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SPATIAL TEMPORAL RESPONSE FUNCTIONS OF PLASMA ELECTRODYNAMlCS 

GRACIELA GNAVl(*) and FAUSTO T. GRATTON(*) 

The pol ar i z at ion r e sponse  t ensor , for a un iform plasma wit hout 
f i e l d s  wh ich may conta in beams , is o b t a ined in the spac e - t ime 
r epr e s entat ion coris ider ing the c harges  induced by del t a - l ike  
e l ectr ic f ie l d s . The  der ivat ion and a d i scus s ion o f  the  prope� 
t i es , for s everal  one and thr e e  d imen s ional cas e s , do e s  not r� 
l y  on Four i ér transforms and i s  g iven d irec t l y  in the X , t d e 
scr ipt ion . The int egro � d ifferent ial  equat ions o f  p l a sma e l ectr� 
dynam ic s are  s et up with the s e  r e spons e s . A forma l iz at ion o f  
t h e  method  and it s connect ion w i t h  o t her e l ectrodynamical  con� 

c ep t s  are  a l so pr e s ented . 

1 .  I N T R O D U C T I O N 

Phys ical  syst ems with the proper t i e s  o f  cau sa l ity , l inear ity , 
spac e homo g eneity  and t ime invar ianc e are charact er i z ed by in 
t egr al  const itut ive equat ions o f  the convo lut ion type ( [ 1] ) .  R� 
spons e  and exc it at ion in the s e  syst ems are  l inked by g en eral  
expr e s s ions of  the . form 

P (x, t )  = Ltoo dL J d3 � h (X-t , t - L ) . E(t, L )  . ( 1 )  

I 
Her e we have wr itt en the " po l ar i z at ion P (x, t )  a s  a funct ional 

( * )  Memb e r s  of  t h e  Ar g en t in e  Co n s ej o N a c i o n a l  de  I nv e s t i g a 
c io n e s  C i en t í f i c a s y T e c n i c a s .  
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of the e l ec t r ic f i e l d  E (x;  t )  in a plasma ( [ 2] ) . The kernel  h C�, t )  
i s  call ed the po l ar i z at ion r.e spon s e  t ensor . Due to causal itr �  
h (x, t )  = O for t < o . When E(x, t )  i s known ,  i t  g ive.s t he inner 
pla sma curr ent s through the equat ion 3P (x , t ) / a t = J (x, t ) . The  
k, w  Four ier trans form F¡ , w [h (x , t ) ] = X (K', w ) . i s  the comp l ex 

susc ept ibi l ity  t ensor , a fundame?tal  quant ity in pl asma el ec 
trodynamics , re lated to  the d i e l ectr ic t ensor  by E (k, w )  = 
= 1 + 4�X (k , w ) .  For col i s ionl e s s  p l a sma s , X (k, w )  i s  trad i t io� 

a l l y  d er ived by perturbat ive calculat ions from Vl a sov and 

Maxwel l equat ions , work ing in' the  f, w spac e . In pr inc ipI e 
h (x, t )  can 

'
b e  calcul at ed from X (f , w )  performing inver s e  

Four ier  tran s fo rms . However , in few prob l ems the  real  x ,  t dy
namical  behav iour i s  brought forth due to it s natural  compl ex 
ity . 

We have no t ed recent ly  that the  one d imens ional , l o n�i tud ina l 
re spons e fu�ct ion h (x , t )  can be  der ived d irect ly  by s impl e  ph� 
s ical  argument s ( [3] ). T h i s  appro ach may b e  c a l l ed the percus s io n  
method  and can be ext ended to  o t her cas e s . I n  mat hemat ical  
t erms it  cons i s t s , e s s ent ia l l y , in  the det erminat ion of  an 
x , t Green l s func t ion jor the inver s e  po l ar iz at ion o perator . 
The proc edur e do e s  no t pas s through the k, w spac e . In  some c a 
s e s  t h e  Vla sQv e�uat ion i s  not needed to  der ive t h e  polar i z a 
t ion r e spon s e  by thi s  method , a l t hough ba s ic a l l y  the same phy 
s ical informat ion i s  us ed . I n  the c a s e  o f  a non - homo g eneous 
pl a sma , formed by rad ial ly  focus ed beams , the  r , t  po l a r i z a t ion 
r e spon s e  funct ion wa s s imilar ly  obt a ined  ( [4] ) . We found it  useful  
for  s ett ing up  the int egral  equat ion for the  el ectro stat ic mo � 
des  of  the  system .  The percu s s ion approac� s hows in a c l ear 
way the bas ic phys ical  e l ement S that produc e the  p la sma po l a 

r i z at ion . 

