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L e t  A b e  a ( r e a l  o r  cornp l ex) Banach al ge bra with  ident i ty and 
n 

Qn = {q = (ql " " ' �) E An : q� = qk ' qiqk= ° if i f k , 
k
I

I 
qk = l } . 

For q o = ( q l , · · · , qn) E Q n the rnap � :  G � Q n � ( g) = gq o g - I ( G 

deno te s  the gro up o f un i t s  o f  A) d e f ine s a pr inc ipal fibre 
bund l e  over its  irna g e  ( the " j o int s irnil ar i ty orb i t "  o f  q o ' 
w i th the terrnino l o gy o f  [eH ] ) ;  in par t i cul ar , curves  
y : [0 , 1 ]  � Qn w i th o r i gin  qo ' adrni t a l ift r :  [0 , 1 ] � G , L e . 

r ( t ) q o r ( t) - I = y ( t) for a l l  t E  [0 , 1 ]  ( s ee [ePR I l ) . 

We shal l c o ns truc t ,  fo r y cont inuous and r e c t i f iabl e , an ex ­
p li c i t  l i f t  r ,  wh ich  turns to be  the hor i zontal l i ft  o f  Y for 
a natural  cónne c t io n  on Qn introduced in [ePRI ] ' An analo gous 
re sul t is ob,ta ined for the spac e Sq = { (a ,b) E A x A : aq = a , 
qb = b ,  ba = q} ( q  i s  a f ixed idernpo tent o f  A) .  G i  ven Banach 
spac e s  E and F the s e t  S ( E , F) = ( ( i , j )  E L ( E , F ) x L ( F , E ) : ,  

\ 
j i  = l E } (cons idered in  [Do ] and [Ko ] ) , ha s t.he fo rrn S q , when 
i t  is non - ernp ty : in  fac t , if ( i o , j o ) E S ( E , F) , q = l o J o i s  an 

i dernpo tent  of A = L ( F)  and the rnap S (E , F) � S
q 

( i , j )  1+ (ij o , ioD 
ident i f i e s bo th space s .  For a fixed ( ao , b o) E S

q 
the rnap 

� ' : G � S
q

' � ' ( g) = (ga o , b o g - 1 ) is ano ther p r i nc ipal fibre 
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bund l e  over i t s  image . As in the case  of Qn a proc edure fo � 
produc ing l ifts  o i  rec t i fiabl e  curve s [ 0 , 1 ] � S q ,  i s  obta ined . 

The ma in advantage  o f  the s e  cons truc t ions cons i s t s in the fact 
tha t they are  expl ic i t o They ar e spec ial  c a s e s  o f  the mul t i ­
pl icat ive int e gral s o f  [Po ] . The case  n= 1 has  been  cons idered 
in JPR] . The r e ader i s  a l s o  referred to [CPR ¡ ] ,  [CPRz ] and 
[CPR3J fo r a geome trical  s tHdy of Q ( =Q 1 ) '  Qn and S q '  Ear l ier 
fac ts  o n  Qn can b e  found in [Ka Z ] '  [Da] , [Ka l , Ch . I I , § 4 ] , [DK] . 

§ 1 . L I F T I N G R E C T I F I A B L E  C U R V E S  

L e t  y :  [a , S ] + Q n b e  a cont inuous r e c t i fiab l e  curve . OUT f�st 
ob j ec t ive  is to cons truc t for every t E � , S ] an inver t i b l e  
e l ement M�y such tha t 

y ( t ) for a l l  t E [a , S ] . 

The idea o f  the cons truc t ion i s  the fo l l owing : g iven q , r  in 

Q c l o s e  enough , i t  i s  easy  to ob tain an inver t i b l e  g such n 
tha t gqg - 1 = r ; now ,  taking a par t i t ion T o f  [a , t ] , T :  a = 

t ,,;;;: t ,,;;;: t --' ---- t t f ·  h such tha t q ( i ) = O .... 1 .... Z "'" . . .  "'" n = lne enoug 

( . + 1 ) . y(t . ) i s  ne ar to q ]. , we ge t for each i = 0 ,  . . .  , n - 1 an in 
]. 

ver t ib l e  g i such that g iq ( i ) g i+ 1  = q ( i+ 1 ) ; thus g = gT 
= g g 1 . . .  g0 E G conj uga t e s  q ( O ) = y ( a) w i th q ( n ) = y ( t) ; the n n -
d i fficul t tas k i s  to pro ve tha t r ( t) 

