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Abstract 

Let t = (tl,t2,"" t a ) be a point of fl!l. We shall write t~+ ... +t! -t!+l-" .-t!+ .. = 
2y1 

u, p. + 11 = n. We put, by definition, Ra(u) = ;n(O); here 0 is a complex parameter, 

n the dimension of the space and the constant ](n(o) is defined by (1,2). Ro(u) is the 
Marcel Riesz' ultrahyperbolic kernel. 

The distributional kernel Ro(u) share many properties with the Riemann-Liouville 
kernel of which they are n-dimensional ultrahyperbolic analogues. In this pa.per we prove 
the following composition formula: Ro * Rp(u) = Ro+p(u), 0 and P E C (d. form. 
(II,6». 

We remark that this formula has been proved by Nogin (d. [1]), by a completely 
different method. 

In paragraph III we put, by definition, 
(m-2u)~ 2 t 

Wo(u,m) = !!yl~ Ja-n(m u) ; 
71'2 r(i)'-

here 0 is .a complex parameter, m a real nonnegative number and n the dimension ot th~ 
space. Wo(u, m), which is an ordinary function if Re a ~ n, is an entire distributional 
function of o. Wo(u, m) is the ultrahyperbolic solution of the Klein-Gordon operator. 
We shall evaluate the composition formula Wo * Wp(u,m) = Wo+p(u,m), o,p E C. (d. 
form. (IV ,6». The particular case p. = 1 of this formula was proved in [2] by a completely 
different manner. 

I. The Marcel Riesz' ultrahyperbolic kernel. 

Let t = (t1. t2, ... ,tn ) be a point of Rn. We shall write 

t~ + ... + t! - t!+l - ... - t!+ .. = u, p. + 11 = n. 

By r + we designate the interior of the forward cone: r + = {t E Rn /t1 > 0, 
u > OJ. We consider the following family of functions introduced by Nozaki (d. [3], 
p. 72): 
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(1,1) if t E r +, 

if t f/. r +. 

Here a is a: complex parameter, n the dimension of the space. 
The constant J(n(a) is defined by 

(1,2) T/ ( ) _ n-1 r (1±p!) r (~) r(a) 
.ll.n a _1f''"2 () , r 2+~-j! r ("'2a ) 

J.I is the number of positive terms of U = t~ + ... + t! - t;+l - ... - t!+v, J.I + v = n. 
Ra(u) which is an ordinary function of a if Re a ~ n, is a distributional function of 

a. 
We call Ra(u) the ultrahyperbolic kernel of Marcel Riesz. 
The distributional kernel Ra(u) share many properties with the one-dimensional 

Riemann-Liouville kernel of which they are n-dimensional ultrahyperbolic analogues. 
The following formula have been proved in [4]: o Ra+2(U) = Ra(u), where 0 is the 

82 82 82 
n-dimensional ultrahyperbolic operator defined by 0 = 8 2 + ... + -8 2 - -8 2 -

tl tj! t JL+I 
82 

-"'--82 . ,J.I+v=njR_2k(u)=D k8,k=I,2, ... jRo(u)=8jD kR2k(u)=8. 
t,,+v 

IT. The composition formula Ra * Rf3(u) = Ra+p(u). 

We know from formula (III,9), p.9 of [4] that 

(11,1 ) 

which is the n-dimensional ultrahyperbolic correlative of the n-dimensional formula 

) 

) 

) 

) 

) 

) 

) 

) 

) 

) 

) 

) 

) 

) 

) 

a-I ) 
~I = 8(n)(x). 
r(a) a=-n ) 

We shall evaluate Ra * Rp(u). First we observe that this convolution exists because ) 
all Ra(u) have their support on the forward cone r +. 

We begin by evaluating Ra * R-2k. Taking into account (11,1), we have 

(11,3) 

From formula (V,2), p.ll of [4], we know that 

(11,4) 

k = 0,1, ... ,. 
This last result coincides, when I' = 1, with (11,3;36), p.58 of [2], and is due to Marcel 

Riesz. 

) 

) 

) 

) 
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Then from (U,3) and (II,4), we have 

(II,5) 

aEC,k=O,I,.... . 
Finally, by appealing to the principle of the analytical in continuation, we have. 

(II,6) 

a,/3EC. . 
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The formula (11,6) is due to Nogin (cf. [1]), which has been proved by a completely 
different method. 

We shall use other method to prove (II,6). This is based in the symbolic method due 
to Marcel Riesz. . 

In fact we have, formally, from (11,1), that 

(U,7) 

Therefore 

(U,S) 

Rf3 = 0 -f3/26. 

Ra * Rf3(u) = Ra * O-f3/26 

= O-f3/2Ra (u). 

Finally, from (II,4) we obtain 

(1I,9) 

a,/3 E C. 
The complete justification of (II,S) is given by S. E. Trione ([5], pp. 16, 17 and 18). 

III. The elementary retarded, ultrahyperbolic solution of the 
Klein-Gordon operator, iterated k-times. 

We shall consider the following functions: 

(III, 1) 

Here 

(1II,2) Jl+lI=nj 

(III,3) Jl = 4p + 1, p = 0,1, ... j 

a is a complex parameter, m a real nonnegative number, n the dimension of the space and 
Jv(z) designates the well-known Bessel function of the first kind defined by the formula 

_ 00 (-l)P(~y+2P 
Jv(z) - '" . ~ II ! r( II + p + 1) p=o 

(III,4) 
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War(U, m) which is an ordinary function if Re a ~ n, is a distributional function of a. 
By putting p = 1 in (III,I) we obtain the kernel introduced by Marcel Riesz (d. [6]' p. 
17 imd also [7], p. 89}. 

We put, by definition, 

(UI,5) 

p + /I = n, m a real nonnegative number and k = 1,2, .... 
{O + m 2 }k. is the n-dimensional ultrahyperbolic Klein-Gordon operator, iterated 

k-times. 
We have proveq 'in [5] that War (u, m) verifies the following properties: 

i) {O +m2}War+2(u,m) = War(u,m), 
ii) War(u,m) = E:'o (-~/2)m2" Rar+2"(U), 

iii) W_u(u, m) = {O + m2}k6, k = 1,2, ... , 
iv) Wo(u,m) = 6, 
v) {O + m2}kW2k(u,m) = 6 and 

vi) War(u,m = 0) = Rar(u) .. 

IV. The formula of composition War * Wp(u,m) = War(u,m). 

Taking into account the formula (cf. (IV.9) of [5]): 

(IV,I) 

k = 0,1, ... ; 
and putting -2k = /3, we have 

(IV,2) 

The formula (VII,2) is formal, because the right-hand member is a fractional power 
of the Klein-Gordon operator; this has been completely justified. (See [5], pp. 16-19). 

Therefore, we obtain 

(IV,3) 

Otherwise, we know, (d. (IV,2) of [5]) that 

(IV,4) 2 k . 
{O +m } War(u,m) = War- 2k(u,m). 

Putting k = -/3/2; we arrive at {O + m2}-P/2War(u,m) = War+p(u,m). 
(IV,3) and (IV,5), we finaly obtain 

(IV,6) 

and our assertion is proved. 

(IV,5) From 
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