In t h i s  paper we study the spat ial - t empo ral polar i z at ion r e s 

pon s e  t ensor o f  a un iform p l a sma , without ext ernally impo s ed 

f i elds . We g ive  the t hr e e ,  d imen s ional r e spon s e  h (x, t )  for 

isotrop ic d i s tr ibut ion funct ions f o (v2 ) .  For non isotrop ic 

p l a sma s we d�r ive , for s imp� i c i t y ,  the averaged long itud inal 

H (y , t ) and tran sver s e  H (y , t )  component s for exc itat ions 
yy z z  
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E (y , t )  with  pl anar symmetry . The r e spon s e s  H and H , y , z y y  z z  

funct ions o f  one  space  variable ,  y,  are the integrals of h and h , yy zz  
re spect ive l y ,  over the  o ther two var iab l e s  x ,  z . The s e  r e sult s 
have been der ived t aking into cons iderat íon the po s s ib l e  pre 
sence of  b eams in the  pla sma . The paper i s  organ i z ed a s  fo l lows. 
In s e ct ion 2 we descr ibe  the  methód and it s re lat ion with  t he 
ma in concept s o f  pl a sma e l ectrodynamic s . In  s ect ion 3 and 4 we 
obt a in the  one d imen s iona l r e spon s e s  H , H  and d i scus s  their yy z z  
propert ie s . I n  s ect ion 5 we prov� the equ ival ence  o f  the  k , w  
transfo rm o f  H with  t he tran sver s e  susc ept ib il ity  X

t
(k , w ) . z z  

Sect ion 6 i s  devo t ed t o  the  t hree  d imens ional re spon s e  t ensor  
for  i sotropic  p lasmas . We pre s ent an  expl ic it form o f  the  int e 
gro -different ial equat ion for the el ect r ic f i e ld  in t h i s  c a s e .  
I n  s ect ion 7 we s how how t o  formal i z e the  percus s ion approach 
with the int egrat ion of  the Vla sov equat ion along traj ectorie s . 

2 .  I M P U L S- I V E  E L E C T R l e  F I E L D S 

In the i, w r epr e s ent at ion , Maxwel l equat ions  are wr i t t en as ( [� )  

A(i,w) .E(i,w) = - (41Ti/w) J (i,w) , e ( 2 ) 

where A i s  the  Maxwel l operator def ined by A = AO + 4 1TX 

Aa = 1 + ( C 2 /w 2 ) (kk - k2 I )  i s  t he Maxwel l vacuum operat or and 
j e are the  external current s .  If we def ine  a vacuum t ensor  

V (x, t )  = F : 1 t [Aa (k , w ) ] , eq .  ( 2 )  can be  wr it t en in  t he x , t re -
x ,  

pr e s ent at ion a s  

I:oodT f d3¡; LO (X��, t -T) . E(�, T )  = - 4n [qe (x, t) + P(x, t) ]  

wher e q (x , t )  = f t r (x , t ' ) dt ' ,  e _00 e . 

( 3 )  

For el ectro s t at ic  perturbat ions with r o t  E � O ,  e q . ( 3 )  reduce s  
t o  
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E (x , t )  = - 47T [e¡ (X , t )  + P (x , t ) ] e ( 4 )  

Thus  any e l ectro stat ic  f i el d  can b e  produced b y  a proper combi 
nat ion o f  ext ernal and inner po l a r i z at ion char g e s . In  part icu 
lar , the  p ercus s ion method  requires  l o c a l iz ed and impul s ive 

f i elds  of the  form Ej (x, t )  = 8, (� ) o (x )  o ( t ) ej , where 8, U ) is  

the  el ectr ic f i e ld  s t r ength and ej i s  the  un it  vector in the 
xj d ir ec t ion , j = 1 , 2 , 3 .  Us ing the s e  f ie l d s  in e q . ( 1 ) we g et 

( j ) ( - ) - h ( - ) @ ( j ) . P .  x , t  - . . x , t  '" 1 1J ( S )  

Thus , b y  comput ing the polar i zat ions p � j ) produced b y  de lta -1 
l ike el ectr ic f i e lds  E J , we obt a in the  component s o f  the  po l a -
r i z at ion r e spon s e  t ensor . The impuls ive f i e l d  g ives  a percus 
s ion to  the  p l a sma part i c l e s  wh ich mo d i f i e s  their  veloc ity in 
f:,.v , without chang ing t he ir po s it ion . The corresponding a l t er a 
t ion o f  t he " d i s t r ibut ion funct ion i s easy  to  eva luat e .  Aft er 
the  percus s ion the  part ic l e s  flow fre e l y ,  in the  ab s enc e of  
any perturbat ive f i el d ,  hence  t he curr ent and the  po l ar i z at ion 
can be  comput ed . 

I t  mus t  b e  no t ed ( from e q . ( 4 ) ) t hat the sol itary pul s e  o f  the 
e l ect r ic f i e ld  in the  p la sma can be  achi eved only  by t he art i 
f ic ial  inclus ion of  a s et of  ext ernal charge s ,  s o  t hat e¡ (x , t ) =  

e 

= - p ( j ) (x , t ) , for a l l  t > O .  When h (x , t ) i s  known , e q . ( 4 )  to 
gether with  eq . ( 1 ) can be  u s ed to  f ind the  syst em o f  ext ernal 
charge s nec e s sary to  pro duc e any part icul ar el ectr ical  f i eld  
in t he p l a sma , accord ing to  the equat ion 

- 47Tqe
"
= E (x,t)  + 47T I� dT I d3s h(X-� , t -T) . E (� , T) ( 6 )  

Conver s el y ,  eq . ( 6 )  can b e  r egarded a s  t he int egral  equat ion 
fo r t he det erminat ion of the el ectr ic f i e l d  E (x , t ) in el ectro s 
tat ic prob l ems , with  o r  without external charg e s . 

