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ON “GOOD UNIVERSAL WEIGHTS” IN ERGODIC THEORY

M. E. BECKER

ABSTRACT. Let a = (an) be a bounded complex sequence such that
n-1 .

lim % ) aj zd exists for all complex number z in the unit

n j:o

circle. In this paper we prove that if the sequence a(k) =

= (a

n—an+k) is a good universal weight for some natural number

k then a is a good universal weight. In particular, we extend

a certain class of sequences for which the Weighted Pointwise
Ergodic Theorem holds. ‘

1. INTRODUCTION.

We denote by N the set of nonnegative integers and by C; the
set of complex numbers z such that |z| = 1.

Let (Q,M,n) be a probability space and let A be the group of
automorphisms of (Q,M,u); T € A if T: @ - Q@ is a bijection
which is bimeasurable and preserves u. Each T € A induces an
operator UT on LP(Q) = LP(Q,M,u), 1 <p <=, defined by

UTf = foT.

-
Now, let T be a continuous linear operator on LI(Q) and let
a = (an) be a sequence of complex numbers.

DEFINITION 1.1. We say that a is a good weight for T if, for
every f € Ll(Q)
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n-1 .
lim + Y a, TIf(w) exists u-a.e.
n =0 J

In the case when T € A we say that a is a good weight for T if
a is a good weight for the operator UT induced by T.

DEFINITION 1.2. A bounded complex sequence a is said to be a
good universal weight if a is a good weight for every Dunford-
Schwartz operator.

It is known that a is a good universal weight iff a is a good
weight for every T € A (see [1]).

We denote by 2{~) the space of all bounded complex sequences
and we write llall_ = sup|an|, for a € 2(~). We also say that
n

n-1
a = (a) has a mean if lim 1 ] a. exists. This last number
= n n N j=0 J

will be denoted by m(a).

A.Bellow and V.Losert proved (see [3]) the following result.

THEOREM 1.3. Let D be the set of all a € &(«») satisfying the

following conditions:
-1
P — , ,
(1 v, (x) = lim N jzo 354185 exists for each k € N.
(2) The spectral measure corresponding to a is discrete.

n-1 .
(3) The amplitude T_(z) = lim 1 J a. 23 cxists for all
a n I j=o 3
z € Cl'

Then every a € D ©is a good universal weight.

Now, for each natural number k, let U, be the class of all
a € 2(») such that Fa(z) exists for all z € C1 and the sequen-
ce a(k) = (an-an+k) is a good universal weight.

By Dy we mean the class of all a € Uy such that a(k) € D.
A direct calculation prove that D € D; C Dy, for all k, and in
[2] it is shown that D, is strictly larger than D.
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In this paper we will prove that if a € Uy then is a good

a
universal weight. In particular, every sequence a € % Dy is a
good universal weight. From the above considerations, it fol-
lows that this result generalizes Theorem 1.3.

2. STATEMENTS AND PROOFS.
We start with the following lemma.

LEMMA 2.1. Let q,r be integer numbers, 0 <r < q, and let
a = (a,) € &(=) suech that T,(z) exists for all z € Cy. Then

the sequence (a, )

j.q+r has a mean .

jEN

Proof. Let z,,z .,zq be the set of gq-th roots of unity. Then

22"
q.n-1 .
r,(z;) = lim _lﬁ ) a. zi =
n 4 j=0 3
q-1 1 n=-1 _
=1lim | (— ] a, )z
n s=0 q.n i=0 j.q+s” 1

For each integer -number m, a straightforward calculation shows
that

m
zZ. =
1

Il ~>.0

1 0 otherwise

q if m is a multiple of q
i

Thus, we get

L}
(=1
[ N
3
o~
T
| 0~

3 r
'Z z; Fa(zi)
i=1

1]
=
S
8
|
~

and the lemma is proved.

COROLLARY 2.2, Let a = (a,) be a sequence satisfying the condz
tions of Lemma 2.1. If b = (by) Zs a periodic complex sequence
then the sequence a.b = (an’bn) has a mean.
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Proof. Let p € N such that bj+p = bj for all j € N. For each

n €N let q € N satisfying p.q, <n< p(qn+1).

Thus -1
L e - 1T, '3
- a. b. = — b a. + = a. b.
n i=0 ] ] n s=0 s §=0 j.p+s n j=p-qn ] ]
. . qn
Since 1lim o - from lemma 2.1 we deduce that
n .
lim — a. b, = = b m((a. ). ).
a I §=0 j j P s=0 s j.pts’jeEN

We can now state the following theorem,

THEOREM 2.3. Let k be a natural number. Then every sequence
a €U, 18 a good universal weight.

Proof. Let T € A and let a = (an) € Uk‘ We write

Anf(w) =

Bl=

n-1 . 1
I a, £(TPw) , f €L (Q).
j=0

Let us consider the set of all functions h which can be repre-
sented in the form

h(w) = glw) - g(T7k

w) ,

where g is a bounded function. For any function h as above,

we have
1 n-1 j
Ah(w) = ¢ jZO (aj-a ) g(T7w) + Rog(w) ,
2k lall, "g"LmQQJ
being |Rng(w)| < -
Since the sequence a(k) = (aj-aj+k) is a good universal weight,

we see at once that Anh(w) converges for almost all w as n + =,

Now, we consider the set of all functions p € LZ(Q) satisfying
plw) = p(Tkw) d-a.e.. For any such a function p we can find a
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set Q, C @ of full measure such that the sequence (p(Tjw)) is
k-periodic for any w € Qp (by k-periodic we mean that

p(Tj+km) = p(Tjw) for all j € N). By corollary 2.2, Anp(w) con
verges for every w € Qp-

We conclude that A f(w) converges almost everywhere if f is in
the linear span V of the functions h and p. Theorem 2.3 will
follow by a standard argument if we prove that V is dense in
Ll(Q). For this purpose, we assume that for a certain function
q, € LZ(Q) we have

J q,(w) f(w)du = 0 for all f € V.
Q

Hence
k

o
|

- [ ap@) Rwiaw = [ ap) @w)-gre)du -
Q Q

fﬂ () (ay(0)-a (T 6))du

for every bounded function g.
Then qo(w) =,q0(T£) for almost all w and so qg € V. Consequen-
tly, we have [ qo(w).ao(w)du = 0, which proves that V is

Q

dense in LZ(Q). Since LZ(Q) is dense in LI(Q), the result fol-

lows.

REMARK. A bounded complex sequence a such that a(k) is a good
universal weight does not necessarily have amplitude T, (z) for
every z € C,. The following is an example:

Let k € N and let z; be a root of unity of order k. For each
m € N let I, be the integer interval

I_={neN2™ <n < 2™,

Let a and B be two real and nonnegative numbers. We define the -

sequence a = (an) in the following way:
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{ az® if n € I, meven

0
a =
n —n .
( Bzo if n € Im, m odd.
We see that a -a_ =0 if n and n+k are in I _, for any m.
n+k n m

Then, {n € N/an+k -ag # 0} has zero density. From this we
immediately deduce that g(k) is a '"'good universal weight'".
On the other hand,

o if n € Im, m even

B if n € I, m odd

and a simple calculus shows that a has not amplitude in zg-
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