G iven q , r  E Q we wr i te L ( q , r) n 

l im · g exi s t s . 
II T II� _O T 

( O ) ( m )  � �  . 
1 . 1 _ PROPOS I TION . For q , r , s , q , . . .  , q  in  qn the  fo � � ow�ng 

p rop e r ti e s ho Z d  

( i ) L ( q , q) = 1 

( i i )  qL ( q , r ) = L ( q , r ) r  
n 

( i i i ) L ( q , r ) - 1  = L q . ( r . - q . ) 
k= l ]. ]. ]. 
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( i'v) L ( q ( O ) , q ( f» ) L ( q ( 1 ) , q ( 2 » ) • • . L ( q ( m- l ) , q ( m» ) 

I q  ( O ) q ( 1 ) 
• •  

; qk( m) 
k = 1 k k 

(v) L ( q ( O ) , q ( 1 » )  • . .  L ( q ( m- l ) , q ( m» ) _ L ( q ( O ) � q ( m» )  
m- l n 
E E q ( O ) ( q ( O ) _ q ( i » ) (� ( i ) _ q ( i+ l » ) ; i- l k= l  k k k k k 

n 
( v i )  L ( q , r ) L ( r , s ) - L ( q , s ) = E qk ( qk - rk) ( rk - s k) .  

k= 1  
We omi t the proo f ,  wh ich i s  s t r a ight forward ; j us t o b s erve for 
( v) tha t , given idempo tents P O , • . • , Pm in A , by induc t ion o n  n 
i t  fo l lows tha t 

. REMARK . L ( q t r ) w i l l  b e  the inver t ib l e  g men t i o ned a t  the b e g i� 
n ing o f  this s e c t ion . 

1 . 2 PROPOS I TI ON .  Fol' eaah  K > . 0  t h e l'e exi s t s  K 1 > O s u a h  t ha t. 

( O ) ( m )  fo l' e v e l'y q , r , s , q , . . • , q  i n  Q n wi th nOl'm a t  mo s t  K i t  

ho lds t ha t  

( i i ) 

( i i i )  

n E U q k - r k U < K 1 U q - r U  
k= 1  
U L ( q , r ) U < exp (K i u q - r ll ) and th e l'e fol'e  

U L ( q ( O ) , q ( 1 ) . . .  L ( q ( m- l )  , q ( m» ) U < e XP ( K i !. U q ( i) _q( i- l) U ) 
i = 1 

( iv) U L ( q ( O ) , q ( 1 » ) • . .  L ( q ( m- l ) , q ( m» ) _ L ( q ( O ) , q ( m» ) 1 1  < 

< K i m�x 11 q ( O ) - q ( i )  11 ! U q ( i )  _ q ( i - 1 ) 11 
1 i = 1 

and when  m= 2 ,  

(v) U L ( q , r ) L ( r , s ) - L ( q , s ) U  < K i U q -r U U r - s U .  

( The  nOl'm we  use in  Q e An is  U q U = max U qk n ) . n k �n 
Pl'o of.  Take K 1 = max { n , K } . Then , ( i ) and ( i i )  fo l l ow e a s ily . 

n 
I n  order to prove ( i i i ) wr ite L ( q , r) = 1 + E qk ( rk - qk) ; using 

k= 1 
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( i )  and " ( i i )  
n 

II L ( q , r ) 11 ...; 1 + K1 ¿ . lI rk - ,\11 "';  1 + K i U r - q ll ...; exp ( Ki O q - r D ) 
" k= 1 

F ina l l y , 1 . 2 (v)  imp l i e s  

...; ¿ 
i , k  

Supp o s e  tha t y : [a , S ] + Qn i s  a ( cont inuous ) path and l e t  
K = max ( O y ( t) ll :  a "'; t "';  S) .  I t  fo l lows from 1 . 2 tha t  there i s  
K 1 such tha t a l l  conc lus ions there  i n  ho l d  for e l ements  o f  the 
fo rm y ( t ) w i th t E [a ,  S I . We w i l l  use thi s  rep e ated l y  in  the 
proo fs  be low . 

Cons ider a par t i t io n  T :  a ...; t o ...; t I "'; ' " ...; tn = S and s e t  

Yk = y ( tk) ·  We r e ca l l  tha t y ha s f i n i t e  l en gth i f  

Sup ¿ II Yk - Yk_ l l1 i s  f i n i t e  (Sup taken over a l l  par t i t ions ) ; we 
k 

deno te l e y) = l ength ( y) = Sup ¿ II Yk -Yk - l ll . Mor e  prec i s e l y , i f  
" k 

a < u < v < S we "wi 1 l  deno te by l ( y I Iu ,v] ) the l engih o f  the 

r e s tr ic tion of y to [u , v] , i . e  . .  the sup taken over al l par t i ­
t ions o f  [u ,  v] . 