The same ideas  c an b e  ext ended to the treatment o f  el ect romag 
net ic perturhat ion s , where eq . ( 3 )  takes  now the place  o f  e q .  
( 6 ) . The calcul at ion o f  t he po lar i z at ion s , eq . ( S ) , i s  mo r e  in -
vo lved , becau s e  an induced  magnet ic f i e l d  accompan i e s  t he im -
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pul s ive el ectr ic f ield . This magnet ic f i eld  pro duc e s  add it io 
nal  po l ar i z at ion current s ,  as  we s how in s ect ion 4 .  

Surnmar i z ing , the r e spon se  t ensor  h (x , t ) i s  an aux il iary con

cept which c an b e  used : ( a )  t o  f ind t he x , t  d i s tr ibut ion o f  in 
ner c har g e s  induced in t he p l a sma in any el ect rodynamical  pro� 
l em when the el ectr ic  f i e l d  is g iven ; (b) to  s et up the int e 
gro - d ifferent i a l  equat ion for  E (x , t ) i n  init ial  and boundary 

" probl ems with a s s igned ext ernal char g e s . The pecul iar f eature 
of t he percu s s ion method  i s  that a Four i er r epr e s ent at ion is 
no t ne eded for the der ivat ion of h (x , t ) . 

3 .  P E R C U S S I O N  A N D L O N G I T U D I N A L  R E S P O N S E  

W e  analyz e t he po l ar i z at ion pro duc ed b y  two e l ectr ic f i e l d s  
E O  = � o (y)  o ( t ) , i n  a un ifo rm p l a sma , without ext ernal mag -y , z . 

net ic f i e l d . The s e  planar exc itat ions are  r e l a t ed t o  one  d i 
mens ional r e spon s e s , accord ing t o  eq . ( 1 ) ,  P O ( y , t )  = � H (y , t ), Y yy . 

P : (y , t ) = � Hz z (y , t ) , wher e H ij (y , t ) = J J  dx d z  hij (X , t ) . 

Let  us  t ake f ir s t  the pul s e  E ; , normal to  the  exc itat ion p lane o 
This  i s  an e l ectrostat ic c a s e  due to  t he symme try . We int ro du 
ce  t he s et  o f  rectangul ar funct ion s  0 E ' such t hat 0 E = 1 / 2 E 
for I y l  � E and o = O when I y l  > E , a s  approx imant s o f  o (y) . E 
For brev ity  we cons ider the  p erturb at ion o f  one spec i e s  o f  
part ic l e s  only . The el ectrons  within t he l ayer I y l  � E a t  t = O  
suffer a j ump !:::.v = - ( e /m) �/ 2 E  in the veloc ity component v . y y 
This  increment produc e s  a charg e  per un it area  
a (v)  = en o [ f o (v ,v  , v  ) - f o (v ,v  +!:::.vy ' v ) ] 2 E  o r i g inat ed from x y z x y z 

part ic l e s  with  veloc ity v ,  per un it  o f  vel o city spac e ,  s itua 
t ed in I y l � E ( f o ( V) i s  t he d i st r ibut ion funct ion o f  t he el e� 
trons norma l i z ed to un it y ,  n o in the  el ectron" den s ity) . The 
f ir s t  t erm r epr e s ent s t he uncomp ensat ed charge  of t he back 
ground ion s , l eft by the el ectrons  with  in it ial  veloc ity  v . 

. y 
The second t erm i s  due to  new el ectron s , wh ich aft er the  per -
cus s ion a s sume t he veloc ity v . I f  the perturbat ion i s  sma l l  y 
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we have a = - � (oo2 / 4� ) a f o / av to  f ir s t  order in the pul s e  in -p y , 
t en s ity & (oop i s  the pl a sma fr e quency) .  The s e  part ic l e s  move  
then with d ifferent constant veloc it i e s  and const itut e a s et 
of  p lanes  trav e l l ing charged l ayers . Negl ect ing the l ayer 
width E ,  we wr i t e  for t > O 

( 7 ) 

for the  charg e  d ens ity , per un it o f  veloc ity spac e , mov ing 
with velocity  vy ' The current d ens ity j at y , t  i s  therefore y 

2 ' 2 
j y (y , t ) = - & Coop / 4� )  (y/ t ) a F o / av I _ I t , for y '; O , y vy- y  

& (oo! /4U )  o (y )  A , for y = O 

wher e F o (ir ) == J d" dv f o (v)  y x z and A == l im '  J dv F o (v ) .  
E�O I v I < E y y y 

The factor A i s the fract ion o f  el ectrons with vy = O ( thi s  
inc lude s ,  for ins t anc e , the c a s e  o f  beams a long x , z  with 
vy = O ) . The t ime int egral  o f  the .curr ent at  a f ixed po s it ion 
y g ive s the po l ar i z at ion 

Compar ing 

P O (y , t )  Y , 

with & H 

H (y , t ) yy 

= 

yy 
= 

For a co l d  b eam with 

H (y , t )  yy 

& (oo 2 / h )  
P 

F o (y/ t)  

& (oo 2 / 4� ) A o (y)  t 
P 

we f ina l l  y get 

(00 2 14� )  p 

(00 2 14� )  p 

veloc ity 

(oo2 /4� ) p , 

F o (y , t )  

A t o (y) 

yo , f o (v)  

o (y - V;r ) 

for y .; O , 

for y O .  

for y .¡. O , 
( 8 )  

for y O .  

