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A NOTE ON THE CONMUTATOR OF THE HILBERT TRANSFORM 

CARLOS SEGOVIA - JOSE L. TORREA 

Introduction 

The purpose of this paper is to give a different proof of a result of S. Bloom on the 
commutator of the Hilbert transform, see [1]. The idea here, is to imitate the proof of A. 
P. Calderon for the derivative of the commutator, sec [2]. The background for this paper 
are well known results on the duality of weighted HI Hardy spaces, see [3], and certain 
estimates stated in Lemmas 1,2 and 3 due to S. Bloom [1]. We believe that Lemma 4 is 
a contribution to simplify the proofs. 

Notations 

Let w > 0 be a locally integrable function on R with respect to a measure 1'. This 
w is said to belong to the class A,( dp) if 

for every interval I. If I' is a doubling measure, i.e. 1'(21) ~ c 1'(1) for every interval 
I, then, we define 

M,,(f)(x) = sup 1'(1)-1 (If(y)ldl'(Y)' 
zEI 11 

It is well-known that if wE A,(I'), 1< p < 00, then 

Let us denote mIg = 111-1 II g(x)dx, where I is an interval. We say that b belongs to 
J] AI O( v) if for every interval I 

llb(x) - mlbldx ~ c 1 v(x)dx = cv(1), 
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holds. If w is a weight, we shall say that f belongs to £11(W) if. (f If(x )lPw(x )dx) Ill' = 
IIfllvc..,) < 00. As a gerieral reference we indicate [4]. 

Statement of the result 

We shall prove the following theorems: 

Theorem 1 (Commutator theorem of S. Bloom). Let v E A2 and a, [3 E A2 such 
that a = vPf3. Then, if bE BMO(v), the operator 

Cb(f)(X) = P.v.J b(x) - b(y) f(y)dy, 
x-v 

is bounded from Lp(a) into V(f3). 

Theorem 2. Under the same hypotheses of Theorem 1, the operator 

Rj,(f)(x) = J Ib(x) - b(y)1 (x _ y~2 + g2 If(y)ldy, 

is bounded from Lp(a) into V([3) with a norm uniformly bounded in e. 

The proofs 

We shall need some lemmas. 

Lemma 1. Let I = (x - e,x + e) and I,. = (x - e2k,x + e2k), k a non negative 
integer. Then, if v E A2 and bE BMO(v), it follows that 

for some 0 < 71 < 1 depending on v. 

Lemma 2. If wE Ap, there exist e> 0 such that for all p' Sr S p' + e, we have 
w-r/p EAr. 

Lemma 3. If bE BMO(v), v E A2 and a = vP[3, a and f3 In Ap, then, there 
exists e > 0 such that for all p' S r S p' + e, we have 

., 

111-1 lib -7n/Wa-rlp $ c 111-1 1 (3-r/p . 

The proofs of Lemmas 1, 2 and 3 can be found in [1]. 
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Corollary. The following inequality 

holds. 

(lhl-1 f Ib - mIWa-r/p )l/r :5 
lIt 
c2k(I-'I)(lhl-1 f {3r'/p)-I/r' 

lit 

Proof. It follows from Lemma 3, making use of Lemmas 1 and 2. 
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Lemma 4. If {3 E Ap , there exists e > 0 such that for all r, p' < r < p' + e, we 
have (31-r'/p E Ap/r'({3r'/Pdx). 

Proof. By Lemma 2, if r = pl(l + 6) with 6 small enough, ~e have {3-r/p E Ar 
and if again, we choose 6 even smaller we get {3 E Api' with PI = plr + 1 < p. We have 
to show that 

(1 (3r'/p) -1 (i{31-r'/p{3r'/p) (i{3r"py-p/r' . 

(1 (3-(I-r' /p}/(p/r'-I) (3r' /p) p/r'-1 , 

is bounded by a constant not depending on I. The expression above is equal to 

Since {3-r/p E An this expression is bounded by a constant times 

(111-1 1 (3)(lII-1 1 {3-r/p)p/r. 

Recalling that plr = PI -1 and that (3 E Api we get that this is bounded by a constant, 
as we wanted to show. 