"G iven a path y : [ a , S ] + Qn and a par t i t ion T :  a ...; t o '" t I '" . . . 
...; t ...; S we de fine 

m 

We prove next a s e r i e s  o f  l emma s tha t l ead to the firs t theo ­
rem o f  th i s  s e c t ion who s e  s ta t ement i s : l im M ( T) exi s fs for a 
pa th o f  finite  - l e ngth . 

We a s sume from now o n  tha t y has fini te  l e ngt h , w i th 
K = max Uy ( t) B ,  l = l ength( y) . 

Recal l  tha t K 1 i s  the numb er o f 1 .  2 . ;  we s e t K 2 = exp ( K i ) .  
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1 . 3 .  LEMMA . Fo Y' a H  T I I M (T ) II O;;; K2 . 

The -pro o f  fo l l ows e a s i l y  from 1 . 1 . ( i i i ) . 

Cons ider now the par t i t ion o b t a ined by add i ng a new par t i t io n  
po int v b e tween t o a n d  t I ' L e .  T ' : a. O;;; to O;;; v O;;; t I O;;; • • •  O;;; 
O;;; tm O;;; a .  

PY'o of.  Wr i te 

M ( T ' )  - M( T) L ( Ym ' Ym- l) ' " L ( Y l , y ( v) ) L ( y ( v) , Yo) 

L ( Ym ' Ym- 1 ) " . L ( y l ' Yo ) 

= M(t1 , t2 , · · · , tnJ [L(Y 1 , y(v) ) L (y(v) , yo) -L (Y1 ' YO) ] 

and ttier e for e ,  u s ing 1 . 1 ( v) and 1 . 3  

11 M ( T '  ) -M ( T) 11 O;;; K 2 K t lI y 1 - Y ( v) II 11 y ( v) - y ( O )  11 

a s  d e s ired . 

Suppo s e  now tha t S : a. O;;; S o  O;;; 5 1 O;;; • • •  O;;; sl O;;; B i s  a par t i t ion 

finer t han T :  a. O;;; t o O;;; t I O;;; • • •  O;;; tm O;;; B .  I n  order  to prove 

the next l emma we wi l l  l ab e l  the par t i  tion po ints  as  fo l lows : 

1 . 5 .  LEMMA . ' II M ( S )  - M ( T) 11 O;;; K tK 2  l m�x {l ( y  I [tj , t j + 1 ] ) } . 
J 

PY'oof ' , Wr i te 

and 

X o M ( S O , . . .  , s h ), X l = M Cs h " " ' S k) '  e tc . , 

Yo M e to , t l ) ,  

Y I  Me t l , t 2 ) , e tc . , 

w = MeS) - M eT) • 



Then 

W 
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xm - 1 Xm- 2 " ' XO - Ym- 1 Ym- 2 " ' YO = 

= Xm_ 1 " , X 1 ( XO - YO ) +Xm_ 1 " , X 2 ( X 1 -Y 1 ) YO + • • •  + 

+ x 1 " .X ·+1 (X . -y . ) y .  1 " . yO+ · ·  . + (x 1 -Y l) Y 2 " ·yO m- J J J J - m- m- m-

and a l s o  X l " , x ' + l = M( s , ::. + l " " ' s ) wi th s = t '+l and . m- J q q m q . J 
y . l " ' YO = M ( to � · · · , t . ) . J - . . J 

Therefore , us ing 1 . 3 
2 m . 

nw u EO;; K 2 1: II x . - y . u. 
j = 1 J J 

We c an wr i t e  xj -Yj = M (uO ' U l " " , ur ) -M (uO , ur ) where uo , . . .  , ur 
deno te  the S j be twe en tj and tj + l , s o  tha t in part icular 

uO = t j , ur = t j + 1 • C l early  

xj -y  j = M (uo " ' " ur ) -M (uo ' u 2 ' • • •  , u:P +M (uo , u 2 ' • • • , ur ) -

• • . +M (uo ' u  l ' u ) -M (uo ' u ) , r
-

r r 

" and to each d iffer enc e we apply 1 . 4 to o b tain  

II M (uO 'U i , U i+ l , · · ·  , ur) -M (uO ' u i+l , · · ·  , u r) 11 EO;; 

EO;; K �K2 I1 Y (Ui+ l ) - �{ui) lI lI y (u i ) - y (Uo ) 1I EO;; 

EO;; K �K 2l ( y  I [ t j , t j + l ] ) Il y (ui+ l ) - y (u i) 11 . 