(v _ VO ) .  Then , 

t .  ( 9 ) 

In  Ref . [ 3 ]  we have s hown the equ ival ence  o f  eq . ( 8 )  with the 
formula  that · can b e  der ived start ing from the well - known l on 
g itud ina l susc ept ib il ity Xl (k , oo ) . Ther efore  we d o  not el abo -
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rat e further on t h i s  -re sul t ,  exc ept for a comment on the con 
f igurat ion o f  charg e s  for t h i s  c a s e . The pla sma charg e s  and 
curr ent s are  g iven by p = - & aH / ay , j = & aH / a t , r e spec -

y y  y y  

t ively . However , in order to  produce  the  impu l s ive f i eld , the  
fo l l owing ext ernal  charg e s  and curr ent s ar e a l so needed 

( &/ 4 11" )  [ o ' (y)  ó (t )  + 411"  aH / ay] 
yy 

- (&/411") [ o  (y)  o '  ( t )  + 411" aH / a t ]  
y y  

F o r  a symmetr ic  funct ion F o (vy ) = F o ( -vy ) ( e . g .  a Maxwe l l ian) 
there ar e n either polar i z at ion current s nor charg e s  at  y= O ,  
for a l l  t .  Thus , to  have a d e l t a - l ike el ectr ic  f i eld  we need  
only a d ipo lar  layer  o f  ext ernal  charges  at  y= O , pul s ed in 
t ime . We may conce ive á l ayer of neutral  at oms wh ich ar e po l a� 
i z ed dur ing a short  t ime and r eturn t o  neut ral ity . Ext ernal 
charg e s  mus t  t hen b e  added at all t ime s , but t h i s  i s  of no 
cons equence  fo r t he p lasma s ince  we a s sume t hat the int erac 
t ion o f  charged  part icl e s  i s  only through the  s e l f - cons i s t ent 
f i eld . 

4 .  T HE RE S P O N SE T O  E LE C T R O M A G N E T I C  E X C I T AT I O N  

We cons ider now a f i eld  E � , conta ined in the  per cus s ion plane o 
As soc iated  t o  it  ther e  is  a magnet ic f i eld  B� = - c &o '  (y )  for 
t � O .  The part ic l e s ' acc e l erat ion i s , for t � O ,  

a (y , t )  = - ( e /m) & [ o ( t ) o (y) e + 0 ' (y) (v e -v e ) ] . ( 1 0 ) 
z y z z y 

The part ic l e s  t hat pa s s  thr ough y= O exp er iment changes  o f  v e 

lo¿ity  at al l t imes . 
t ions o � , 
8 '  = - 1 / E 2 

E 

such that 
for O < Y 

imant s  for o ' (y) . 

We introduc e her e al so the  s et ó f  func 
o '  = 1 / E 2 for - E � Y < O , 0 EI = O at y= O ,  E . 
� E and o �  = O when l y l  > E , a s  approx -

The j ump �v z i s  formed by two t erms : �v z l = - ( e /m) &/ 2 E o f  

el ectrjc or ig in as  before , f o r  tho s e  par t i c l e s  within I y l  � E 

at t = O ,  and �v z 2 due to the  magnet ic  t erms . Let  us  take f ir st 
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vy > O and t > O .  When an el ectron cro s s e s the  layer ( - e: , 0 ) it 
suffer s  a veloc ity incr ement �v 2 = - ( e /m) &f dt ' (v / e: 2 ) ,  where  z y 
the l imit s o f  int egrat ion are  t and t + e: /vy . Thus , 

I 
�vz 2 = - ( e /m) &/ e: .  Aft E:'r cro s s ing the fo l l owing l ayer ( O , e:) it 

lo s es the  same amount �Vz 2 ' The same can be s a id for e l ectrons 

with v < O , for t > O .  We conclude that  part ic l e s  with v � O y . y 
ga in �vz 2 at y = O and lo s e  instant l y  the  same increment when 

they l eaie the  po s it ion y = O .  However , t here al so ex ist  par 
t ic l es with vy � O  which ar e locat ed at y = O for t = O .  The s e  
suffer t h e  influenc e o f  hal f  o �  only , so  that for them 
�vz 2 = ( e /m) &/ e: . The s e  par t ic l e s  do not l o se  their ve loc ity 

increment o 

For t he var iat ion of  the  vy cQmponent we obt � in [ I t + e: /v I t+ (e:/v )+(e:/v ' ) ] vy = - ( e /m) & 
t 

y dt ' vz / e: 2 + y y dt ' V� ( - 1 / e: 2 ) = 

t+e:/v 

= - ( e /m) & [ (v /v ) - (v ' /v ' ) ] / e: z y z y 

y 

for vy � O ,  t > O .  S ince  �vz '  �Vy d epend l ine�rly on & ,  t here 
fore within the  l inear approximat ion v� /Vy = vz /vy . Hence  we 
can say t hat the el ectrons ga in �Vy = - ( e /m) &vz /vy e: when they 
cro s s  y= O , and lo s e  it immed iat ely . Cons ider ing a s  before  par 
t ic l e s  with  vy � O ,  located at y= O  for t = O ,  we f ind that they 
ga in �Vy = ( e /m) &vz /vy e: from hal f  of 0 t  and this  increment is 
not l o s t  t hereaft er . 

