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A B S T R A C T . As an e s s ent ial l y  s e l f - eont a ined int roduet ion to a 
gener a l  approaeh to  moment type  pro b l ems , b a s ed on an or ig ina l 
idea due to  Miseha Co t l ar , we s ketch a method to  so lve  the  e l a s  
s iea l  Car at heodory - F ej er probl em and g ive  a geometr ie  int erpr e ­
tat ion o f  the  Sehur paramet er s .  

I N T R O D U C T I O N  

I n  the  l at e  s event ies , Co t l ar sugg e s t ed that a c l a s s  o f  s ingu ­
lar int egr a l s  on we ight ed spae e s  eould be  stud i ed by means o f  
a mod i f ieat ion o f  To ep l i t z  kerne l s ,  a n  idea that wa s f ir s t  ap ­
pl i ed through the Co t l ar � Sado s ky l ift ing theor em [C - S . 1 ] . That 
kind o f  kernél s wa s l a t er ine luded in the no t ion  o f  " G eneral i ­
z ed To epl it z Kernel s "  [A - C] , wh ich al lows a un i f i ed approaeh 
to  s everal probl ems ( s e e  [ C - S . 2 ] for a g enera l overv i ew) . 

By means of  a fur ther g ener a l i zat ion o f  that no t ion , the  
To ep Z i t z -Kr e i n - Co t Zar fo rma [Ar . 1 ] , [Ar . 2 ] , such subj eet s a s  the  
ext ens ion to  the  d i s e r e t e  p l ane  o f  a theo r em of  Kr e in ,  on the 
FQur ier trans form o f  a funet ion o f  po s it ive  type on an int erva l ,  
and o f  the  Nagy - Fo ia s l ift ing o f  the  eommutant e an b e  eons ide � 
r ed in the s ame framewo r k .  The ba s ie idea i s  t hat s everal gene� 
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al i zed  . moment probl ems g ive r i s e  to a fami1y o f  i s ome tr i c  op� 
rators , wi th doma ins and range s depend ing on  the operato r , 
such tha t the ori ginal problem can be  so lved i ff there exis t s 
a family  o f  commut ing unitary extens ions o f  tho s e  operator s . In  
thi s  way no t only exis tenc e que s t ions can be  handl ed ; a l s o  
unic i ty cond i t ions and descrip t ions o f  al l the solut ions i n  
the inde terminate case  appear in quite  a na tural way . I n  par ­
t i cular , a s imple  geome tric  interpreta t ion can b e  given in 
thi s framework o f  the "cho ice  sequence s " introduced in [C - F ]  
and � - C - F] as a far reaching extens ion o f  the  Schur parame ­
ters o 

Now , tho s e  parame ters , nowadays s o  important in s everal sub ­
j ec t s  ( s e e  [K] ) ,  were introduced by Schur [Sch . ]  as an analy ­
tic  tool  to  deal wi th the c l as s ical Caratheodory - Fe j er prob l em .  
So , as  a hopefully s iinpl e  introduc tion to the general me thod 
we summari zed b e fore , we want to show in  this  paper how the 
aboye mentioned Co tlar ' s  idea leads to an operator - theo r e t i c  
solut ion of  tha t problem and to a geome tric  characteri za t ion  
o f Schur parame ters . 

T H E C A R A T H E O D O R Y - F E J E R  P R O B L E M  R E V I S I T E D  

NOTATI ON . Le t T b e  the unit circl e i n  the complex pl ane C ,  m 
the normal i z ed Lebes gue mea sure in T and Z the s e t  o f  integral 
numb ers . I f  f E L l (T) == L l (T , m) , its  Four ier transform } : Z + C 
i s  g iven by 

,.. 
f (k) ' 

1 f 2 '!T " " k f k = "1"::" f ( e J.x) e- J. x dx == 
T

f ( z ) z dm ( z ) ¿; '!T O 

The support  o f  any func t ion h is  the s e t  supp h : = { h f O } ; 
f E L l (T) i s  a tr igonome tr ic  polynomial if  supp f i s  a fini te  

. s e t . For 1 O;;;; p O;;;; ca , HP (T) i s  the  Hardy space defined by 

HP (T) = { f E LP (T) : f ( k) = O if  k < O } . 
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and Fn de no te s the s e t  o f  a H  the func tions  f E Hoo ( T) s u c h  

t h a t  ... 
f ( k) = c k ' k = 0 , 1 , o o . , n ; I I fll .., O;;;; 1 ,  

the p ro b Z e m  i s  to c harac te ri z e ,  fo r e a c h  na tura Z n, the  (n+1 ) ­
up Z e s  s u ch tha t Fn i s  non v oi d .  

A NECESSARY COND I TION . 

