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A B S T R A C T. The fact t hat compl eten e s s  and total  bound edne s s  

b ecome a charac t er i z a t ion o f  compac tne s s  in t h e  cat egory o f  

un iform spac e s  i s  we l l  known . B e er [ 1 ] e s tabl  i shes  a n ew cha!:. 
ac t er i zation for c ha inab l e  metr ic  spac e s  ba s ed on two cond i 

t ions : un iform local  compactne s s , wh ich i s  s tronger than com

p l e t enes s ,  and un iform c ha inab i l i tY , weaker t han total  bound ed 

nes s .  In this  paper , we ext end t h i s  r e sult  to  the  cont ext o f  

a l l  un iform - T2 spac e s . 

1. P R EV I OU S  D E F I N I T I ON S . 

Let X be  a Tyc hono ff  spa c e  endowed with  a d iagonal un iformity 

V.  We say t ha t  a sub s et A o f  X ha s a lo wer diame t e r  than D EV 

if t her e ex i s t s  a po int x in X such that A C D [x] .  I f  p , q ar e 

po int s o f  X, a D�aha in  o f  lenght n ,  from p to q i s  a s e qu enc e 

aO" . .  , an in X, b e ing  a o = p and a
n 

= q ,  such that g iv en 

a . I ' a . , i = 1 ,  . . .  , n  t her e ex i s t s  a sub s et A . of X with a lower J - J J 
d iamet er than D cont a in ing  (a . l , a . ) .  L et  us  c a l l  (X,V) D-aha i J - J 
na ble if each two po int s in X can b e  j o ined by a D - c ha in . 

(X, V) w i l l  b e  cal l ed a aha inable spac e if  it i s  D - c ha inab l e  

for each D E V .  

L e t  u s  suppo s e  (X,V) a c ha inab l e  un iform spac e .  Then X i s  u n i 

formly D-aha i n a ble i f  t her e i s  a po s it iv e  int eger nn such t ha t  

any pair o f  po int s i n  X can b e  j o ined by a D - c ha in o f  l ength 
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nD at  mo s t . (X,V) i s  c a l l ed un i fo r m l y  c ha i na b l e  i f  i t  i s  un i 

forml y D- cha inabl e f o r  e a c h  D E V. 

On t h e  o t her  hand , ext end ing t he c o nd i t io n  o f  un i f o rm - l o c a l  

compa c t n e s s  giv en by B e er f o r  me tr i c  spac e s , w e  s ay t h a t  a 

uniform-Tz s pa c e  is a un i fo rmly l o c a l l y c o mp a c t  o n e  i f  t h e r e 

ex i s t s  a surr ound ing D such  that  DlX1 i s  c o mp a c t  for a l l  x in 

X, wher e D [x ]  = {y E X / (x , y) E D } .  How e ver , for o p e r a t i o n a l  

r ea s o n s  w e  int r o du c e  an a l t ernat ive way : (X,V) i s  c a l l ed a 

un i fo r m l y  l o c a l l y c o mp a c t sp a c e  i f  and o n l y  i f  X a dm i t s  a 

D E V such t ha t  D [x]  i s  c omp a c t  for e a c h  x E X, [ 2 ] ,  b e in g  
D [ x ]  = { y E X / ( x , y ) E D} . 

2 .  

LEMMA 1 • ( [2 ] ) .  The co lle c tio n s  {D [ x ]  / D E V} and {i)[x] / D E V} 

are e qu i v ale n t  lo cal s y s t em s  of n e ighbo�ho o d s  for the t o p o logy 

o f  X. 

LEMr.1A 2 .  Le t (X, V) be a cha i n a ble uniform spa c e . If X is to

tally b o u n d e d� the n X is  u n i formly cha i n a ble . If  X is  u n i fo rm

ly lo cally co�p a c t� the n X is c o mple t e . 

Pro o f .  F o r  X t o t a l l y  bounded a n d  D E V, s et {UI, . . .  , Un} a 

f in i t e  c o v er o f  X such that  Uk x Uk C D, k = 1 ,  . .. , n .  I t  f o l -

l ow s  t ha t  e a c h  Uk ha s a l ower d iame t er t han D .  I f  w e  c ho o s e  a 

po  int a .  in U., 1. 1. 
o f  t h e  s ho r t e s t  

i = 1 ,  . .. , n ,  and �D( '  . ) d eno t e s the a1.,aJ 
D - c ha in j o in ing  a .  w i t h  a . , t hen t h e r e  1. J 

l en g t h  

ex i s t s  

U. and U. s u c h  t ha t  x , a .  E U.; y , a . E U . . T hu s , x a nd y c a n  1. J 1. 1. J J 
b e  j o ined by a D - c ha in o f  l en g t h  2 + max{�D ( a _ , a.); 1 <.i , j  ';;::n} 1. J 
a t  mo s t , for any x , y  E X. 

