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REMARKS ON SOME NONLINEAR INITIAL

BOUNDARY VALUE PROBLEMS IN HEAT CONDUCTION
DOMINGO A. TARZIA - LUIS T. VILLA

1. Introduction

This paper is concerned with the following initial-boundary value problems for the
one-dimensional (normalized) heat equation for a semi-infinite material

(1) i) u(z,0) =h(z), >0

{i) gz —uy = F(uz(0,t)) in 0<z<o00, 0<t<T
i) u(0,t) =0, 0<t<T

and for a finite slab:

1) ugg—u = F(uz(0,t)) in 0<z<l, 0<t<T
i) u(z,0) =h(z), 0<z<l

i1) u(0,t) =0, 0<t<T

i) u(l,t) =f(t), 0<t<T

(2)

where u = u(z,t) denote the temperature distribution (the unknown), x and t the spatial
and time coordinate respectively; T is a given constant and the data functions h and
f represent initial and boundary conditions. F denote a sink or source of heat energy,
uniform in x. '

The preceding one may be thought as mathematical models of controled temperature
distributions in isotropic mediums.

In (1), results on existence; uniqueness of solution and asymptotic behavior have been
proved for (1) and (2).

In section §2 and §3 some results on the behavior of the solution and explicit formulas
for special cases are obtained for the problems (1) and (2) respectively.
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2. Results on problems (1)

We consider problem (1) for the temperature u=u(x,t). Then, let the function V=V/(t)
be defined by
(2.1) V(t) =ug(0,t), 0<t<T

Taking into account [V;], the following integral representation for the solution u of (1) can
be written

e2) == /0 * G(a,1,€,0) h(€) dt /o “erf (E—t\/’_=r) F(V(r)) dr

where
t
(2.3) V() =Vo(t) + /0 H(t,r,V(r))dr
00 2

(2.4) VO =5 |, e (-5) mee

' __FW)
(2.5) ng,r,v)= —_—\/t—_'r
(2.6) G(z,t,¢,7) = K(z,t,¢,7) — K(—=z,t,£,7)

T = —1—— ex _(:c ~¢)’ T
(2.7) . K( ,t,f,r)-—2m p( 4(t—1-))’ t>

Let us consider for function F = F(V) and h = h(z) , in problem (1), the following
hypothese:

(Hy) {z) F = F(V) is a continuos function for all V € R, wich satisfies F(0) = 0,
Vi) |F(V) - F(Va)| < alVi — V3| with a = const > 0

i) heCH0,+o00] withh(0)=0,
‘(Hz) { i) hk, k' € L®(0,+00)

Let us denote by problem (1bis) the problem (1) With-da.ta F and h respectively in
conditions (1i) and (1ii).

Then, we obtain the following result on the continuos dependence upon the data.
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Theorem 1. Let u=u(z,t) and T = u(z,t) be the solutions s of problems (1) and (1bis)

* respectively under the assumptions (Hy) and (Hz) for data F, F and h, h. If the functions

F and F satisfy the additional hypothese.
(2.8) |F(V)-FV)| < BIV-V|, with B=const.20

then we obtain the inequality:

(2.9)

lu(z,t)—(z,t)| < [|h=Ello+B T(1+28vVT)exp(nB*T) |B'~F lloo, forz<0, 0<t<T

Proof. To begin with, we remark that the existence and uniqueness of solution for
the problems (1) and (1bis) follows from hypothese (H;) and (Hz), [Vi].

If we define V(t) = ©(0,t), from expressions (2.3)-(2.5), we obtain
(2.10)

0 2 T T)) — T
VO =P = 5k [ eeen (-5) o -Renae+ [ FEEREE oy

f_
+oo 2 — 7)) - T
= [T (-8) Wi -Flenae+ [ FEELEED,,
By using (2.8), we have
: V() -V,
(211) VO -VO1 S I T+ [ L

On the other hand, by the Gronwall’s inequality [Ca] applied to (2.11), we deduce

(2.12) IV =Vlir < (1 +28VT) eap(x°T) |’ = Flloo

where ||g||: denote

(2.13) llolle = o5, lg(7)l

Now, from (2.2), (2.8) and (2.12), we obtain

+00 _
lu(z,t) —u(z,t)| < A G(z,t,€,0) |h(€) — R(E)| A€+
’ t
(2.14) / erf (2\/:__7_) |F(V(T)) — F(V(7))|dr £

< erf (7) [lh=h ]|wﬂL V() = V(7)|dr,
that is (2.9). »

If we consider the special case
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(2.15) F(V))=dV, with d=const. >0
(2.16) h=F € C°[0,+o0)],

(2.17)

Vo = Vu(t), defined by (2.4), is a non-decreasing function which verifies Vo (0)>0

.we obtain the following comparison result.

Theorem 2. Under the conditions (2.15)-(2.17), if the function F = F(V') verifies
hypothese (Hy) and furthermore

(2.18) VF(V) > 0,forall V € R,

(2.19) a<d
then there ezists t; > 0 such that
(2.20) Az, t) < ulz,t), 0<z, 0<t<t

where u and U are the solutions of problem (1) and (1bis) with data F, h and , h=
respectively.