Thus II xj - y j U EO;; K �K2l ( y l  [ t j , t j + l ] ) 2 and i t  fo l l ows that  

3 m- 1 
I I w U EO;; K 1K2 1: l ( y l ft . , t . + l ] )  EO;; 

j = 0 J J 

which prove s the l emma . 

The r e sul t s  o f  the next l emma are we l l - known . 

1 . 6 .  LEMMA . L e t y ( t ) , a EO;; t EO;; S · be  a a o n tinuous  p a th w i t h fini 
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te Zength in a Bana" h space a nd Ze t e: > O .  

The n : 

e i ) thepe  ezi s ts d > O such tha t if a ' =  t o <: t 1 <: • • •  

o f  [a :�' al wi th �x l tk - t k _ 1 1 < e  = a  i8 a pap t i t i o n  
m . 

t e y) <: e: + ¿ l! y (tk) - y e tk_ 1 ). 1 ' ; 
1 

e i i )  thepe ezi s ts e '  > o such  tha t if [u ,  v] e [a , a ] and 
o <: v -u "" e '  the n  t e y l [u , v] )  <: e: .  

1 . 7 .  THE,OREM . L e t y :  [a ,  al  -+- Qri b e  a co n t inuo us pa th wi th fi ­
n i t e  ' Z en(1t h �  The n �  the pe i s  an e Z em e n t  M�y whe n  
m:x l tk - tk _ 1 1 -+- O .  

Ppo o f .  L e t ' T 1 , T2 , . . . be  a se quence o f  par t i t ions o f [a , a ]  

such tha t Tm+ 1 i s  f iner than Tm and with I Tm l -+- O .  Prom 1 . 5 

and 1 . 6 e i i )  i t  fol lows that { M e T  ) } i s  a Cauchy s equenc e in  
m 

A L e t  Ma y = l im M e T ) • • a m 
Suppo se  tha t e: > O .  :ay 1 . 6 e i i )  there  i s  e >  o such that 

o <: v -u  <: e impl i e s  K tK 2t • .t(y I [u , v) ) <: e: .  As sume now tha t W i s  

any par t i t ion o f ' [a ., a ] with I W I <: e .  W e  can  wr ite  

( "') 
U Ma

ay -MeW) U <: D May -M e T  ) N + II M ( T ) - M e T u W) n + a m m m 

+ U M e T  U W) -M eW) n .  m 

Prom 1 . 5 wi th T=W and S = Tm u W  we ge t 

D M ( Tm U W) -M(W) 11 <: e: for a l l  m ; 

aga in from 1 . 5 wi th T=Tm and S = Tm u W and us ing 1 . 6 we ge t 

l im l M ( T  ) -M e T u W) n o .  
m m ,m 

Hence taking l imi t for m -+- � in e * ) we obta in n M�y -M eW) n <: e: 

and th is  cone lude s the proo f .  

Clear l y ,  by cons idet ing the re s tr i c t ions o f  y to subintervals  
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[u , v] e [a , a] we wil l have e l ements  MVy . u 

1 .  8 .  COROLLARY . If f :  A + B i s  a homomo pp hism 

bpa s ppe sepv ing the ide n t i ti e s ,  then f ( May) a 

of Bana a h  

M� ( f o y) .  

paptiau Z ap, fop e v epy g E G (A) g (M�y) g - 1 
= Ma ( gyg - l

) . a 

a Zge -

In 

Ppoof .  I t  suffic e s  to o b s e rve tha t f (M ( T» = Mf ( T) for each  y o y 
par t i t ion T and app l y  the the o r em . 

1 . 9 . PROPO S I TION . Fop e a a h  [u , v] e [a , a ] the  e Z emen t MVy i s  
u 

inv e p tib Z e  in  A and ( MVy) - 1 
= MV a ,  whe pe a is  the  oppo s i t e  

u u 

p a t h  of y, i . e . , a ( t) = y ( u +v - t) . f,1o pe o v e p, MVy = 1 (u E [ a , al ) . 
u . 

Ppo of .  Le t  T :  u = t o ' 0;;; t i O;;; • • •  O;;; tm = v be a par t i tion o f  

[u , v] and S . the "oppo s ite p ar t i t ion" , i . e . ,  s k = u+v - tm_k • 

Then ( MVy) ( Mva) = l im My ( T) . Ma e S ) as T ge t s  finer , where  the . u u 

no tat ion My ( T) ,  Ma ( S) i s  s e l f - expl ana to ry . 