Assume that there exists f E  F ; then the ma tr ix ( a  . .  ) . .  1 2 g iven n 1 J 1 , J =  , 
by a l l  = a2 2 = 1 , a 1 2 = f , a 2 1 = " i s  po s i tive s emidefini -

te a . e .  in T .  Thus 

holds  for any tr i go nome tric  po l ynomials  g l ' g 2 ' I t  fo l lows that 

i s  true for any h 1 , h 2 : Z + C with finite  suppor t ,  where  
o :  Z + C i s  such tha t supp o = { O }  and 0 ( 0 ) = 1 .  

I t  i s  easy  to s e e  that , i f  we s e t  c k  O for every k < � and 
W = W ( n) : = { k  E . Z : O O;;;; k O;;;; n } , then ( 1 ) is equival ent to 

( 2) O o;;;; �{ ¡ hl (u) ¡
2 :u E W}+2Re�{cu_vhl (u)h2 (v) :u ,v E W} + �{ ¡ h2 (v) ¡ 2 :v E W} , 

'ti h 1 , h 2 : Z + C such that supp h l , supp h 2  e W .  

Now ,  the las t c o nd i t ion  depends  only on the giiren data 
{ c O , c l ' . . .  , cn } and i s  the s ame as  s aying that the operator rn 

on Cn+ l given by the To epl i t z matr ix ( t  ) 0 ; ; ' wi th t uv � u , v �n  uv 
= C s a t i s f i e s  Il r 11 O;;;; 1 .  Summing up : v-u ' n 

For F to b e  n o n  v o i d i t  i s  ne c e s s ary tha t II r . 11 O;;;; 1 .  n n 

AN AUX I L IARY FORM . 

I n  order to prove tha t the aboye nec e s sary cond i t ion  i s  al so 
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suffic íent , we cons ider ( 1 )  as the a s s er t ion tha t a To ep1 i t z 
form cons truc ted by means of  f and ac t ing in the space 

A ; = {h  = (h l , h 2 ) , hl 'h2 : z .... C with finite support} 

i s  po s i t ive , and we ob s erve that knowing { c O , c l ' . . .  , cn } is 

the same as  knowing the  r e s tr iction of that form to a we1 1 -
defined subspace  o f  A .  Thes e  remarks mo t ivate  the fo 1 1 owing 
cons truc tion . 

Set  Wl = Wl (n) = { k E Z : k � n }  , W2 = { k  E Z :  O � k }  , 

A (n) { h  = (h l , h 2 ) E A :  supp h l c' W l ( n) , supp h 2 C W 2 } 

and define a form B : A ( n) x A (n) .... C s e t ting , for any h,h '  E A(n) , 

(3) B (h , h ' ) = l:{hl (u)fil (u) :  u E Wl } + l:{cu_vh¡ (u) h2 (v) : (u,v) E W¡xW2l + 

+ �{Cu_vh2 (v)hi (u) : (u ,v) E WlxW2 } + l:{h2 (v) hi (v) :  v E W2 } .  

C1ear 1 y ,  B i s  a s e s qu i 1 inear form ; i t  i s  easy  t o  s e e  tha t 
II rn ll � 1 impl ie s  tha t B i s  pó s i t ive , L e . ,  such that 
B ( h , h) � O ,  � h E A ( n) .  Now , B i s  an examp 1 e  o f  a genera 1 i ­
z ation  of  the c 1 a s s ica1  no t ion o f  a To ep 1 i t z form in the fo 1 -
10wing s enS e : 1 e t  S b e  the shift , i . e . ,  S g (m) . = g (m- 1 )  for 
every g in  A ;  then a To ep 1 i t z form in A is an S - invar iant 
form , whi 1 e  it is no t d i fficu1 t to pro ve that 

(4 )  B ( Sh , Sh ' )  B (h , h ' )  

whenever i t  makes s ens e , that is , for every h ,  h '  in  
D ' (n) : = { g E A ( n) : Sg  E A (n) } .  

Now we pro c e ed a s in the proo f of  the famous Na imark ' s  d i l a ­
t ion theor em' ( s ee [N - F1 ) :  s e t t ing <h , h '  > = B (h , h ' )  for every 
h , h '  E A ( n) , ·the po s i  t ive form B and the vec tor spac e 'A (n) 
genera t e  a Hilbert  spac e .  and a canonic  map A from A ( n) onto 
a dens e subspac e  of H ( n) , whi 1 e  S I D ' ( n ) defines in ' the natu -

ral way ( i . e . , V A 1 D � ( n ) = A S I D ' ( n » )  an isometric  operator V 

from D (n) onto R ( n) , which are bo th subspa c e s  o f  H (n) . 

I f  fo 1 1 ows from that c ons truc t ion that d I : =  A ( � , O ) , 
d2 : =  A ( O . � ) imp l i es 
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C = kd d k <V l ' 2 > , O � k � n , 

s o  i t  is  natural  to try to define ck for k > n by extending V 

in such a way that ( 5 ) s t i l l  makes s ens e . I n  fac t , i t  i s  no t 
d i fficul t to  s e e  that ther e exi s ts a Hilbert  spac e G conta i ­
ning H ( n) �nd a uni tary operator U E L ( G) that extends V .  Let  

- 1 
E b e  the spec tral mea sure o f  U ; we define a p o s i t ive matr ix 
o f Borel

o
measures  in T , M = ( M  . . ) .  · - 1 2 ' s e t t ing M1. J. ( ' ) = 1 J 1 , J - , . 