Proof. Owing to (2.15)-(2.18) and ([V;, lemma 2], it follows that
(V@) = uz(0,t), V(t) =u(0,1)) :

(2.21) . V(t)>0, V(t)>0, Vte(0,T)
Taking into account (2.2)-(2.5), (2.15) and (2.16), we have

t
(2.22) u(z,t) — u(z,t) = /(; erf (2—:\/—_:) [F(V(r)) - dV(r)]dr,

*F(V(r)) —dV(r)

(2.23) V(it)-V(t) = A i
. From (H;) and (2.21) we obtain
(2.24) : F(V)<aV
and then
(2.25) V() - V(t) < d/ ‘—’f-)t%g’—)d 0<t<T

— o O —

_ N N N

~— R ~— ~ N N

N



R

BOUNDARY VALUE PROBLEMS 269

It is clear, from (2.25) and continuity properties for ¢, = V(t) — V/(t), with 1(0) = 0, that
there exists ¢, € (0,t) such that

(2.26) V(r)<V(r), 0<t<to

Moreover, from (2.23), (2.26) and the fact that ¢(t) = F(V(t)) — dV(t) verifies $(0) < 0,
we deduce that there exists t; € (0,1,), such that

(2.27) F(V(t))-dV(t)<0, O0<t<t

. that is (2.20) from (2.22).

Remark 1. The comparison result (2.20) can be also obtained by using the maximun
principle taking into account the inequality (2.27). Let U = U(z,t) and W = W (z,t) be
defined by

(2.28) U(z,t) =u(z,t) —u(z,t), >0, 0<t<ty,

(2.29) W(z,t) = Ug(z,t), >0, 0<t<ty
They satisfy the following problems

Ups — Uy =dV = F(V)>0, >0, 0<t<t,
(2.30) {U(z,O):O, z >0,
U(,t)=0, 0<t<t
sz—Wt=0, z>0, 0<t<ty,
(2.31) {W(z,O):O, 20,
W:(0,t) = dV(t) - F(V(t)) 20, 0<t<t.

Then, we obtain

(2.32) W(z,t) <0, U(z,1)<0, z>0, 0<t<t,.

Remark 2. If we suppose hypothesis (1) with
(2.33) K(z)=TK(z) 20, z>0
instead of (2.16) in Theorem 2, we deduce the inequality
(2.34) 0 <u(z,t) <u(a,t), 220, 0<t<t,
by using the Lemma 3 of [V;].
If, in problem (1), we suppose that

(2.35) F(V)=aV, with a=const.>0,



270 o D. TARZIA and L.T. VILLA
35 {HECUl with h(O)=0,
) h=h(z) and k' =h'(z) are o(e%7T) for x large for some ao > 0,

then, by using the Laplace transformation, we obtain the explicit solution.

Theorem 3. Under assumptions (2.35) and (2.36), the solution of problem (1) is
given by

-+00 t z
3 o= [ GELe0nOE - [ Vies (7E=) dr
where ‘
t 1
(2:39) V() = Vi) -a [ [777—,; — o eap(ra?(t - )) erfe(a/(l = n))] Va(n)dn,
and V, is explicited in (2.4).

Proof. From (2.3), (2.5) and (2.35) we obtain the following second kind Volterra
integral equation for V=V(t)

t
(2.39) V(t) = Vo(t) - a/ R(t,7)V(r)dr
0
where the kernel R = R(t,7) is given by

(2.40) R(t,7) =

t>1t>0

1
s
which depends only on the difference of the two arguments ¢ and 7, and it is singular at
t=r.

From elementary calculations, we have

+00 2
(2.41) Vo(t) = -\/I'ﬁ/o exp (—%) K (&) d¢
and so that for t large (M,! > 0)
[Vo(t)] < M exp(lt)
(242 {IV001 = 0.5 B 0 nteay
that is ‘
(2.43) [V(t)| £ N ezp(mt)

with ra? + 1 < m.

On the other hand, let W = W(t — 7) be the resolvent kernel of (2.39), that is

t
(2.44) V(t) = Vo(t) — a/o W(t —71)Vo(r)dr

N N N N
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If s denote the one-sided Laplace integral transform variable, for Re(s) > m, we deduce

(2.45) v(s) ="_ﬂ_%’ v(s) = vo(s)(1 — aY (s))
that is

(2.46) Y(e) = 1+ (:1) = a\/\{;r+ s

where

{ vo(s) = L(Vo(t)), wv(s) = L(V(¢))
(2.47)

¥(o) = £(RE) = L, ¥(5) = LOV(E)

and £ denotes the Laplace transformation.

By using the inversion formula we obtain that.

(2.48) W(t) = — — arezp(ra®t) erfc(av/rt)

%

that is (2.38), and so that (2.37).