For  t h e  s ec o nd a s s er t io n , we  n e edn't u s e  the hypo t h e s i s  o f  

c ha inab i l i t y  f o r  (X, V) . I f  w e  pick up a Cauc hy - n e t  (XA) A €A 
in X and a s o r r ound ing Do such t ha t  e a c h  DO [x ] is c o mpa c t , 

) 
) 
) 
) 

) 

) 

) 
) 
t 
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ther e ex i s t s  A
O 

E A l a r g e  enoug h such  t h a t  t h e  n e t  ( X A )A E A i s  

r e s idua l l y  i n  t he co mpac t  sub s et D
o [x A ].  Then a c l o sure po int 

o 
o f  (X A )A EA ex i s t s  in D

o [X A O
] , wh i c h  i s  a l s o  a c o nv e r genc e point . 

T HEOREM. L e t (X, V) b.(} a c ha i na b l e  u n i fo rm spa c e . T h e n  X i s  

c o mp a c t  i f  a nd o n l y  if X i s  u n i fo r m l y  l o c a l l y c o mp a c t a nd 

u nifo rm l y  c ha i na b l e. 

Pro o f .  S in c e  any D [x]  i s  a c l o s ed s et in t h e  comp a c t  X, t h en X 

i s  un i forml y l o c a l l y  c ompa c t .  How ev e r  X i s  t o t a l l y  bound ed , and 

by v ir tu e  o f  l emma 2 ,  X is un i formly cha inab l e .  

To s how t he c o nv er s e , l e t X b e  un i formly l o c a l l y  c o mpac t and 

un i fo rml y c ha inab l e  and l et DO E V such t h a t  DO [x] is comp a c t  

fo r a l l  x in X. Cho o s e  E E V, EoE C D o . L emma 1 a l l ow s  u s  t o  

pic k u p  a n  o p en and s ymme tr ic s o r round ing D s a t i s fy ing  

D C D C E. [ 2 ]  

F i rs t l y ,  l e t C b e  a c l o s ed subs et  in X; w e  w i l l  s ho w  t hat 
D [ C ]  = u D [x] is  a l s o a c lo s ed s e t . Suppo s e  t ha t  ex ,),., i s  

XEC A ASH 
" 

a n � in D [ C] c o nv er gent t o  a po int x ;  t h er e  ex i s t s  A O E A 

such  that  ( x , x A ) E D for A � A O. L e t  c A a po int in C verifying 

x
A E D [ c A ] , for e a c h  A ;  t hu s  (xjX A ), ( CA 'X A ) E D \I A � A O. 

But s in c e  D i s  s ymme t r i c , l i kew i s e  i s  15, and s o  ( x , c A ) E D o . 

Then , ( CA )A EA i s  r e s idua l l y  in t h e  compac t  D
O [x] , and bec au s e  

C i s  a c l o s ed s e t , a subn e t  ( c
�

) ex i s t s ,  c o nv e rgent t o  a p o int 

c in C .  Mo reover , ( c , x) E 15, b e c au s e  t h e  subn e t  ( c
�

, x
�

) CD 

c o nv er ge s  t o  ( c , x) ; s o  x E D [ c ]  and x E D [ C]. 

S ec o n d l y  l e t A b e  a c ompac t  sub s e t  o f  X, w e  a s s er t  t ha t  D [A] 

is a l s o  c ompac t . To  t h i s  end , l et (X A )A EA b e  a n e t  in 15 [A] . 

As in t h e  p r e v i o u s  c a s e , c ho o s e  a A E A s u c h  that  ( a A , x A ) E 15; 

hen c e  a n e t  ( a A )A EA i n  A i s  o b t a ined ; a s  A i s  c o mpa c t , t h er e  

ex i s t s  a c l o sur e po int a in A for ( a A )A EA . If ( a
�

) i s  a sub 

n e t  c o nv er gent t o  t h i s  po int , we hav e ( a , a
�

) E D i f  � � � O ' 
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b e ing 110 l a-r g e  enough . Then , ( a  , xll) E D oD C Do and (xll) i s  

r e s idual l y  i n  t h e  compact DO [ a ]  ; t her efor e' (x0 ) a s  wel l  a s  

(xl) , ha s a c l o sur e po int in Dora ] . But D [A] i s  a clo s ed s e t , 

,and t ha t  clo sur e po int wil l  b e  in D [A] . 

F inal l y , g iven a pDint p in X, i t  fo l l ows from t he l a s t  a s s er 

t ions t ha t  D [ { p}] i s  compact , and so i s  D
k

[ { p}] = D [D
k- 1 [ { p}] ] , 

( V k E N) . As X i s  un iforml y cha inab l e  a po s i t iv e  int eger  n 

ex i s t s  suc h t hat  every po int in X can b e  j o ined to p by a 

D - cha in o f  l ength  n ,  at  mo s t , s howing t hat  X = W [ { p}] i s  

compact . q . e.d . 

As  a con s e quence  o f  the fact  t ha t  c ha inab il ity  i s  a weaker 

cond it ion t han connec t edn e s s , and t hat  compact  c ha inabl e un i 

form spac e s  ar e connect ed ,  [�] w e  conclude t he f o l l ow ing : a 

chainabZe unifopm space is a continuum if and onZy if it is 

unifopmZy chainabZe and unifopmZy ZocaZZy compact. 
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