= <E ( . ) d . , d . > G and we c a l culate  the Four ier coe ffic ients  o f  1 J 
thes e  mea sur e s : 

A f -k J k k M . . (k) : =  z dM . . ( z) = z - d<E ( z) d . ,d . >G = <U d . ,d . >G ' k E Z , i , j =1 , 2 .," 1J T ' 1J T 1 J 1 J 

-k  -k  For k > O we have <U d 1 , d 1 > G = <V d l , d l >H ( n ) 

= B ffi- k ( 8 , 0 ) , ( 8 , 0 ) ) = � ( - k) , as  i t fo l lows from the de fini ­

t ion  o f  B .  Thus , the real  measure M I l  i s  s imply  Leb e s gue 

measure m ,  and the same holds for M2 2 . S inc e  M is  a po s i t ive 

matr ix , M 1 2 has to be ab s o lutely  continuous w i th re spect  to m ,  

i . e . , dM 1 2 = f dm , w ith f E L l ( T) .  Thus the matr ix ( a  . .  ) . .  - 1 2 1 J 1 , J - , 
given by , a l 1  a 2 2  = 1 ,  a 1 2 = f , a 2 l = l , i s  pos i t ive s emi -

de fini te a . e  s o  " f " oo  � 1 .  Mor eover , for any k we have 

k � n .  

So the proof  that Jn � • i ff " r n " � 1 i s  over o 

DESCRIPT ION OF ALL SOLUT I ONS . 

L e t  U* b e  the s e t  o f  a l l  the ( U , G) such that G i s  a H ilbert  
space conta ining H (n) and U E L ( G) a uni tary oper a tor tha t 
extends V .  To each ( U , G) E U* we a s soc iate  f E F charac ter -n 
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i z ed by 

( 6 )  

The func t ion f e  Hco ( T) i s  ob tained a �  the boundary value o f  an 
analytic  func t ion in D = { z  E e :  I z I < 1 } , which we a l s o  cal l 
f and is  g iven by 

A k A k f e z) = �{ f (k) z : k E Z} � t{ f(k) z : k > O } 

s o  the correspondenc e ( U , G) + f is  g iven by 

( 7 ) 

In order to s ee that th i s  corres1?ondenc e from U* to Fn i s  sur -
A .  

j ec t ive , rema.rk tha t , i f  f E Fn i s  g iven and C u  = f (u) for 
every u E Z , then ( 3 ) défines a po s i t ive S - invar i ant form 
B :  A x A + !  e , .  so as b e fore A and B genera t e  a Hi lbert spac e G 
whi l e  S genera tes  a uni tary operator U E L ( G) that ext ends V 
and s uch tha t ( 6) ho lds , s o  f i s  g i  ven by ( U ,  G) E U' . 

eons e quently,  a l l  the s o lut ions o f  the ear �theodory - Fe j er pro ­
b l em c an b e  ob tained by the me thod we have s ke tched . 

' Mbr eover , the ( Ú , G) E U* we h ave j us t  obta ined from a given 
f E Fn s a t i s fi e s  al s o  the �nima l i ty cond i t ion' 

( 8) 

where V {  . . . } deno t e s  as usua l the sma l l e s t  Hilbert  spáce tha t 
conta ins a l l  the sets in { . . .  } , s o  we ' say tha t such ( U , G) i s  a 
minima Z uni tary e re t e n 8 i o n  o f V .  eons equently , in order tó get  
the  func tions o f  Fn

, 
we c an r e s tr i c t  the above .  cons idered cor ­

respolldenc e to 

U : =  { ( U , G) E U* : U i �  a minimal extension of V} 

No te tha t , for any ( U , G) � U, <Ukdj , dj >G = O Ü k� O , j = 1 , 2 ;  

in fact , i f  j = 1 and k < O then O = B �k ( 6 , O ) , ( 6 , O ) ]  
k ' · k _ k = <AS ( 6 , O ) , A ( 6 , O » H (d )  = · <V d 1 , d 1 >n - <U d 1 , d 1 > G ' e tc . 

I f  ( U ' , G ' ) , (U" , G'.' )  E U correspo nd to the s ame f E Fn then 
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holds for any lt , m  E Z ,  i , j  .. 1 , 2 ,  so s e t t ing T ( U , kd i ) = U" kd i 
we de fine a unitáry operator T from G '  onto Gi l  such tha t 

TU ' = U" T T H (ll )  = IH ( n ) 

Tha t  is , U '  . ,y U" are e s s entially the s ame ext ens ion o f  V ,  s o  
w e  wr i t e  ( U ' , G ' )  � ( U" , G") and w e  cons ider that t h e y  ar e equal 
a s  e l ements o f  U .  

