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ABSTRACT. L e t  a = ( a  ) b e  a bounded  comp l ex s equence such that n 
1 n-l . 

l im - L a .  zJ exi s t s  fo r a l l  comp l ex numb e r  z in the  un i t  
n n j=O J 

c i r c l e . In  this  pap e r  we prove that i f  the s equenc e �(k) = 
(an-an+k) i s  a go o d  un iversal  we ight fo r s ome natural numb er  

k then  � i s  a goo d un ive rsal  we ight . In  p ar t i cul a r , we ext end 

a c e r ta in c las s o f  s e quenc e s  fo r wh ich the We i gh t e d  Po intwi s e  

Ergo d i c  Theorem ho l ds . 

1. I NTRODUCT ION. 

We deno t e  hy N the s e t  o f  nonnegat ive integers  and by C 1 the 

set of comp l e x  numbe rs  z such that I zl = 1 .  

L e t  (n,M,�) be  a p robab i l i ty space  and l e t  A be the  group o f  

aut omo rph i sms o f  (n,M,u); T E A i f  T :  n � n i s  a b ij ec t ion 

wh ich  is b imea surab l e  and preserves �. Each T E A induc e s  an 

ope rato r UT on LP(n) = LP(n,M,�), 1 C P < 00 , de fined  by 

UTf = f o T .  

N6w , l e t  T b e  a cont inuo us l inear operato r on LI(n) and l e t  

� = (an) be  a s equence  o f  comp l ex numbe r s . 

DE F I N I T ION 1 .1 .  We s ay that � i s  a go o d  w e ig h t  fo r T i f , fo r 

eve ry f E LI(n) 
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n-l 
l im - L a .  Tj f (w )  exi s t s  � - a . e .  

n n j =0 J 
) 

In  the cas e when TEA we s ay that � i s  a g o o d  w e ight  for T if ) 

� i s  a goo d  we i ght for the operator  UT induce d by T .  ) 

) 
DEF I N I T I ON 1 . 2 .  A bounded  comp l ex s equenc e � i s  s a i d  to  b e  a ) 
g o o d  un i v e r s a l w e i g h t  i f  � i s  a goo d  we i ght fo r every Dun fo r d -

Schwart� ope rato r . 

I t  i s  known t hat  a i s  a goo d un i ve r s al we ight i ff a i s  a go o d  

we i ght fo r every TEA ( s e e  [1] ) . 

We deno t e  by �(oo)  

and  we wr i t e  "�I oo 

the space  

sup ! a ! , 
n n 

o f  a l l  bounded comp l e x  s equence s 

for � E � (oo) . We a l s o s ay that  

1 n-l 
a = ( an ) has  a m e a n  if l im n L n j =O 

a .  exis t s . Thi s  l a s t  numb er  J 
w i l l  be  deno t e d  by m(�). 

A . Bel low and V . Lo s ert  proved ( s e e  [3] ) the fo l l owing  result . 

THEOREM 1 . 3 .  L e t  D b e  t h e  s e t  o f  a l l  a E �(oo) sat i s fying t h e 

fo l l owing  c o n di t i o n s :  

. 1 n-l 
( 1 ) y (k) = 11m - L a . +k . a .  e x i s t s  fo r e a c h  kEN .  a n n  j =0 J J 

( 2 )  T h e  sp e ctra l m e a s u r e  c o r r e s p onding to a i s  d i scr e t e . 

n-l 
zj ( 3 )  The  amp l i tude  r r z)  = l im - L a .  e x i s t s  f02' a l l  a t n n j=O J 

z E C 1 • 

Then  e v ery � E D i s  a go o d  un iv e r s a l  w e i g h t . 

Now, fo r each natural numbe r  k ,  l e t  Uk be  the cl a s s  o f  a l l 

� E �(oo ) such that ra(z) ex i s t s  fo r all  z E C 1 and the s e quen-

ce �(k) = ( an - an+k ) is a goo d  un ive r s al we i ght . 

By � we mean the cl as�  o f  al l � E Uk such that � ( k ) E D .  

A direct calculat ion prove that DeDI C Dk , fo r  al l k, and in 

[ 2 ] it is shown that Dl i s  s t r ict ly  l a rger  than D . 