We have s e en in the prev ious sect ion t hat vel o c ity  j umps at  
y= O g enerat e, charg�d l ayers . The l ayer s created at t ime t have 
a charg e  per  un it area 

a ev , t )  for t = O 

for t > O 

When we account for the mot ion o f  these  l ayer s , the charge 
den s ity per unit of  veloc ity spac e (negl ect ing the width e:)  is  
g iven by  
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o(y,v , t) 
2 - (w /4n) { 0 (y) afo /av + [ o (y-v t) 
p z y o (y) J (v /v ) afo / av } , ( 1 1 )  z y y 

when vy 1 o . In  der iv ing t h i s  equat ion no t e  t hat t he cont r ibu � 
t ions o f  �vz l and �v z 2 canc el  each o t her when y 1 o . Two t erms 

cont r ibut e only at y = O and they corre spond to  the charge  and 
d i s c harge  of l ayer s due to velo� ity  j ump s of the part ic l e s  
t hat cro s s  the  o � influenc e reg ion , a s  cornment ed aboye . This  
i s  a pro c e s s  that takes  plac e  cont inuously  in  t ime . 

To comp l et e  the  analys i s , cons ider now el ectrons with  vy O 
at  t = O . For  the s e  we get  �vz l = - ( e /m) &/ 8 and �vz 2 = O to  

f ir s t  o rder i n  &, wh il e �v = a t = ( e /m) &v t o ' (y) .  Thu s . t he y y z 
cont r ibut ion to  the charg e  dens ity  o f  the  part ic l e s  with  
v = O i s  y 
o (y , v , t ) = - & (I../ / 4n ) [ o (y)  d í o / av . - o '  (y )  v t  d ío / av ] ( 1 2 )  

p . z z y 
Now we comput e j z from eqs . ( l l )  and ( 1 2 ) . We have 

j z ( y , t )  = f d3v o (y,v , t)v = &(w
2/4n) { 0 (y) Pfdv [Fo (v ) +g' (v ) /v ]  -z p y y y y 

- Pfdv o (y-v t)g ' (v ) /v + o (y) l im f dv Fo (v ) + y y y y 8+0 I Vy l <8 y y 
+ o ' (y) t  lim f dv g ' (v ) }  

8+0 I Vy l <8 y y 
= &(w

2
/41T). { 0 (y) [ 1  + Pfdv g ' (v ) /v ] + o '  (y) t B} , Y = O , P y y y 

= -&(w2
/4n) g ' (y/t) /y , y 1 o .  

p 
( 1 3 ) 

We int roduced here the  funct ion g (v ) == f dv dv v2fo (v) and I y Z X z 
t h� con stant B == l im f '  dv g ' (v ) = g ( O + ) - g ( O - ) .  The 

8+0 I V y l < 8 y y 
symbol  P deno t e s  pr inc ipal va lue of  the  int egral . We o b s erve 
t hat t h i s  int egral is f in i t e  under the a s sumpt ion g ' ( 0 + ) = 
= g ' ( 0 - ) . We sha l l  cons ide� t h i s  val id in the  r e s t  o f  the  pa 

per o With  ano t her int egrat ion over t ime we obt a in P � . The f i 
nal  r e sult  i s  
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H ( y , t )  z z  (!
i/4n-) [ 0 (y) t ( 1 + PJdv g ' (V

· 
) /v ) + -2

1 o ' (y) t2Bl , Y = O , p y y y 
2 Iy/t 2 (00 /4n) dv g ' (v ) /V _ '  y < O 
P --00 Y y y  

- (oo2/4n) [- dv g '  (v ) /v2 , y >  O • P y/t y Y Y  

( 1 4  ) 

I t  i s  c l ear from eqs . ( 1 4 ) that the respons e i s  z ero when I y/t l 

i s  l arger than the max imum veloc ity of  the part icles  in the 

plasma . A� t + 00 ,  for y � O ,  Hz z  t ends to  a constant value 

s ince there ar e no charged layer s l eft to pa s s  through the 

pl ane y = constant . 