With tha t ident i f i c a t ion , t h e  corre spondenc e b e tween U and Fn 
i s  b i j ec t ive : U � F . n 

ON TRE UNI C I TY  OF THE SOLUT I ON . 

Fn wi�l havie only one e l ement when the s ame h.app ens w i,th U .  
L e t  D ( n) b e  the doma in oí V ,  R ( n) i t s  n inge and N (n) , M ( n) i t s  
defec t sub s pac e s , i . e . , the ortho gonal compl ement s  in R ( n) o f  
D ( n) , R ( n) , r e sp e c tively . I t  i s , no t di fficul t to s e� that V 
has e s s en t i a l l y  only one minimal uni tary extens ion i f  a t  l ea s t  
one of  i t s  de fec t subspaces  (wh ich in t h i s  c a s e  have the s ame 
d imens ion) is tr ivia l . 

'Now, D (n) = R ( n) iff ASn ( o , O ) = Vnd l E D ( n) , s o  we have· .tú. study 

p (n)  : = d i s t 2 [Vnd l , l\.D '  ( n) ] 

which i s  the infimum , for h' :- (h l , h2) E A (n) w i th h l (n)  -. O , 

o f  B [Sn ( o , O ) +h , Sn ( o , O ) +h] = 1 + l:{ +h l ( uJ I 2 : II < n } + 

+ 2 Rel:{ c h 2 (v} : v ;> O } + 2 Rel:{ c h l ( u) h2 (v) : v ;> 0 ,  u < n }  + n-v u-v 

+ l:{ l hz fv) 1 2 ¿ v ;> O } . Thus , wi th obvious no ta t ion : 

� (n) . = inf{ ft h� u 2 + n h � u 2 + 2 Re < �n
h l , h 2 > : h l , h 2 E Cn+ l , h l ( n) 1 } .  

Rep l ac ing h 2 (when rnh 1 is not z ero)  by - ( II h 2 J1 / lI Fnh l u ) rh l we 

can s e e  tha t p (n)  inH U h l1 2 H
n

h n 2 : h E Cn+ 1 , h ( n} = n .  
C l e ar l y , D (n)  = R (n) i ff p ( n) O , and R(n) = R (n)  i ff �' (n) = O , 

w i �l\  p ' (n)  = .inH U h U 2 - Hrn *h U 2 : h e  cn+ l , h ( O ) = n .  Now , i f  

J i S  the ant i l inear trans format ion i n  Cn+ 1 g iven b y  
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( Jh) ( j ) " = h (n - j ) , O <: j < n ,  then JI'n = rn *J , s o  

Hhl 2 - ll r *hI 2 : h e en+1 , h(O) = 1 }  = { II Jh n 2 - R r  *Jh"11 2 : h E en+1 h (n) = 1 }  = " n n ' 

= { D Jh u 2 - U Jp h n 2 : h  E en+ 1 , h (n) = 1 } ; thus , � ( n) = p ' (n) . n 

S inc e  rn* <5 = ( c O
, . . .  , Cn) , p (n) <: 11 <5 11 2 - II r n* <5 11 2 

= 1 - �{ l c j I 2 : O <: j <: n } . 
I f  U r n <: 1 :  and h (n) = 1 ,  then U h U 2 - u r  h U 2 > U h U  - U r h U > n n n 
> 1 - Il rn U ,  s o  II r n D <: 1 imp l i e s  p ( n) > 1 - ll r n U .  I n  th i s  way 

we arrive at the fol lowing 

( 9 )  PROPO S I T I ON . G i v e n, { c o ' c 1 , . . . , c n } e e ,  s e t  
00 , A  

Fn = { fe H ( T) : f ( k) = c k ' k=O , l , . . .  , n ;  Il f ll oo <: 1 }  , 7, e t  rn 
b e  the o p e p a t o p  i n  en+ 1 given  by the  m atPiz é t ) 0 / � , , uv � u , v �n 
wi t h t = c if u <: v  and t = O i f  u > v ,  a nd s e t uv v -u uv ' 
p ( n) = inf { U h U 2 - u r  h H 2 : h E en+ 1 , h ( n) = 1 } .  Then :  n 
a )  F F <p - ' ll r 11 n n <: 1 - p ( n) > O '* p (n) > 1 - U r 11 . n 

, , 2 b )  p(n) = inf{ Oh ll - Il r *h I1 2 : h E en+1 , h(O) = 1 }  <: 1 -�{ l c . 1 2 : O <: j  <: n} n J 
. c) #1 (F ) = 1 ... p(n) = O .  n 

It  on1y remains to prove that p(il) > O implies U r  U <: 1 .  AsslUlle that n 

II rn 11 > 1 .  L e t  h ' E en+1 b e  such tha t ll h ' U = 1 and u rnh '  11 = a > 