. C l e a r l y  My ( T) Ma ( S) ,;. Ley , y  1) . L (y l ' y 2) · ·  . L (Y1 ' YO) .L (a , a 1) · m m- m- m- m m-

wher e  y .  = y ( t . ) and ak = d ( s k) . Now , for p , q in P i t  ho l d s  . J J n 
n 2 

L (p , q) L ( q , p) = 1 - ¿ p . ( q . - p . ) p .  s o we obtain  
i = l � � � � 

L(Ym' Ym-l) . . .  L (Y2 ' y I) L (y l ' yo) L (yo ' y 1) • . .  L (Ym_ l ' ym> 

= L (Ym' Ym_ 1) . • . L (Y2 ' Yl) ( 1 - � y < i) (y < i) _y(2 » 2
y( i» 

i= 1 1 O 1 1 

L (y , y 1) • . .  L (Y2 ' Y1) · ·  . L (y 1 ' y ) m m- m- m 
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We can appl y  the s ame device t.o the c entral term 
L ( y 2 , y 1 ) . L ( y l ' Y2 ) s o  we ge t 

My ( T) Mcr ( S) = L(ym, ym-1) · ·  .L(Y3 ' Y2) L(Y2 'Y3) · · .L(Ym-l ' Yu! -

n (i). ( i) ( i) 2 ( i) - L(Ym' Ym-} " '�(Y3 ' Y2) ( I Y2 (Y1 -Y2 ) Y2 ) 
i .... l 

• L ( Y2 , Y3) • • •  L(  Ym-l ' Yni -

n ( i) (i) ( " ) 2 ( " ) - L(Ym, ym-1) • . • L(y2 , Y1H
i
L Y1 ( Yo - Yl

� ) Y/ ) 

. L (yl ' Y2) "  .L(Ym- l ' Yni · 

After m s teps we r each , us ing 1 . 1 ( iv) m time s , 

My ( T) M", ( S }  = - I 
mt M (T . )(y(i) _y< i+l» ) 2M (S . ) 

v k=l i=O Y � k k Y � 

Therefore , taking norms and us ing 1 . 3  

2 . ( i) ( i+l) � K2 ·n max .e. (y . J [u,v) ) J1Rxll Yk -Yk 11 . 
i � i ,k 

Taking l imi �s as  T ge t s  finer , we conclude from the uni form 
cont inuity  o f  y that 

Thus l im My ( T) Md ( S )  = 1 ,  a s  claimed . 

For u � v in  [a , S ] we de fine 
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W¡i th this de fini tion  we are allowed to wr i te M: y fo r any pair 
u , v in [a , �] . 

1 . 1 0 .  PROPO S I T I ON . ( MVy) (MWy) = MWy fo r a l l u , v , w in [a , S ] . u v u 

Pro of.  As sume firs t that w .,;;;; u .,;;;; v .  Le t T and S be part it ions 
of [w , u] and [u , v] , r e s p e c t ivelY .  Cl e arl y M ( S ) M ( T) = M ( T U S) 
and taking l imits  we obtain the d e s ired fo rmul a . Al l o ther 

) 

cas e s  reduc e to thi s . For ins tance , when  w .,;;;; v .,;;;; u we ge t 

MUy = MUy . MVy ,  whence (MUy) - IMuy MVy ' but MVy = (MUy) ,..} 
W W w ,  v W W ' U , v  

and the formula  fo l l ows . 

The next re sul t prove s the l i ft irig proper ty o f  MUy . 
' v  

v v - 1 1 . 1 1 . TIlEOREM . (Mu y) y (u) (MuY) = y (v) . 

Pro of.  L et  T :  t o = u .,;;;; t l  .,;;;; . . .  .,;;;; tw = v b e  a par t i tion o f  
[u , v] ; then 

and each L ( yj ' Yr - l ) i s  invertible  i f  T is fine enough . Then , 
us ing 1 . 1 ( i i) m t imes , 

M ( T) y (ul M(T) - l 
= M ( T) yoM ( T) - l 

= y (v) 

and the theorem ' fo l l ows taking the l imi t a s  T ge t s  finer . 