We may note  t hat if  the  plasma i s  cold  in the var iab l e  vz , i . e .  

if f o  ha s a o (vz ) factor , then g = O and Hz z i s  z ero exc ept 

at the origin ,  wher e it  i s  g iven by (oo: /4n ) 0 (y ) t . The k , oo  

Four ier tra
O
ns form o f  this  expre s s ion leads to  4nX  (00 ) = - w� /w2 , 

the famil iar result  of  cold  plasmas . From eqs . ( 1 1 )  and ( 1 2 ) it  

is  easy to  see that H = H = O when J dv v fa  = O .  I f ,  in yz xz z z 

addit ion , we a s sume that J dvxvxf o  = O ,  i . e .  in the  ab s ence  o f  

st eady s ta t e  current s paral l el to t he p lane oi exc itat ion , we 

find H = H - H = O .  Thus , the  one d imens ional response  yz x z xy 
t ensor is  diagonal with  H g iven by eq . ( 8 ) , H by eqs . ( 1 4 ) yy z z  

and H has expres s ions s imilar t o  H , with  a funct ion k (v ) = xx zz  y 

= J dv dv v2f o (v)  in place  o f  g (v ) .  x z x y 

In the pre s ence o f  a co ld  beam ,  fo (v)  
( taking V; > O) 

o (v � VO ) , we obt a in 

y = O • 

Here S (y) i s  the Heavi s ide (or s t ep )  funct ion . 
- 2 For an isotropic  plasma . f o = f o (v ) , we have 

( 1 5 )  
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P/ dv g '  (v ) /v = - 1  + A .  Ther efor e , 
y y y 

2 Hz z (y= O , t ) = (W/ 41r )  o ( y ) t A ( 1 6 a )  

I n  the  ab s en c e  o f  a co l d  compo nent w i t h  v 0 ,  Hz z (y= O , t ) = O .  

When y � 0 ,  in s t ead , we f ind 

( 1 6b ) 

We conc lude w i t h  a r emark o f  a mat hemat i c a l  natur e . E quat ions 
( 8 )  and ( 1 4 )  ho l d  for d i s t r ibut ion funct ions  wh i c h  a r e  l inear 
comb inat ions of  func t ions of  t h e  type f o (v ) = � l (v ) + 

+ � 2 (v ) e (v  - V  ) e (v -V ) e (v - V  ) + � 3 (v ) o (v -U ) + � 4 (v )  o (v -U ) x x  y y  z z  
. .  y y y y  

x o (vz - Uz )  + � 5 o (v - Ü) , and s im i l a r  o n e s . The funct ion s  � l ' 

� 2 ' � 3 ' � 4 a r e  cont inuous and � 5  i s  a con s t ant . The  s ec ond 

t erm d e s c r i b e s  j ump s in o n e  or  mo r e  v e l o c ity compo n en t s and 
t h e  t h ir d , four t h  and f i f t h  o n e s  a l low for  the pr e s en c e  o f  
conc en t r a t e d  c o n s t i tuent s o r  b eam s in one , two o r  t hr e e  v e l o " 
c ity c ompo n ent s .  

5 .  T H E  T R A N S V E R S E  S U S C E P T I B I L I T Y  

W e  o b t a in h e r e  t h e  comp l ex transver s e  susc ept i b i l i t y  Xt ( k , w) 
by t r an s form ing Four i e r  t h e  r e spons e fun c t ion H No t e  t hat  z z  

H ( y , t )  = F- 1
t [X ( O , k , O ) ] . 

y , 

G _ (v ) E J:
oo

dU g l (p) /U 2 

we may wr it e 

On t he o t her hand we hav e 

I f  we s e t  

_ Joo 
d u  g '  (u ) /u 2 , 

v 
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and s imilarly  

0 - 0 -
= [ L

oo
dV g ' (v) /v + kL

oo
dV g ' (v) / (w - kv )  - [v G _ (V ) ] v= O - l Iw 2 

(which i s  t�e  cond it ion for t he f init ene s s  o f  PJ dv g ' (v) /v) 

and no t ing t hat B = l im w J dv g '  (v) / (w - kv ) , we obt a in 
E+ O I v l < E 

41f Xt ( k , w )  = - (W /w ) 2 [ 1  - k Joo 
dv g '  (v) / (w - kv) ] p _00 

' which co inc ides  with  the  trad it ional r e sult  ( [ 5 ] ) • 

6 .  A T H R E E  D I M E N S I O N A L  R E S P O N S E  

Fo r i s o t rop ic p lasma s , the  po l a r i z a t ion effect  o f  the induced 
magnet ic  field  i s  nul l  and the  calculat ion o f  h i s  straightforward, 
a s  in the  e l ectrostat ic  ca s e  o f  s ect ion 3 .  Let  us  take a po int 
l ike exc itat ion � � &8 ( t )  8 (i)  i , with  induced magnet ic com -. . z 

ponent s B = - c &6 ( t ) 8 (x ) 8 ' (y) 8 ( z )  B 
x . y 

c &e ( t )  8 '  (x)  o (y)  8 ( z )  

B = O .  The particles t hat  pa s s  through t he o r ig in for t > O z 

exper iment veloc ity incr ement s 

�vx ( e /m) &fdt VZ 8 1 (x ) 8 (y) 8 ( z )  e ( t )  

�v ( e /m) &J dt v 8 (x) 8 l (y) 8 ( z ) e ( t)  , 1  y z 
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!:!.v t = - ( e /m) C,f dt [v o ' (x ) o (y)  + v o (x) o ' (y ) ] o ( z )  9 ( t )  . z x y 

