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INVARIANT POLYNOMIALS FOR A MAXIMAL

UNIPOTENT SUBGROUP OF SL(n,C)

FERNANDO LEVSTEIN

Abstract . Let N be a maximal unipotent subgroup of SL(n, C) .
Inside the ring of N- invariant polynomials P s1(mC) T we consider the subring generated
by the polynomials of weight €™ , where @ is the highest root ofs1(n,C) , me Z .
" We prove that this subring is a polynomial ring in 2 (n -1) generators which are explicitely
computed .

, Introduction

Let G = SL0,C) ; g =s1(n,C) ; N={A=(a;) € M(n,C):a;=1, a;=0if
i>j}).

We consider the following problem: describe the ring structure of Plgl", where P[g]are
the polynomials on g and the action of N is induced from the adjoint action on g, i.eu
(n.Q) (x) = Q (n" xn) . ‘

It has been proved in [G] that Plg]" is finitely generated . It is difficult to say more in
general . We will restrict ourselves to study a subring of it. Let H be the Cartan subgroup which
consists of diagonal matrices. Then the action of H on P[g] is diagonalizable and, as H
stabilizes N , it preserves P| Mso: PN = , @4 P (g1} , where A.: H— Cis ahomomorphism
andPlg] Y = {p € P[gl": h.p = Ah)p V h e H}). o

Let us take the character ¥ : — C, % ((ay) = a; a; and consider B, P[g]';m. itis easy
to see that these are exactly the invariants under the group U = Ker ¥ X N.

We will prove:

Theorem. P[g]U is isomorphic to a polynomial ring in 2 (n -1) variables .

The proof consists of the following steps: first we show that a certain set of 2 (n -1)
polynomials are U-invariant and algebraically independent; then we compute the dimensior: of
P[g]';:,,,l as a P[g]°~module and we see that it is the same as the dimension of the polynomials of
degree m in n -1 variables.

As we have n -1 polynomials from P[g]:m that are algebraically independent over Pgl®we
have found a set of free generators of P[g]" .

1. The set of pelynomials .
Let V = (a; ) the matrix with a; = §,; §,;,1 S i,jsn. -
Onsl(n,C) = {AeM(,C):rA = 0}, we consider the following polynomials:
X', X'V )'i'_'ll. It is known from last century that the first set gives a basis for P[g]°.
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The second set consists of N-invariants since :

@' Xh'V =twn'Xinv
=tr X'nVn'
=trX'v.

Furthermore they are U-invariants , since forh = (ay) € Hwe have:

rh’ X'V = h!'Xiny
=tr X'hVh'
= xh) rX'Vv .

2 . Algebraic independence
To prove that the given 2 (n - 1) polynomials are algebraically independent we restrict them
to the space

— —

d 0 0
Xy d;
S={X e M(n,C)X= . 1 d, 0 }

this is ; the lower triangular matrices whose coefficients are all ones, except for the diagonal and
the first column . )

It is obvious that the polynomials {tr x{s };., depend only on the diagonal d = (d,,...,d,) and
that they are algebraically indelpendent. Also by induction it is easy to prove that tr X' V are
polynomials linear in the {x;}}_, therefore they are algebraically independent if and only if the
determinant of the system, which is a polynomial in the {d, )., is different from zero. Furthermore
when we setd; = 0,i=1,...,n we obtain an algebraically independent set of polynomials
because tr X' V|| 4o depends onlyonx, , ...,x,;and the coefficient of X,;is nonzero. So
the determinant of the system is not zero at d = 0, therefore if we had a relation

j j . .
- eX22 L oeX"" o XV L. X Vil
1 -1

restricting to a neighborhood of d =0 such that the determinant is non zero we would have by

algebraically independence of {tr X'V|s)", and because {tr Xjs Yoz are constants for fixed d,
that :

Jp i
Xc "

2 jl njll .
. tl'x oo t.l'x -0 V(l],-o-yln-])
b Iy

in this neighborhood, as we are dealing with polynomials, the relation holds everywhere and the
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fact that {tr st ., are algebraically independent implies cjiz : =0V (i) ipy) s G2 o) -
1

3. dimp G Plglm-

Let us consider the ring R generated by Y cP[g], and consideritasa P[g] S module,
{trx' };, generate Pg]®) , we will compare dim PLgIC Rim with dim PLIC Plglm and from the
equality we will deduce that R = P[g]*.