1 f we define , for e ach t in [a , S ]  , 

we surnrnar i z e  the properties  o f  MVy as  fo l lows . 
U 

1 . 1 2 .  THEOREM . ( i ) r i s a  func ti on  from [a , � ] in to G wi th 

'r ( c ü  1 ;  ( i i )  ( "Barrow ' s rul e " )  M:y = r (v) r ( u) - 1 

(u ,  v E [a , ¡3l) ; ( i i i) y ( t)  = r ( t) Y ( a )  r ( t ) - 1 ( t  E [a ; S ] ) . 
F inal l y ,  we prove r co inc ides with the l ift ing o f  y 
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exhib i t ed in [ ePRI ] ,  when y i 5  e l . 

1 . 1 3  . .  THEOREM . ( i ) If Y i s  a aon tinuous and 1'e a ti fiab l e  p a th 

i n  Qn ' t h e n  r i s  a o n tinuous and 1'e a tifi ab l e  in G ;  

U i)  If y i s  a e
l pa th i n  Qn then  r is  a l s o a e l p a t h  in  G and 

n 
sa ti s fi e s t = O :  Y o Y o ) r  

i"' l  l. l. 

We ne ed a lemma 

to y .  

1 . 1 4 . LEMMA . If Y i s  a pa th o f  a l a s s  e
l and T :  u 

� . . .  � tm v i s  a pa1'ti tion.  then  

I I M ( T) -M (u , v) n � (v -u) K z ll t ll ool ( y l [u ,v ) ) . 

P1'o o f .  Wr ite  

m-l 
= 1: M(to , t o , t o+l , . .  · , t  ) -M(to , t o+l , . .  · , t ) .  

j = l J J m J m 

From 1 . 3 and 1 . 4 each term can be  maj ori zed by 

50  tha t 
m- l  

II M ( T) - M ( ll ,")  11 � U ( y l [u , v] ) 1: II Y Jo + I - YJo lI . 
j = O 

The mean value theorem appl ied to each lI yj + l - yj ll gives  the ma -
j orant 

m - l 
U ( Y 'llti , v] ) II Y ll oo 1: ( t Jo + l - t Jo ) , as c la imed . 

j =O 

P1'oo f  of  1 . 1 4 .  Wr lte  

r ( t +h) - r ( t) = (M�+hy) r ( t ) - r ( t ) = (M�+hy - 1 ) r ( t )  

and define z = (M:+hy - 1 ) - (M ( t , t +h) - 1 ) . Then 



143 

" The inequa1 i ty used  in the pro o f  o f  1 � 1 4  shows tha t 
m- l 

II M( t , t l , · · · , t  _ l , t +h) -M ( t , t +h) II '¡¡;; U(y l [ t , t+h] )  L 1I y · + l -Y . II ,¡¡;; 
m j =O J J 

''¡¡;; K.e. ( y  I [t ,  t + h] ) 2 . 

By definit ion o f  z ,  r ( t +h) - r ( t )  = ( z +M ( t , t +h) - 1 ) r ( t ) s o  tha t e 

H ( t+h) - r ( t ) ll ,¡¡;; H (t) ll ( ll Z ll + II M ( t , t +h) - 1 II ) ,¡¡;; 

,¡¡;; u r ( t ) II Kl ( y l [ t , t +h] ) 2 + II M ( t , t+h) - 1 11 ) . 

Now , M ( t , t +h) = L ( y ( t +h) , y ( t ) ) and we get , us ing 1 . 3 ,  

. M ( t , t +h) - 1 11 ,¡¡;; K ' II y ( t ) II II y ( t +h) - y( t) II . 

Thus H ( t+h) - r ( t ) II ,¡¡;; ( r + s ) H ( t) II , wi th r = K.e. ( y l [ t , t +hJ ) 2 , 

s = K ' II Y ll oo U y ( t +h) - y ( t ) U , which proves the cont inu i ty o f  r .  

App1yip� the 1as t inequa1 i ty to each pair t = t j ' t +h = t j + l o f  

a par t i t ion T o f  [a , S ] w e  ge t 

¡ H ( tj +l ) - r ( t j ) U ,¡¡;; u r u oo K L l ( y l [ t j , t j + l ] ) 2 + u r u oo K ' l ( y) . 
J j 

Taking l imi t s  as T gets  finer i t  fo l l ows that l e r ) ,¡¡;; u r UooK 'l (y) 
Thi s  proves par t ( i ) . As sume now that y i s  of  c 1 a s s  e l . Then 

and by 1 . 1 4  

h "  l '  1 o w enc e 1m h z . 
h+O 

We compute  now 

1im k ( r ( t+h) -r (t ) ) = lim � (M�+hy- 1 ) r (t) 
h� h� 
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l im C* Z + *(M ( t , t+h) - l ) )r ( t ) . 
h-+Q 