The perturbat ion o f  t h e  d i s t r ibut ion funct ion in the  l inear 
approx imat ion i s  !:!.f = !:!.v Clf e / av 

x x 
+ !:!.v a f e / av y y + !:!.v afe / av . 

z z 

However , when f e = f e (v2 ) we have Cl f e / av = 2v a f e / av 2 and x x 

s imil ar formulas  for y and z .  Thus  we immed iat ely  s ee that  !:!.f= 
= O ,  when t > O .  For t = O  t here  is t he effect  of t he el ec t r ic 
f i e l d  only and cons iderat ions s imilar  t o  t ho s e  o f  s ect ion 3 
l ead to  a charg e  dens ity p ,  per  un it o f  veloc ity  spac e ,  g iven 
by 

It is po s s ib l e  to s how t hat  the one d imen s iona l r e spons e s  can 
a l so b e  obt a ined from thi s  formula . For in s t ance , taking 
h (x , t ) and int egrat ing over x and z we g et 

z z  

H ( O , t ) z z  

H (y , t ) z z  

- (W! /41T ) o (y)  J dx dz  I to. dt ' l im J 
s+O I v I < s  y 

x f dv dv o (x -v t ) o ( z -v t )  v a f e / av x z x z z z 

dv y 

- (W! / 4 1T )  I dx dz  I :  dt ' I d
3
v o (x - it )  V z 

= (w
2

/ 41T ) I t dt ' F o (y2 /t , 2 ) /t '  p O 
y 'Í O • 

x 

With a change  o f  var iabl e the s e  expr e s s ions  co inc id e  with  eqs . 
( 1 6 )  d er ived in sec.t ion 4 fo r an isotropic  pla sma . Start ing 
from p fo r a delta - l ike el ec t r ic f i eld  o r i ented  along ey and 
fo l lowing a s imilar pro c edur e we obta in t he long itud ina l r e s 
pon s e , eq . ( S ) . 
I t  i s  int ere s t ing to  f ind the expl ic it fo rm o f  h for t hr e e  
d imen s ional exc itat ion s . Return ing to  eq . ( 1 7 )  w e  have 
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2 , 2 4 J ' 2 2 2 
.; ( w / 4 1f )  ( z  /r  ) 2 dv v a f o /av , for l i l =r;&O , 

P ( r / t ) 

where C i s  t he fract ion o f  part ic l e s  with  z ero v�l o c ity.  Com 
pl et ing s imil ar calculat ions we �rove t he r e sult  

Here  o . .  i s  the  Kronec ker delta . 1.J 

fo r r o . ( 1 8 ) 

The int egro -d iffer ent ial  equat ion for t he el ectr ic f ield  in 
a pla sma can be wr it t en a s  

F o r  a n  isotropic  pla sma and a s sum ing t hat t he e l ec t r ic f i el d  
and it s f ir s t  der ivat ive ar e z ero f o r  t -+- -00 and t hat 

l im v 5 f � (v 2 ) = O , we  may rearrange  the equat ion as  
v-+-oo 

a
2E 2 - 2 J 3 - - 6 [ 2 2 - - --2 + c, rot rot E = - w d E; (E; E;/E; ) dT W(E; /T ) . E (x-E; , t -T) -

at P O 

a� J e 2 - -- 41T - - W C E (x,  t) 
at P 

( 2 0 )  

where E; stands  fo r I � I  and W (v 2 ) = 1 0v 6f � (v2 ) + 4v8f�(v2 ) .  For  

a Maxwe ll ian d i str ibut ion funct ion f� = (a/1f ) 3 / 2 exp ( - av 2 ) 

and t he funct ion W t ake s the  part icular l y  s impl e form 

WM (v 2 ) = ( a /1T ) 3 / 2 exp ( _ av 2 ) ( 4v8a2 - 1 0  v 6a)  arid C = O
'
. When 

the pla sma , i s co l d , t he int egral part o f  eq . ( 2 0 ) do e s  not con 
tr ibut e and C= l . For a mono energet ic i so trop ic d i s t r ibut ion . . 
we have f o (v2 ) = 0 (v 2 ' - V: ) / 21TVo '  In  t h i s  c as e , 
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2 a �  a - - - J e  + 2 (s/Vo ) _. - E (x-s , t -s/V ) }  - 41T -�2 o 
� 

( 2 1 ) 

A sum o f  d i stribut ions o f  t h i s  type , with  proper we ight s ,  may 
repr e s ent a d i scret i z at ion of an isotropic  d i s t r ibut ion func 
t ion . 