Remark 3. We can verify directly that (2.37) and (2.38) is the explicit solution of

problem (1) for the particular case (2.35) and (2.36). In fact, if we put (2. 38) in (2.3) it
is sufficient to check that

t
(2.49) /" %}m erfe(ay/m(t —9))dr =

% - éexp(raz(t —n))erfe(ay/n(t—19)), 0<y<t.

By using that erfc(z) = 1 — erf(z) and the function Z = Z(z), defined by

T
(2.50) Z(z) = 2/ exp(ra’(z? — y?)) erf(ay/7 (2% — y2))dy, >0
0
which verifies the Cauchy problem
Z'(z) = 2na’zZ(z) + 2raz
(2.51) { 20) =

whose solution is given by

(2.52) Z(z) = i(ézp(wazzz) -1)

the equality (2.49) is obtained.
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3. Results on problems (2)

Let the function V=\/(t) be defined by (2.1). Such as it was pointed out in [V;] if
u=u(x,t) satisfies the problem (2), the following integral representation can be written

1 t
(3.1) u(z,t) =3Bf(t)+/o Ko(z,€,t) [h(€) — £(0)¢] d¢ +/o Ky(z,t — 1) F(V(r))dr
' t
+./o Ka(z,t — 1) f(‘r) dr

where
-— t —
(3.2) V(t) = Vo(t) + /o H(t,7,V(r))dr
— l —
(3.3) V4ﬂ=ﬂﬂ+Aln&aﬂmm—f®ﬂﬁ
(3.4) Ht,r,V(r)) = K1(0,t — 7) F(V(7)) + K2(0,t — 7) f(r)

being Ko, K1, K2, Ko, K1, K2 explicited in the Appendiz.
Let us denote by problem (2 bis) the problem (2) with data F ok, f

For functions F, h, F*, h and f in problems (2), (2 bis) we shall suppose the following
assumptions

(A1) [the same as (H}) of problem (1)] and furthemore (2.18)
(42) i)k, h € C°[0,00)

) i)f,f € C'(0,T] -
(As) . F(V)y=aV, a>0 V,(0)>0

Then, we obtain the following comparison result

Theorem 4. Under the hypothese (Hy), (A2), (As), if the following condilion is
satisfied

(3.5) . a<a

NN NI NI N R N S
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with a introduced by ii) of (Hy), there exists to > 0 such that
(3.6) u(z,t) 2 i(z,t), 0<z<l, 0<t<t

where u and @ are the solutions of problem (2) and (2bis) respectively.

Proof. In a similar way as in Theorem 2 of 1 2, we find

t
(3.7 u(z,t) — a(z,t) = /0 Ki(z,t —7)[F(V(7)) — af/('r)]‘d'r

13
' (3.8) V) - V(t) = _/o (=F1(0, — 7)) [aV = F(V)]dr

where V(t) = i5(0,)

Since V,(0) > 0, from the continuity of V(t) on t=0 it follows that there exists 3 > 0
such that

(3.9) V(it)>0, 0<t<iy
Therefore, taking into account (2.18) and (3.5) in equation (3.8) we obtain
o . )
(3.10) 010 ¢ [k, -vin - Vimlér
0

from which, by similar arguments used in proving (2.20), owing to the continuity of the
function Kj(z,t — 7) an the fact that

—% if 0<z<L1
% if -1<z2<0
follows the inequality announced by (3.6).

(3.11) K,(z,0) =

If, in problem (2), we suppose that

(3.12) F(V)=dV, with d=cont.>0
(313) » h € 00[0'1]
((3.14)) fe CI[O’T], f®) = o(e?), for t large, n=0,1 for some b, > 0

then, by using the Laplace transformation, the explicit solution can be obtained.

Theorem 5. Under assumptions (3.12), (3.13) and (3.14) the solution of problem
(2) is given by

1
(15)  di(e,t) =z f(t) + /0 Ko(2,&,8) [h(€) — F(0)€)dé

3 ]
+d /0 Koyt — ) [Va(r) — d /0 O(r — n)Va(n) dn) dr
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where

(3:16)

(3.17)

(3.18)

Proof.

D. TARZIA and L.T. VILLA

] t .
Ta(t) = £) + /., Ro(0,601h(6) - SO &6 + [ Ral0,t=7) () dr

1 +i00 st
o(t) = Py p(s) e ds

—i00

tan(ﬁ)
pls) = ——173-—

tan(~—)
4+ d—2

The proof is similar to the preceding one for Theorem 3 and therefore we

omit detail here.

Now, the Volterra integral equation is

(3.18)

V() = Vo(t) + d/JTE,(o,: —7)V(r)dr

where V,(t) is given by (3.16).

Appendix

[e <]
Ko =23 e sin(knz) sin(kné)

(o]
K, = Zak e~ ke (t-7) sin(krz); ar = -1:1-;[1 - (=Y

e <]
Ky =Y bee 0 sin(kna) b = %(-1)"

.I?O(o’f! t) =

T\’I(O,t—‘r)= dz

dK,
dz

at z=0

at =0
dK,

772(0,t—1')=—d-;— at z=0

~ N S N
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