> 1 . , I f  h '  do e s  no t b e l ong to en = { g E en+ 1 : g e n) = O } there 

exi s ts a non '  z e ro s calar b such tha t  bh ' ( n) 1 ;  i f  h = bh ' 

then  p ( n) <: �h U 2 - U r  h U 2 = I b I 2 ( 1 - a 2 ) < O .  I f  h ' E en , s e t  , , n  . 
h = bh ' + v ,  b s ca l ar and v = ( 0 , . . .  , 1 ) ; then h ( n) = 1 and 

U hU 2 - u r  hU 2 = I b I 2 U h ' U 2 + 1 - I b l 2 u r  h ' U 2 - u r  v l1 2 - 2Re [b<r h ' , r  v>] n n n "  n '  n 
= I b I 2 ( 1 -a2) -2Re [b < r h ' , r  v> ]  + 1 - � { l c . 1 2 : O <: j  <: n } , which n n J 
i s  ne gat ive fo r a conveni ent b ;  thus p (n) < O .  
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CONDI TIONS FOR THE EX1 STENCE AND UNI C I TY OF SOLUTIONS . 

u r  U < 1 i ff the operator ( 1  - r * r  ) i s  po s i t ive s�mide f ini te . - n n n 
l f  an operator B i s  given by the ma tr ix (b �o < < and i f  � uv _ U  , v _ n  m 
deno te s  the de terminant of  (b ) 0 < < '  then : i )  B i s  po s i t i ­uv _ u , v _ m  
v e  s emidefinite  ( i . e . ,  <Bh , h >  > n for every h) i ff � > O fo r m 
O < m < n ;  i i )  B i s  po s i t ive definite  ( i . e . ,  <Bh , h> > O for 

every non z e ro h) iff � > a fo r O < m < n .  Now : m 

( 1 0 ) p ( n) = O = !I r U = 1 = n 
( 1  - r *r ) is positive semidefinite and det ( l  - r *r ) = O n n n n 

l t  i s  ea sy  to prove the e quival enc e b e tween the secon� and the 
third cond i t ion . Le t !I r 1 1  < 1 = p ( n) > O .  n 
l f  de t ( I  - r· * r )  O ,  ther e exi s t s  a non z ero  h E C n+ 1 

such n n 
tha t ( 1  - r * r ) h  n n O s o  U h U 2 = U r h U 2 . L e t  m < n maximum , n 
such tha t h ( m) � O and as sume h ( m) = 1 .  From U h U 2 = u r h U

2 we m 
ge t p (m) = O ,  s o # ( F ) m- - 1 and p ( n) = O .  

Conver s e l y , i f  p ( n) = O ,  ther e  exi s t s  { h  : v > a }  e cn+ 1 
such v 

that  hv ( n) � 1 and U hv U 2 - t r nhv u
2 

go es  to O .  I f  { hv } has a 

bounded subs equenc e ,  p ( n) i s  a minimum , s o  nr U n 
go e s  to 00 ,  we can find a vec tor g such tha t U g U  

U g U 2 
� u r g U

2 = O ,  e tc . n 
The proo f o f  ( 1 0 ) i s  over o 

We now show how p can b e  calcula ted when de t ( I  - r * r ) > O .  n n 
Let  B = ( 1  - r * r ) b e  g iven by the ma trix (b  ) w i th n n uv 0 5 u , v $ n  
re spec t to the canonic  b a s e  { e O , e 1 , . . .  , e n } in  �n+ l 

and c a l l  

� the det erminant o f  the ma trix  ( b  ) 0 / � .  Or thonorma l i z ing m uv � u , v � m 
{ e O , e 1 , . . .  , e rr} with respect  to the scalar produc t de fined by 

the po s i t ive operator B ,  i . e . ,  ( h , h ' )  : =  <Bh , h ' >  , we obtain  
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a ba s i s { go , g l , . . .  , gn } such tha t a l s o  gm (m) = ,/Cl1m_ l!I:J.m) i f  

m > O and go ( O )  = '¡l1 o - 1 . G iven h l:{ a j gj : O � j � n }  then 

h ( n) = angn ( n) ,  so  h (n)  = 1 i ff a n = l / gn (n) ; mor eover , 

<Bh , h> = l:{ l a j I 2 : O � j � n } . Thus , p ( n) = inf {<Bh , h > : h (n) = 1}= 

= l ! l gn (n)  1 2 . eons e�entl y : 

( 1 1 ) L e t  p (n) . 
> O - , ( l -rn *rn) is positive definite - u rn

" < 1 ; if 

11m , O � m � n ,  are  the pr inc ipal  minors  o f  the matr ix  ( l  - T  *r ) n n 
and 11 1 = 1 then p(n) = 11 /11 l ' - n n-

Now , when p (n) i s  po s i tive , i t  i s  no t  d i fficul t to prove tha t 
the isome try V has an infíni te  numb er  o f  e s s ent i a l l y  d i ffer ent 
minimal  uni tary extens ions , s�  F is infini te . Thus . a proo f 
has  been  given o f  the fo l lowing : 