7 .  P E R C U S S I O N  A N D I N T E G R A T I O N  AL O N G  O R B I T S  

We formal i z e  her e the  percu s s ion procedur e u s ed in the  der iva 
t ion of  t he r e spons e funct ions . Por d efin it ene s s  we t ake the  
case  of  s ect ion 4 ,  wh ich inc ludes  t he s impl er c a s e s  o f  s ect ions 
3 and 6 .  The l in ear i z ed Vl a sov equat ion can b e  wr i t t en as 

( 2 2 ) 

where f l i s  the  perturbed d i s t r ibut ion funct ion and t he t ime 
der ivat ive is t aken a long the orb it s 

-

v = V o  = con st o 

The accel erat ion i s  g iven by e q . ( 1 0 ) . Int egrat ing eq . ( 2 2 )  
between O and t he pr e s ent t ime t along the t raj ecto r i e s  and 
s et t ing 

f l (x o ' v o ' O - ) = O , we g et , fo r t > O , 

f 1 (x , v , t )  = &(e/m) { Jt o (Yo+v t ' ) o (t ' ) dt ' afo / av . + 0- y z 

+ Jt o '  (y +v t ' ) 8 (t ' )  dt ' (v afo /av - v afo / av ) } .  0- o y y z z y 

The s e  int egral s g ive  general i z ed funct ions which  mu s t  be  int er 
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pr et ed as operat ing on funct ion s o f  t he veloc ity  vy . Thus , 

I: _
dt ' 8 (y o + v

y
t ' ) 8 ( t ' )  = 8 (i o ) = 8 (vy - y/ t ) /t  , 

s ince  Y o  = y - v t .  S imi lar l y , int egrat ing by part s ,  y 

I t dt ' 8 '  (y + v t ' ) e ( t ' )  = [ 8 (yo +v t )  
0 - o y y 

= [ 8 (y)  - 8 (v - y/t ) /t l /v y y 

when v 1 O .  Henc e ,  we o bt a in y 

f 1 (x , v , t )  & (e /m) { t  8 (vy 

- t 8 (vy - y/t ) 3 f o / 3vz -

- (vz /vy ) [ 8 (y) - t 8 (v
y 

- y/ t ) l 3 f o / 3Vy ( 2 3 ) 

where  the  f ir s t  and third t erms c ancel . S inc e cr = - en o f l ' 
t h i s  conf irms e q . ( l l ) , deduc ed us ing phys ical  argument s .  Fo r 
vy = O ,  the  int egrat ion over t ime g ive s 

f 1 (x , v  , O , v  , t )  = &(e/m) [ 8 (y) 3fo /3v - 8 ' (y) t v 3fo / 3V 1 , . x z z z y 

wh ic h i s  equ ival ent to  eq . ( 1 2 ) .  Ther efore , t he percu s s ion ap 
pro ach c an a l so b e  regarded a s  a spec ial  c a s e  o f  int egrat ion 
along t r aj ector i e s . It must  be o b s erved , however , t hat the 
f i el d s  act at  y= O .  Henc e ,  t he mot ion of t he par t icl e s  i s  
exact l y  f i e l d  fre e  for y1 0 and n o t  a s  a con s e quence o f  a l i 
near approx imat ion . 

8 .  C O N C L U S I O N S  

W e  obt a ined the spBc e - t ime po l ar i z at ion r e spon s e  o f  plasma s 
for e l ectromagnet ic exc itat ion s from phys ical  cons iderat ions , 
without Four ier  t r ansforms . The g iven one  d imens iona l r e s pon s e  
t ensor  includes  t he po s s ib il ity o f  b eams i n  t h e  pla sma . For aE 
pl icat ion s t o  spe c i f ic pro b l ems , o f  cour s e ,  we must  sum the p� 
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l ar i z a t ion r e sponses  o f  the  d ifferent spec i e s  o f  pla sma par t i 
el e s  and t he cont r ibut ion s o f  b eams , i f  any . P l a sma e l ectro 
dynamical  probl ems requ ir e  the  so lut ion o f  int egro - d i fferent ial 
equat ions l ike e q . ( 2 0 ) . Con s ider ing the  compl ex ity  and subt l e 
t ie s  o f  t he invers ion o f  Four i er tran s fo rms , nec e s sary t o  c a l 
cul a t e  Gr een ' s t ensor s for p l a sma s , part icularly  in prob l ems  
with  mor e  t han one  d imens ion , ( [6D a d irect  attack  o f  eq .  ( 2 0 ) by  
numer ical  or o t her approx imat ion met hods  may be  a l so helpfu l  
or  compl ement ary i n  sorne probl ems . W e  may a l so not e  t hat when 
a l imit ed per iod of t ime is under study , there  is an advantage  
in  pro c e eding in this  fa shion . In  the  Four ier  method , the  full  
ext ent o f  the frequency spectrum s houl d b e  us ed in  the  inver 
s ion when the t emporal  b ehav iour i s  d e s ired without s er ious 
d i stort ion . I n  pract ic e ,  only a sympto t ic ,  t + 00 ,  repr e s ent a 
t ions  o f  t he Gr een ' s funct ions are  u sua l l y  calculat ed , which  
are  valuab l e  for  s tab il ity stud i e s  but are  not suff ic i ent fo r 
a compl et e x ,  t descr ipt ion . 

The ca lculat ion o f  the  thr e e  d imen s ional r e spon s e  t ensor  for 
qua s i - el ectro s t at ic  exc itat ions of pl a sma s in ext ernal  mag 
net ic f ields  s e ems to  b e  a tractabl e probl em .  The  percu s s ion 
approach  looks  promis ing a s  we l l  for t he study o f  non l inear 

. el ectro s t at ic  re spons e s  in the  x,  t descr ipt ion . 
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