s  a round form i f  k >  1 . lf k= l , the s ame i s  
c l ear l y  true . L e "t x E D ( �) ,  wr i t e  

x = X l + X 2 ' 

X l � D ( k. l ) ,  X 2 E D « l , de t � » . 

Then , X l + �2 E D « l , de t �» = D ( �l ) ' Ther e fo r e  

<X l + X2 > ' � 1 "" � l '  (X l + X 2 ) · k�1 "" k� l and 
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<X l + x 2 > . < 1 , d e t �> � < l , de t �> . 

Con s e quently 
<X> . � <X l + X 2 > . � � � , 

and � i s  r ound . 

2 . 4 .  R E MA R K .  

I f  K i s  a glob a l  f i e l d  and � i s  an ani s o trop ic  round form over 
K then d im .K  == O (mod  4 )  and d e t  I/J = 1 ( s e e  [HJ] ) . In  fac t , 
s inc e D « l , d e t�» i s  a pr eorder ing , i t  fol lows that < l , de t�> 
r epr e s ents  al l sum o f  s quar es . Ther e for e ,. for every d i s c r e t e  
pr ime p in K we have t h a t  < l , de tl/J>p i s  univer s al i n  the comp l� 

� ion Kp o f  K .  Now , according to [OM] , 6 3 : 1 5  ( i i ) i f  � i s  a 
two - d imens ional  ani s o trop ic  form over a l ocal  f i e l d  K and i f  
� r epr e s ents  1 ,  then D (� )  i s  a sub group o f  K o f  index 2 .  The ­
r e fo r e  our form < l , de t �> i s  i s o trop i c  for a l l  but  a f in i t e  num 
ber  o f  spo t s  ( the  r ea l  one s ) . E qu iva l ently  - d e t �  i s  a squar e 
in a 1 l , but a f inite  numb er o f  Kp ' By [O M] , 6 5 : 1 5 ,  we conc lude 
that - det�  is a s quar e in K ,  i . e .  the form < l , de t l/J> is i s o tro ­
p i e . Thi s  i s  a contr adi c t ion , s ince i t  i s  a sub form o f  an an ­
iso tropic  form o 

Aft er  th i s  pap e r  wa s fini shed I rece ived a prepr int on  Round 
Quadrat i c  Forms by Burkhard Alpers  (Un ivers ity  o f  Sas katoon , 
Canada ) . 
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