THEOREM A .  Given  { c O , c l ' . . .  , c n } e en+ 1 , s e t  
()() "-

Fn = { f e H  ( T) : f ( k) = c k ' k = O , l , . . . , n  

) 'r b h t '  en + 1 h t "  th t a Le t e t e ope pa op  � n  w o s e  ma r�x w�  re sp e a t  o n 

the aano n i a  base  i s  ( t uv) O �u , v�n wi th t uv = c v_ u i f u � v and 

t uv O i f  u > v ; ' s e t p ( n) = infO h ,, 2 - Hnh 0 2. :  h e  en+1 , h (n) = n .  
The n : Fn i s  non emp ty - " r  " � 1 - l - r * r i s  p o s i t i v e  s e -n ·  n n 

mide fini te  - p (n) � O .  

b )  Fn ha s o n Z y  one  e Z eme n t  - " rn " 

v e  s e midefin� te and d e t ( l  - r * r ) n n 

1 - l - r * r i s  p o s i ti ­n n 
O - p ("n ) = o .  

c )  Fn has mor� tha t o n e  e Z eme n t  - # ( Fn) = ()() - Hn " < 1 -

- I - r * r i s  p o s i t i v e  defini te - p (n)  > O .  n n 
d )  When  ( I  - r * r ) i s  p o s i tive  de fi n i t e �  i f  11m , o. � m � n ,  n n 
are the prinaipa Z minors  of the ma trix ( l  - r � r ) and 11 = 1 ,  n n - 1 
t h e n  p (n) = ' 11 / 11  l ' n n-

For c l a s s ical  pro o fs and correspond ing r e ference s  see  [Ak . ] . 
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A reeent aeeount on  the r e l a t ions b e tween operator  theory and 
moment probl ems i s  g iven in [ Sa] . 

A C H A R A C T E R I Z A T I O N  O F  S C H U R  P A R A M E T E R S . 

For ea  eh n we have a spae e H (n)  and an i s ometry V w i th doma in 
D ( n) and range R (n ) . In fae t ,  tha t operator shoul d  be e a l l ed 
V en) , but s ine e the r e s tr ie t ion o f  V ( n + 1 )  to D en )  equa l s  V e n) 
we s e t  V == Ven) fo r every n .  Now ,  H (n)  = H ( n - 1 )  v { Vnd 1 } = 

D ( n+ 1 )  and R ( n - 1 )  e R(n)  n D(n )  e R(n - 1 )  v { Vnd 1 } v { d z } 
= H ( n) , s o  i t  fo l l ows tha t  

( 1 2 ) # ( Fn) > 1 <==> R(n) ,¡. D(n) <==> R(n) ,¡. R(n) n D(n) .­

<==> Den) ,¡. R(n) n D(n) '* R(n) n D(n) = R(n- 1 ) , n > O .  

The s e  r emarks l ead to the fo l l owing r e fo rmul a t ion o f  the uni ­

e i ty eond i t ion . 

We s e t  d 1 ( O )  = d I ' d z ( O ) = d Z and no te  tha t , i f  n > O and 
# ( Fn _ 1 )  > 1 ,  the vee to r s  d 1 ( n) , d z (n)  ar e we l l  de f ined by the 

eond i t ions 

( 1 3 ) 1 dI (n) E R(n) n R(n- 1 )  li d 1 (n) ll 
1 dz (n) E D(n) n R(n- 1 )  , Ildz.(n) ll 

<Vnd 1 " d I (n) > > O 

<dz , dz (n» > O .  

I n  sueh eond i t ions , R (n )  ,¡. D (n) i ff  d1 (n)  and d
z

(n )  ar e no t 
e o l inear , thus mo tiva t i n"g the fo l l owing 

DEF I NI T I ON . Set f a 

fn 

<d 1 , d Z > , and , i f  n > o and # ( Fn _ 1 ) > 1 ,  

< d 1 (n ) , dz (n» . 

Then : # ( Fn_ 1 ) > 1 and I fn l < 1 <=> # ( Fn) > 1 .  Cons equen t 1y , 

( 1 4 ) I f a l < 1 , . . .  , l f I < 1 <=> # ( F ) > 1 ; n n 

I 'Y� I < " 1 , · · · , l f 1 1 < 1 ,  I f  I = 1 <=> # (F 1) > 1 ,  # (F ) =1 . a n - n n- n 

The s i tua t ion i s  a s fo l l ows : 
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Remark tha t I fn l measures  the angl e be tween the defec t sub spa ­
c e s  N ( n) and M (n ) ; 

Moreove r , p (n)  = dist2 [d 2 , R (n) ] d i s t z [<d z , d z (n» d z (n ) , R (n) ] = 

= <d z , d 2 (n» zd i s t z [d z (n ) , R (n) ] d i s t 2 [d z , R (n - l ) ] ( 1 - l fn l z ) , s o :  