Now, dim ]GR = is nothing else than P%, = dimension of the space of polynomials of
degree m in n-1 \[r‘Z:iab es .

To compute dim P10 P[g]xm we use Kostant’s theorem [K1] which states that:
Plg] = P[g]° ® H and dim H, = m, (0) = multiplicity of the weight O in the irreducible

representation of g of highest weight A .
It is easy to see that dimC Hpy = dim PLgI P[g]lm where 7 is the highest root of g (then

y=e. .
So in order to prove the theorem we must show my, (0) = P:_, V k20. For this we use
Kostant’s multiplicity formula [K2] ,
m@ =X sgo K@+p - 0(3+1)
ceWwW
where K(a) is Kostant’s partition function, i . . K(cv) is the number of ways in wich - a can be

written as a sum of positive roots . Here W = S, is the Weyl group and sg o is the sign of the
permutation o .

In our case we have
my, (0) -ogwsg o K(8-0(3+k7)
To compute it we need the following :

Proposition .

c}‘l“fg o K(8-0(8+kYy)) -ogwig o K (3-03-ky)

where W, = {7 € W: 1y =17}

We will prove that K(8 -0 3 -k o y) > Oimplies 6y = 7 .

For this we write W= o, W, , N=141, 0,€ W.

We consider P = (ai}',-"_', the usual basis of simple roots of the root system A, ie.
A= {£(0;+Q+ +@);1<i<jsn-1 }, and so the Weyl group is generated by the
reflections - ;A - A-2 A 05) @ - ‘

O o .
It is easy to see that we can take the representatives ©; to be of the following form:

1)id2)r Iy .. Xy Tog ...y 3)wr 4wr,, wherewe W,.
And now, we will check that in cases 2) , 3) and 4) the coefficient k, in
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8-o;wd-kowy=Zkaq ispositive, V w'e W, ,V k € N, andso

" K(38-063-koy) =0 1foy¢‘y

Case 2) followssince 8 —o;w’'d-koyw’y = 3o;w’d + ky and

8-08=2Xm(0) o with m;(c)20.

For the case 3) write: )

8-wr; wo - kwryy .8-wd w@l-18) , wr(d-w’8) _kw(op+...+a,. )
1 2 3 4

And the firstand fourth terms don’t contain @), inthe second «, has a positive coefficient,
and in the third term has a non-negative one . So the sum cannot be written as a sum of negative
roots and K(§ - wr; w’ & - kwr; 8) = 0. Case 4) is similar to case 3) and the proposition is
proved.

Finally we need the following:

Proposition.

Let W be the Weyl group of a semisimple Lie algebra g and let it be generated by
reflections {r;}".; with respect to the hiperplanes defined by the simple roots {a; ¥-1 - Take a
subsystem A, generated by {a.k)k_, and the corresponding Weyl group Wy = < { r,k},“_, >,

Let § = 1/2 2 & then _Z sgoK(8—08+p)-KA\A0(u) , where

Kava, (1) denotes the number of ways in which - i can be written as a sum of positive
roots of A not belonging to A, .

Proof. Let A be the root lattice and Z [A] the group rmg over A that is the set of formal
sums { E oM ¢* ; n, € Z }and consider the projection into the identity component e’

p:ZMA>Z, p(Eme) =n ,
then K(p) = p,(e™ Z K(A)e') = p, ( e"‘l'l (1-¢97.
Put 80- l/%:z..‘%a . and notice that 68-8 = 6§, — §, Vo € W,.
Then Weyl’s identity for the subsystem A, gives

088

X sgoe 1-e9"!

AB
Now we can prove the proposition:
i - - -p+08-8 e %yl
,§w§8°K(5 od+p) o‘fwigom(e LJIL -

- -p+08-0 _aay -l
P(Zsgo e L))

- p,(e“zsg ge’®” ”n (- ) o 1-e%91

aA*\ Ay
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=P ( e-u a.reIA"‘\Ao (l ) e_a) -l)

= Kavay (W)
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