1 im 1 ( L ( y ( t+h) , y ( t ) - 1 ) ) r ( t )  
h-+Q h 

but * ( L (y ( t +h) , y ( t ) ) - 1 )  
n 
L y . ( t +h) · -h

1 ( y . ( t ) - y . ( t +h) )  which 
i = 1 � � � 

n 
converges , when h -+ O , to - L y . ( t ) y . ( t )  or , wh ich i s  the : l  i = 1 � � . m • t 
same , to  L y . ( t ) y . ( t ) . Thus 

i = l � � 

as c l a imed . 

l im *
t ( r ( t +h) - r ( t ) ) 

h-+Q 9 

H 

n 
( L 
i = l 

y .  ( t ) y .  ( t ) ) r ( t ) 
� � 

1 . 1 s .  REMARKS . ( i) The r e sults  above fo l l ow the pat terns es -
tab l i shed in [PRl', a l though the computations here  are mor e  
envo lved . 

( i i ) The d i ffer e�t ial  equation  r = ( LY iY i) r  has b e en found , 
a 

independently , by  Kato �a 2 ] and Dal eck i i  IDa ] in the 5 0 ' s .  

The geome tr ical  meaning o f  the ir s o lut ions , however , has been 
firs t es tab l i shed in  [CPR 1 ] .  

- § 2 .  L I F T I N G C U R V E S  O F  B A N A C H  S P A C E  D E C O M P O S I T I O N S  

Recal l ,  from the Introduction., that an idempo tent q o f  a B a ­
nach al gebra A determine s a space 

s = { ( a ,  b ) E A x A:  aq=a  , qb =b , ba=q } . q . 

An extens ive s tudy o f  the geome try o f  S q ' toge ther with some 
a s s o c i a ted maps l ike  S q -+ Q ,  g iven by ( a , b ) 1--+ ab , can b e  
found in [CPR4 ] .  A conne c t i on V i s  introduced in  S q and the 
hor i zontal  l i ft o f a curve in S q (hor i z ontal with respect  to 
V )  i s  ob ta ined by  means of a l inear d i fferent i a l  equa t i on , 
j u s t  as  in  the c a s e  o f  Qn ( s ee § 1 ) . In  thi s  s e c t i on we descr i 
be  the cons truc t ion o f  a spec ific  l i ft of  a ( r ec t if iab le and 
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cont inuous }  curve y in S q , wh ich turns to b e , when y i s , s ay ,  
o f  c l a s s  e l , t h e  hor i z ontal l i ft o f  y .  We sha l l  fo l l ow the 
l ines of § 1  s o  that we only need to prove the ma in inequa l i ­
t i e s . 

Given 8 = (a , b ) , 8 '  = ( a ' , b ' ) in S q c ons ider L ( 8 , 8 ' )  = ab ' + 
+ ( 1 - r ) ( 1 - r ' ) ,  wher e  r = ab an� r '  = a ' b ' ; ob s erve tha t both 
ar e idemp o t ent e l ements o f  A .  

I t  i s  c l ear tha t , for 8 , 8 '  c lo s e  enough , L ( 8 , 8 ' ) i s  inver t i ­
b l e . Mor e over , i f  w e  d e fine an a c t ion o f  G over S q b y  g . 8  = 

= ( ga , h g - 1 ) ,  i t  i s  c l ear tha t L ( 8 , 8 ' ) . 8 ' 8 . 

2 . 1 . PROPOS I T I ON .  L e t  8 , 8 ' , 8 " b e  fixe d e lemen ts o f  S q wi th 
n o rm at m o s t  K.  Th ere exis ts K 1 > O suah t h a t  

( i ) HL ( d , 8 ' ) 1I <; 1 +  K 1 0 8 - 8 ' 1I 

( i i ) HL ( o ,. 8 ' ) L ( o ' , 0 " )  '; L ( 8 , 0 ") ll  <; K 1 11 0 - 8 ' 11 11 8 '  - 8 " 11 . 

Proof .  Bo th inequal i t i e s  fo l l ow eas i ly from the i d ent i t i e s  

( 2 . 1 . 1 )  

( 2 . 1 . 2 ) 

L ( 0 , 8 ' )  = 1 + ( 1 - r ) ( a - a ' ) b '  + a (b ' - b )  

L ( 8 , o ' ) L ( 8 '  , o " ) - L ( o , 0 ") = 

= f (a ' -a)b ' + ab (a-a ' )b ' l [a ' (b ' -b") + a ' b ' (a ' -a")b"l . 