) 
) 

) 

) 

) 

) 
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I n th i s  paper we w i l l  prove that if � E Uk then � i s  a good  

univer sal  w e i ght . I n part icular , every s equenc e � E � Dk is  a 

good univer sal  we ight . From t he above cons iderat ions , it  fo l 

l ows t hat this  r e su l t  g eneral i z e s  Theor em 1.3. 

2. ST A T E M ENTS AND P R OOFS. 

We s tart with  the fo l l owing l emma . 

LEMMA 2 . 1 .  Let q , r  be inte ger numbers, 0 "r < q, and let 

a = ( an ) E t(oo) such that ra(z) exists for all z E C 1 . Then 

the sequence ( a . +). N has a mean . 
J.q r J E: 

Proof. Let  z l , z 2 " "  ,Zq b e  the s et o f  q - th roo t s  o f  un ity . Then 

r ( z . )  = l im a 1 n q . n 

q. n - l _j L a .  z .  
j =0 J 1 

q � l (_1_ n � l -5 l im L L a. + ) z .  
n 5=0 q . n  j=O J . q  5 1 

For each  int eg er numb er m ,  a stra ight forward c a l culat ion shows 

t ha t  r 
z� = 

J q if  m i s  a mul t ipl e o f  q 

i=l 1 1 0 o t herw i s e  

Thu s , w e  get 

q 
L z� ra(zi) 

i= 1 

and the  l emma i s  proved . 

n - l 
1 im - L a .  , 

n n j=O J.q+r 

r-5 Z .  1 

COROLLARY 2 . 2. Let � = ( an ) be a sequence satisfying the condi 

tions of Lemma 2.1. If Q = ( bn ) is a periodic complex sequence 

then the sequence a.b = (a . b  ) has a mean. n n 



Proof,  

n E N 

Thus 
-n 

S ince 

Let p E N 

l et qn E N 

n - l 
I a .  b . 

j=O 

l im 
n 

l im 
n 

J J 

qn - -n 

1 n-l 
I n j =O 

p 
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such that  b j +p = b . for a l l  j E J 
sat i s fy ing p . q  ";; n < p ( q  + 1 ) .  n n 

- 1 p - l qn n 
I b I a . + - I n 8=0 8 j=O J · P+ 8 n j=p · q n 

from l emma 2 .  1 we deduc e tha t  

1 p - l 
a . b . I b m ( (a . + ) . N ) ' J J P 8 J . p  8 J £ 8 = 0  

N . For 

a .  b .  J J 

eac h  

) 
) 
) 
) 

) 
) 
) 

) 
) 
) 

We can now s t a t e  the fo l l owing theor em , ) 

THEOREM 2 . 3 . L e t k b e  a na tura l numb e r .  T h e n  e v e ry s e qu e n c e  

� E Uk i s  a go o d  un i v e rs a l  w e igh t . 

Pro o f .  Let T E A and l et � = ( an ) E Uk ' We wr it e 

A f ew )  n 
1 n - l j - I a . f (T w )  , n j=O J f E L 1 ( n ) .  

Let us  cons ider the  s et o f  a l l  funct ions h which c an be  repr e 
s ented in t h e  form 

-k h ew )  = g (w ) - g eT w )  , 

wher e g i s  a bounded funct ion , For any funct ion h a s  above , 
we have 

b e ing 

A h ew )  n 
1 n- l . 
- I ( a . - a · +k ) g (TJ w )  + R g (w )  , n j = 0  J J n 

2 k  I I �I I ", I I g ll '" 
I Rn g (w )  I <: ---n---=-L�(n:..J!...) 

S ince the s equenc e � ( k )  = ( a j - a j +k) i s  a goo d  un iver sal  weight , 

we s e e  at  onc e that A h ew )  converge s  for almo st a l l  w as n .... "' . n 
Now , we cons ider the s e t  o f  a l l  funct ions p E L 2 ( n )  sat i s fy ing 
p ew ) = p (Tkw ) � - a . e  . .  For any such a funct ion p we c an f ind a 

) 

) 

) ) 
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s et ri p C n o f  ful l  m e a sur e such  t ha t  t h e  s e qu enc e ( p (Tj w ) ) i s  

k - p er iod i c- f o r  any w E np (by k - p e r io d ic w e  mean t ha t  

p (Tj +kw )  = p ( Tj w )  fo r a l l  j E N) .  By c o r o l l ar y  2 . 2 ,  A p ew )  c o n  n 
verges for ev e r y  w E np ' 

We conc l ud e  t ha t  An f (w )  c o nverges a l mo s t  ev e r ywher e i f  f i s  in 

t he l in ear s p an V o f  t h e  func t io n s  h and p . Theor em 2 . 3  w i l l  

fo l l o w  by  a s t and a r d  a r gument i f  we  prove  t ha t  V i s  d en s e  in 

L 1 cn) . For  t h i s  purpo s e ,  we a s s ume t ha t  fo r a c er t a in func t io n  

q o E L2 cn) we hav e 

for  a l l  f E V .  