( 1 5 ) If # (Fn_ 1) > 1 then p (n) = p(n- 1 ) ( 1 - l fn l z) = II{ ( l - l fj l z) :  O o;;; j o;;; n} ,  

Now , ( 1 4 ) i s  prec i s e l y  the fundamental proper ty o f  the Schur . 

parame te rs hj } a s soc i a t ed to  f e z )  = �{ C j z j : j ;;;. O } , wh ich are  
de fined by the  i te r a t i on formula 

fO == f , f ·+1 ( z) = { f . ( z) -'Y . }/ { z [ l -..yf . Cz) ] } , 'Y . = f . (O) , j ;;;' O ,  
. J J J ' J J J 

wh ich i s  to b e  continued up to the fir s t  'Y o f  modulus n . 

(- fn ( z ) == 'Y n) ,  i f  any ; each 'Y n depends on i ( k) = c k for k O;;; n . . 

Thus , we are  l e d  to the conj ec ture 

More  prec i s el y , we  sha l l  prove tha t 

THEOREM B .  Giv e n  a s e quence  { c  : n ;;;. O } e e , Z e t h : n ;;;' O } n n 
be  i ts Schur p a rame ters  and {f : n ;;;' O }  defined as  ab o ve . The n :  n 

( i ) hn } i s  infin i te i ff {fn } is  infini te.  i . e  . •  iff fn < 1 
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fo� e_�e ry n . and in s uah  a as e 'Y� = 'Y � - n n ·  
( H) b o l  < 1 , . . .  , I 'Y n l < 1 , l 'Yn+ 1 1 = 1 <= l 'Yo l < 1 , . . .  , 

1· 'Y·� n I < 1 1 '" I 1 " - . O + 1
' , 'Y n+ 1 = 'Y j ' = 'Y j , ] = , . . . , n . 

No t e  that by means o f  the ant i l inear i s ome try J we c an prove 
n . 1 / 2  tha t  <Y d 1 , d 1 ( n» = <d2 , d 2 (n» = p (n - 1 )  , n >  1 .  

� - 1 / 2  ( Al s o : 'Y n = p ( n - l )  <d 1 n) , d2 > , n > 1 .  

A FORMULA FOR i d 1 (n) , n > O .  

From Ren} = V {yDld1 , m � O}  ES V{yDld2 : m >  n} ES V{yPd1 ,VId2 : O < p ,q � n} 

it fo l lows tha t d 1 (n)  E R ( n) n R ( n - 1 ) 1 c an be wr i t t en a s  

d 1  ( n) = �{ a ( n) yPd 1 : 1 � p � n }  + �{ a ( n) yqd 2 : 1 � q � n }  
. P  q . '  

and is  ortho gonal to yPd 1 , O < p < n ,  and to Y�d 2 ' O < q � n .  

Thus : 

( i )  

( i i )  

a ( n) + P �{ a ( n) c : q p - q 
1 

tí a (n ) c : 
P p - q 

q � p � n } 

� q � p }  O O < p 

+ 13  (n )  O O < q 
q 

Rememb er ing that  <ynd 1 , d 1 ( n) > = p ( n _ 1 ) 1 / 2 we 

( i i i )  a . (n)  n 

S e t t ing a (n)  
a (n)  

+ �U (n)  e : 
q n- q 

1 � q � n } = 

= �{ (l . ( n) e .  1 : 1 � j � n } , 
J J - ' 

= �{ a . ( n) e .  1 : 1 � j � n } , 
J J -

p ( n - 1 ) 1 / 2 . 

< n  , 

� n .  

arr ive 

from ( i ) and ( i i i )  we ge t  (l (n)  = - rn_ 1 * a ( n) + p ( n - 1 ) 1 / 2 en _ 1 ' 

from ( i i) , aSn) = - rrt_ 1 a (n) . Consequently : 

a t  

and, 

( 1 6 ) 
with 

d1 (n) = Uap (n)yPd1 : 1 � p � n} + �{aq 
(ri)y'ld2 : 1 � q .� n} , 

a(n) = ((ll (n) . . .  an (n) ) = ( 1 - r  *r ) - l p(n- 1 ) 1 /2e . , n- 1 n- 1 n- 1 
a(n) = ( a 1 (n) . . . an(n) ) = - rn_1(l(n) . 

FORMULAS FOR i 'Yn • 

The aboye shows that 'Y '  
n 
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( 1 7 ) 7 = « 1 - r · l*r l ) - le 1 .1:{C e l : l ..;;;; p ";;;; n}> if n >O . 70 
= ca . n n- n- n- P P-

S e t t ing B (n)  = B l e O + . • .  + B e = ( 1  - r *r ' ) - l
e n n - l n - l n - l n - l ' 

( 1 6 ) s hows that 7
rt 

= B I c I + . . . . + B ncn • s o  Cramer ' s  rul e g i -
ves  7 a s  a quo t i ent o f  determinant s :  n 
( 1 8 ) 7 = ñ I �  i f  n > O n n n 

where II n d e t ( 1  - Tn _ l * rn_ l )  and Dn i s  the d e terminan t o f  
t h e  ma trix  o b t a ined f r o m  the one o f  ( 1  - r * r  ) by r ep l a ­n - l n - l 
c ing the l a s t  row by c l " , c n ( s o  in part icul ar ñ l  c l ) . 