Le t y :  [ a , /3 ] ..... S q b e  a rec tifiab l e  cont inuous curve and cons i -
der a par t i t ion o f  [a , t] , T :  to a <;  t I <; <; t

n 
= t fine 

enough su¿h that , for every k = 1 , 2 ,  . . .  , n ,  

gk = L { y ( tk) , y ( tk_ 1 » i s  invertib l e . Deno t in g  y ( t ) = (a(� � (� )  

and y ( tk) = ' Yk = ( ak , b k) ,  we shal l prove that a l l  inver t ib l e  

el emen t s  o f  the form gT = g
n

gn- 1 . • .  g 1 are  uni formly b ounded , 

independentl y  o f  T .  

2 . 2 ; LEMMA . Th ere  i s a aons tan t M, dep ending o n l y  on y, s uah 
th a t  for e v e ry p a � t i t i o n  T of [a , t] II gT " <; M . 

Pro o f .  B y  2 . 1  ( i ) , w i th K su� lI y ( t) lI ,  i t  fo l l ows tha t 
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n g 
T 11 ..;;; k � 1 n gk 11 ..;;; k � 1 ( 1 + K 1 By k - Y k - 1 11 ) ..;;; 

n ..;;; exp I K 1 II Yk - Yk- 1 " ";;; exp (K 1l t l M .  k= 1  

where  l t i s  the l ength o f  y l [a. , t ]  . 

2 . 3 .  LEMMA . Given tbJO p ar ti tions  

T I : s · ..;;; w ";;; vo ";;; • • •  ";;; vn 
of [s , vn] e [a. , S L fo r the s ame aons tan t K 1 o f  2 . 1 , i t  h o lds 

t ha t 

i s  t h e  l e n g t h  o f  y l [s ,v ] . n 

Proof .  Let  x = L ( y (vo ) , y (w) ) L ( y (w) , y ( s ) ) - L ( y (vo ) , y ( t ) ) . By 

2 . 1  ( i i )  

v 
II z ll ..;;; II g T , lI lI x lI ..;;; K I HgT , lI ls n Il Y ( vO ) - y (w) 11 

2 . 4 . LEMMA . Given  parti t i ons 

8 = ( 5 0 , . • .  , 5 ) ,  T . m 

8 fin e r  than T, there exis ts a aons tan t K 2 dep e n di n g  o n ly  on 

y s ua h  t h a t  

W,e omi t the  proof  because  i s  a s impl e  var iat ion of  that o f  1 . 5 , 
us ing the e s t imates  o f  2 . 2  and 2 . 3 .  Mor eover the r e s t  of  the 

proof  of the fo,llowing theorem fo llows the l ines of  1 . 7 - 1  . 1 4 ,  
j u s t  replac ing the correspond ing l emmas by thes e  proven in th is 

s ec t ion . 
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2 . 5 .  THÉOREM . L e t  y : [0. , 13 ]  -+ Sq be a r e a ti fi ab l e  and a o n t i ­

nUOUB aurve in S q ' The n ,  fo r e v e ry t E [0. , 13 ] t h e  l imi t 

r ( t) = l im gT exi e te and r i e  a rea tifiab l e  and a on tinuoue  
11 TU-+() , 

aurve [0. , 13 ] -+ G e u a h  t h a t  r ( t ) . y ( o.)  = y ( t )  for a l l  t E [0. , 13 ] . 

rf y i e  a C l -aurv e t h e n  r i e  the  ,unique e o lu tion  of the  i n i ­

' ti a l  va l u e  prob l e m  

t = { - a6 + fr) r , r (o. )  = 1 . 

Pro o f .  We only cons ider the las t a s s ert ion . Let t E [0. , 13 ] , 

h > O and T a par t i t ion o f  [o. , t ]  T :  t o  = a < t I  < . . .  < tn = t  . . 

I f  h i s  sma l l  enough and g t+h = a ( t +h) b ( t ) + ( l - r ( t +h) ) ( l - r ( t) ) , 

r ( t +h)  - r ( t )  = g t +h r ( t) -' f ( t) +o (h) , 

by the fir s t  part of the theorem;  s o  i t i s  eriough to prove 
that  l im ( g t+h - 1 ) /h = - a ( t ) � ( t ) +f ( t) r ( t ) . 

h-+O 

Computing 
a ( t +h) b ( t) - r ( t+h) - r ( t) +r ( t +h) r ( t) = 

a ( t+h) ( b ( t) -b ( t +h) ) +(r ( t +h) - r ( t) r ( t ) )  

and the result  fo l lpws . 
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