Henc e 

I -
k 

= 
n 

g (w ) ( q o ( w ) - q o (T w ) ) d� , 

for  ev ery bound ed func t ion g .  

Then q o ( w )  = q o C T: ) fo r a l mo s t  a l l  w and s o  q o E V .  Con s equ en 

t l y ,  we have  I q o ( w ) . qo ( w ) d� = 0 ,  wh i c h  p r o v e s  t ha t  V i s  
n 

d en s e  in L2 (n) . S in c e L2 ( n) i s  d en s e  in L I ( n ) , t h e  r e su l t  fo l 

l o w s . 

REMARK . A bound e d  c o mp l ex s equenc e .!'!. such t ha t  .!'!. ( k ) i s  a g o o d  

un iver s a l  we i ght do e s  no t n ec e s s a � i l y  hav e amp l i t u d e  f a (z) fo r 

ev ery z E C I . The  f o l l ow ing i s  an examp l e :  

L e t  k E N  and l et Z o b e  a r o o t  o f  un i t y  o f  o r d e r  k .  F o r  e a c h  

m E N  l et 1m b e  t h e  int e g e r  int erva l 

L e t  a and a b e  two r ea l  and nonn e g a t iv e numb er s . We d e f in e  t h e  

s e quenc e .!'!. = ( an ) i n  t h e  fo l l ow ing  way : 
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= { "� 

i f  n E I m ' m even 

a n 
aZU i f  n E I m ' m odd . 0 

We s e e  t ha t  an +k - an 
= 

0 i f  n and n+k  ar e in 1 m ' for any m .  

Then , {n E N/ an+k - an ; O } ' ha s  z ero  d en s ity . From t h i s  we 

imm ed ia t e l y  d educ e t ha t  �(k)  i s  a " good  un iver s a l  we ight " . 

On the  o ther hand , 

i f  

i f  

n E I , m even m 

n E I , m odd m 

and a s impl e  c a l culus  s hows t hat  a ha s not amp l itud e in z O o 

ACKNOWLEDGEMENT . We wou l d  l i ke to  t hank t he r e f er e e , who s e  

sugg e s t ions l ead u s  to t he cons iderat ion o f  the  exampl e g iven 

in  this  r emar k .  

R E F ER EN C E S  

[ 1 ]  J . R . BAXT E R  a n d  J . H . O L S EN , W e�g ht ed a n d  � u b � equ ent�al e� 
g o d�c t h eo � em� , C a n a d . J . Ma t h . 3 5 ( 1 9 8 3 ) , 1 4 5 - 1 6 6 .  

[2 ] M . E . B E C K E R , No t e  o n  t h e  W e�g ht ed Po �ntw�� e E�g o d�c T h eo 
� e m ,  Rev i s t a  d e  1 a  Un i o n  Ma t ema t i c a  Ar g en t i n a , Vo 1 . 3 2 
( 1 9 8 6 ) , 2 0 6 - 2 1 0 .  

[3] A . B ELLOW a n d  V . LO S E RT , T h e  W e�g ht ed Po �ntw�� e E�g o d� c  
T h e o � em a n d  t h e  I nd�v�dual E�g o d� c  T h e o � em alo ng � u b� e 
qu en c e� , T r a n s . Am e r . Ma t h . S o c . 2 8 8 ( 1 9 8 5 ) , 3 0 7 - 3 4 5 .  

Rec ib ido en abr il  d e  1 9 8 8 . 

Ver s i6n  f ina l mayo d e  1 9 9 0 . 

Un iv e r s i d a d  d �  B u e n o s A i r e s  
B u en o s A i r e s , Ar g en t i n a . 

) 
c) 
) 
) 
) 

) 
) 
) 
) 
) 
) 

) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 

) 
' ) 

) 
) 

) 
) 

) 