We now s how tha t we may a s s ume tha t c a  f o .  J f c a  . • .  = ct_l= O 

we s e t  C ' a 6 C t • . . . • C ' k = C k+ t • . . . . Then . w i th obv ious no t a ­
t io n .  the corres pondenc e from H ( t +n) t o  H ' (n) · g iven b y  

yt +P d l  -+ y , Pd l  • 'd P ..;;;; n .  and yQd 2 -+ y , Q d 2  ' 'd q :> O • 

d e fines a uni tary operator  by means o f  wh ich we c an prove that 

7 t+n = 7 'rt ' 'd n :> O .  Tha t  i s . 7 t +n [z t f ( z ) ] = �n [f ( z ) ] . From 
Schur ' s or i g'inal wor k  we know tha t the s ame holds  for the  'Y n '  

So . in  order to prove tha t · 7 n = 'Y n ' we may a s s ume that c a  f O .  

APL I CAT I ON OF A FORMULA OF S CHUR . 

In  [Sch . ] i t  i s  proved tha t 'Y = - d  1 5  • w i th 5 = A and d n n n n n n 
the d e termin�nt o f  tthe ma trix  M = ( Mj k) j . k= 1 . 2 ' each Mj k 
= [m ' k ( r . s ) ]  b e ing an n b y  n ma tr ix g iven a s  fo l l ows (wi th the J . 
non spe c i fied entr i e s  equal to z er o ) : 
m l l ( r . r - l )  = 1 for 2 ..;;;; r ' '';;;; n .  mi l ( l . n) = c a 
m12 (r.r+t- l )  = c t  for l ";;;; r ";;;; n and 1 ..;;;; t ";;;; n-r+l . ml l (r .r- l )  = ca for 
2 ";;;; r ";;;; n ; 



m2 1 ( r , r :.. t - l )  

m2 2 ( r , r - l )  = 
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-

C t for 2 ..;; r ..;; n and O ..;; t ..;; r - 2 ,  m2 1 ( 1  , n) 
for 2 ";; r ";; n .  

1 ; 

n - 1 - 1 Thus , d e t  M l l = ( � 1 ) c o ' and , if C o F O ,  there  exi s ts M l l  
and M 

P2 2  

P Q , w i th P = ( P j k) j , k= 1 , 2 ' 

I and Q = ( Qj k) j , k- 1 , 2 ' Q i 1 = 

= M2 1 , 

tha t 

Q 2 2 M2 2 · From a l emma a l s o  due to Schur i t  fo l lows 
- 1 d e t  Q = d e t ( M2 2 - M2 1M 1 1  M2 1 ) and c ons equently  

. I 1 dn - ( _ 1 ) nc o d e t (M2 2 - M2 1M l l
-

M1 2 ) · 

Now , M 1 1
- 1 M 1 2  = [x ( r , s ): 1 ..;; r , s  ..;; n] i s  such tha t 

[x ( r  , s ) : 1 ..;; r ,  s ..;; n - 1 ] i s  the matr ix of r and x ( n , s )  n- 2 
- 1 C o c s ' 1 ..;; s ..;; n ,  x (r , n) = c n _ r ' 1 ..;; s ..;; n - l ,  whi l e  

[m 1 2 (r + l , s ) : 1 ..;; r , s  ";; n - 1 ]  i s  the ma tr ix  o f  r n_ 2 * , and 

m 1 2 ( 1 , s ) = m 1 2 ( s + 1 , n) = O for 1 ..;; s ..;; n - l ,  m 1 2 ( 1 , n )  = 1 .  Thus , 
- 1 '

[ ] M2 1M 1 1 M 1 2 = y ( r , s ) :  1 ..;; r , s  ..;; n has the fo l l owing form : 

[y ( r + l  , s ) : 1 ..;; r , s  ..;; n - 1 J i s  the matr ix  o f  r 2* r 2 ; n - n -
- 1 .  -y ( l , s ) = C o c s ' 1 ..;; s ..;; n ; y ( r + l , n) = �{c l · c 1 . :  O ";; j ";; r - 1 }, r- -J n- -J 

l ";; r ";; n - l . .  

Now , r emember ing the definit ion o f  ñ , i t  i s  no t d i fficul t to n 
s e e  

rem B h a s  b e en proved . 

D . Thus , theo ­
n 

I n  a s eque l �o thi s  p ap er , our approach w i l l  b e  r e lated  with 
entropy cons �derat ions . 
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