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THE EQUIVARIANT INVERSE PROBLEM FOR KLEIN-GORDON-TYPE EXPRESSIONS

M. C.LOPEZ - C.G. SCHIFINI

Abstract
In affirmative, the equivariant inverse problem for Klein-Gordon-type Euler-Lagrange
expression is solved.

1. Introduction
It is very well known that the equation describing the scalar field of particles with mass K
and spin 0, which is the relativistic counterpart of the Schrddinger equation, is the Klein-Gordon
equation

.1 §3),-K@=-0,

where 8j is the metric tensor, @ is a scalar field, and a vertical bar denotes covariant derivative,
This equation can be deduced from a variational principle as follows. If

(1.2) L = L(g;: @; D)
then from a variation of @ we obtain as Euler-Lagrange equation

(1.3) E(L)_-QL -a_ ( )-

on choosing
(1.4) L - 12- Vg(g' @, @,;+ K &)

equation (1.3) becomes (1.1). :

The equation (1.1) has the following property of covariance: by a transformation of
coordinates it changes as a scalar. This property is also possessed by the Lagrangian (1.4).

However, the last assertion is not mandatory since the Lagrangian does not have, in general,
any physical meaning, although the Euler-Lagrange expression do have a meaning. The main
purpose of this article is to prove that the situation already encountered with the Klein-Gordon
equation is found always, i.e., the assumption of the covariance property for the Euler-Lagrange
expression implies that the Lagrangian is equivalent to (it has the same Euler-Lagrange
expression as) a Lagrangian with the same property. This solves for the affirmative the
equivariant inverse problem for Klein-Gordon-type Euler-Lagrange expression [1].

Precisely, we consider a quantity
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(1:5) . H = H(gi,-; gij.h > D ; g,i ;g,ij)
such that .

1.6) (i) H is a scalar density
7 (ii) H=E(L) for L of the type (1.2) .

Here we do not assume any covariance property for L with respect to transformations of

coordinates. We will prove that (1.5) and (1.6) imply the existence of a scalar density
Ll-Ll(glj; g;g.‘) Such that E(Ll) - H.

2. The equivariant inverse problem
The condition (ii) in (1.6) written in full is

(2.1) H= Lz _ Li;hk i - Li;@ g'i _ Li;h Q,ih'
where L2 = OL/30 , L' = OL/3g, , and L™ = 9L/

Given any point in the underlying manifold there is a coordinate system x= ;(x) such that,
(at the point)

PR S |

ox®

andso B = det( a"i/a;i) =1, (at the point).
Since H is a scalar density, for this transformation of coordinates we have, (at the point)

(22) H(g 5 8k,i +Bhi 8« +Bhi 803 D3 D,i; D,in+B 9,0~
=H(gw: 8x.is D3 9D,is D>
where B}, = azxt/a;('h a;i'

From (2.1) and taking into account that is coefficients depend only on g; , & , and &; we
deduce that

L? - L% (g, i+ BY g4 +BY 2a)-L"% 3, -L"" (D;, +B}, @)=
'_L@ - L™ gy i - L2 @, - L (3,
from where, by the symmetry LBk o Lk we conclude
23) WL g + LM @) = 0
We can suppose that the transformation of coordinates co;lsidered satisfies furthermore

h-gma&+a$>

Replacing in (2.3) we obtain

—

~—

e
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(L% 4+ L%, + L@, =0.

Contracting the last equation with g* it follows

(2.4) L™ 4+ LY =L @,
where
(2.5) @=g"D,.

Changing b with t and ¢ with t in (2.4) we obtain two equations. Adding them and
substracting (2.4) it follows that

(2.6) L =) [ L2 L gL ],
A straightforward computation proves that

2.7 L™ gy i+ LY @y = LY (-Ty @, + @)=L @y,

where T'§; are the Christoffel symbols corresponding to the metric considered.
Taking into account (2.7) we obtain from (2.1)

(2.8) H=1? - L% g, - L @|,.

Since H is a scalar density we deduce that 0H/9Q ;; = L' isa symmetric tensorial density
depending on gy @, and @ ; . Then it is known [2] that there are functions A = A (3, ),
B =B (3, y) such that

(2.9) -l =VgAgi+BOD T,
where
(2.10) v=g 3, 3,

Since Hand L'** @ |, are scalar densities we deduce from (2.8) that L?-L"? & ; is
a scalar density depending on g;, &, and @ ;. Then it is known [2] that there is a function
C = C(D, ¥) such that

(2.11) L. 14?g,=-VgC.
Then we conclude from (2.8), (2.9), and (2.11) that
2.12) H=Vg(C+Ag' @,+B & & @);) .

Since H is an Euler-Lagrange expression it satisfies certain identities [3].

(2.13) | oH _ oH
0D 0D .’

X}
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' : oH_ 9 (oH
@14 9, - (az, )

2 9 (9H - _9* (oH .
(2.13) ox* (aq') ox* ax‘(az )

Clearly (2.13) is an identity and (2.14) implies (2.15). Let us see what restrictions imposes
(2.149)on A, B, and C.

Taking account of (2.5), (2.10) and (2.12) we obtain from (2.14)

(2.16) -é Ag"gi’gij't + é BQ’Q‘gi"gij., +§%Q’+
+§$Qi D g"gi’}+2%‘;{®i D"+ A+
+g~g\|! Q’+§$Q’ & D; B; gijl+B®’ Q.ﬂgi‘+

+B & g, gi_'l +Bg Qilgi’ + B 2 ; gi,st +
-2&Q’-ZQAg’gijg.ij‘*‘zaAgsg.hgijrli}"'
v ow dy

+ Agijr}} -2 B@"Qij g’i+2%®' o Q"Qhr‘!}+

+2BP D, ¢TI} +BD I =0.
Differentiating (2. 16) with respectto & ; we have

@2.17) 20A @ gi+ 1B @+ LB gi- A & ' +
dy 02 2 ¢ oy
A gt -BD'gi =0 .
oy
Contracting (2 .17) with g; we obtain, forn#1, (2 aA/aw- B) @' =0, from where we

have

(2.18) B =29A
oy

It is known that given a point in the underlying manifold there is a coordinate system such
that, at the point, g , = 0 .
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Then using (2.18) we deduce from (2.16) that

(2.19) 29C _9A _2 _dA_
v "2 - ayod

Now , (2.19) is the integrability condition that we need to establish the existence of a scalar
f= f(QD.vy) such that

2.20 of _c.9A vy, o _ .1
@20 - C ¥ o™ 2 A
In this case a straghtforward computation proves that

(2.21) H = EL;),
where L; = w/g_ f is a scalar density .
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