As it is well known, see [3], if f E LP(w), wE Ap, 1 < p < 00, we have 

.. 1 100 f(y) 
f+(x + zi) = ---: . . dy, 

1I'Z -00 Y - x - zt 

and 
. 1 100 f(y) f-(x - zt) = - ---: . dy, 

7rZ -00 Y - x + tt 
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t > 0, define holomorphic functions on the upper and lower half spaces, respectively. 
Moreover, the limits for t tending to zero f+(x) and f-(x) exist a.e. and 2f(x) = 
f+(x) + f-(x) a.e. On the other hand, 

sup IIf:!:(~ ± it)IILP(w) = IIf:!:(x)IILP(w) :5 c...llfIlLP(w) . 
1>0 . 

We shall denote by D the set of functions f such that 

holds for every non negative integer N. This set is dense in V(w), see [2]. 

Proof of Theorem 1. Let us denote by CU the operator 

C:I(x) = f b(x) - b(y) f(y)dy , 
J1z-1I1 >c x - y 

where bE BMO(v), /I E A2 and fED. This integral is well defined. Let us consider 

A:!:C(f)(x) = / b(x) - b(~) f(y)dy, 
6 x - Y =F ze 

where b, /I and f are as above. It is easy to sec that 

I Arc f(x) - C:I(x)1 :5 

c/1b(x)-b(Y)I( ~2 .,If(y)ldy. x - y +e~ 

Therefore, by Theorem 2, the difference ArC - C: is a bounded operator form LP(o) 
into LP«(3). Let 2f(x) = f+(x) + f-(x). Then, since 

C:I = C:I+ + C:I- , 

in order to prove the theorem, it is enough to prove that AU+ and Abf- are suitably 
bounded. Let us consider Abf+. If 9 E D, we have 

100 g(x)AU+(x)dx = /g(X) (/ b(x) - b(~) f(Y)dv) dx = 
-00 . x - y - ze 

- / (/ b(Y)f+(y,> dV) g(x)dx = 
x-y-ze 

- 7ri 1: b(y) f+(y) g+(y + ie)dy . 

The holomorphic function f+(x + it)g+(x + it + ie) satisfies 
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[: If+(x + it)g+(x + it + ie:)I./I(x)dx ~ 

([: I;'+(x + it)IPa(x)dx) lip 

( 
00 ) lip' [00 Ig+(x + it + ie:)IP',a(x)-v'IPdx ~ 

CllfIlLI'(<» ·lIgIlY '(p-I'/I") . 

Thus, it belongs to HI(/I). Therefore, by the duality between HI (/I) and BMO(/I), see 
[3], we get 

1[: 9 AU dxl~ C IIbIlBMO(v) II fll LI'(<»IIgIl LI'(p-I'/I") , 

where C does not depend on e:. 

A similar argument gives the same estimate for Ab£ f-. Thus, II C:III LI'(P) 
~ c IIfIlLI'(<» and taking. limits for e: tending to zero the theorem follows. 

Proof of Theorem 2. Let 9 E LP' (,a-pip'). Then, if h = (x - e:2k, x + e:2k), we 
have 

f Ig(x) (f Ib(x) - b(y)1 (x _ y~2 + e:2 If(Y)ldY) dx 

~ f If(y)1 (J Ib(x) - mIobl(x _y~2 + e:2 Ig(x)ldX) dy 

+ f,g(x)'(f'b(y)-mIOb'(x_y~2+e:2If(Y)'dY)dx 
= It + 12 • 

Let us consider 12• We have 

00 

C LTklhl-1 Ib(y) - m1obllf(y)ldy . 
k=O Ie 

By Holder's inequality and the c rollary to Lemma 3, the right hand side is bounded by 

00 

~ C(L 2- kl/)Mpr',p(If/l()(x)1/r' . 
k=O 



264 C. SEGOVIA and J .L. TORREA 

Thus 

Since p> r' and, by Lemma 4, {3 = /31-r'lp{3r'lp with {31/r'lp E Aplr,({3r' lpdx), we 
have 

'I "1 For II, taking into account that /3-P P = liP a-P P, we get the same estimate as for h. 
This ends the proof of the theorem. 
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