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ABST R A C T .  In  [ 1 ] Chung and Yao introduc ed some s e t s  in R
2

, s a ­

t i s fy ing what t hey c al l ed the  G C  c o n ditio n for Pn un iso lvency 

of Lagrang e int erpo l a t ion pro b l ems ; in [ 2 ] Ga sca  and Ma eztu , 

wh il e s tudying wh ich  o f  the ir x' e v e r sib l e  sys t e m s  for Herm i t e  

int erpo lat ion i n  R2 wer e Pn un i s o lvent , conj ectur ed t hat in 

t he Lagrange  c a s e  t he s e  sys t ems inc luded as a spec ial  c a s e  t ho 

s e  sat i s fying t he G C  c o ndi t i o n ,  and they ment ioned a proo f for  

n = 3 . In  thi s  wor k  we shal l prove  this  conj ectur e  for n= 4 .  

I NTRODU C T I O N . 

By Pn we d eno t e  the r eal  po l ynomial s over R2 with  t o t a l  d e gr e e  

l e s s  t han o r  equal t o  n ;  Pn i s  a (n+ 1 ) (n+ 2 ) / 2  d imen s ional 

l inear spac e . ACR2 is  s a id Pn un iso lvent when for any s e t  

{ fa : a E A }  of  r ea l  numb er s , ther e  i s  o n e  and o n l y  o n e  po l ­
ynom ial  p in Pn suc h t ha t p e a )  = fa for a l l  a in A .  G iven a 

Pn un i s o lvent s et  A ,  we cal l ba sis fu nc tio n a s soc iat ed to a 

po int a in A to  t he func t ion Pa in Pn such that P a ( a )  = 1 and 

P a ( b )  = 0 for a l l  b in A d iffer ent from a .  In t h i s  c a s e ,  any 

polynom ia l p in Pn may b e  expr e s s ed by a Lagrange  fo rmu l a  a s  

p = �
aP ( a ) Pa · 

T H E  G C  C O ND I T I O N .  
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L e t  ACR2 b e  a s et w i t h  ( n + 1 ) (n + 2 ) / 2  po int s . We s a y  t ha t  A s a t i s  ) 
f i e s  t he G C  c o n d i t i o n  f o r  Pn un i s o l v ency when f o r  e a c h a in  A 
t h e r e  i s  a s e t  La o f  n l in e s  such t ha t : i )  fo r e a c h  L E La ' ) 
a � L ,  and i i )  i f  b E A and b f a ,  t h en t he r e  ex i s t s  L E La s u c h  ) 
that  b E L .  When L E La we s a y  t ha t  a n e e d s  L ,  and w e  c a l l  t he ) 
po int s in A n o de s . 

Chung and Yao  proved  in [ 1 ] t ha t  i f  A s a t i s f i e s  t he G C  c o nd i ­

t ion for  P n un i s o l v e ncy , t hen A i s  Pn un i s o l v ent ; in fac t , t he 

ba s i s func t io n  a s s o c iat ed t o  a no d e  a i s  ea s i l y  o b t a ined  a s  

t h e  product  o f  t h e  n l in ear fac t o r s  wL ' wher e wL ( x )  = 0 i s  a 

l inear  e qua t io n  f o r  L E La and t h e  wL a r e  cho s en s u c h  t ha t  

wL ( a )  = 1 .  

G A S CA AND MAE Z T U ' S  CONJ E CTU R E . 

L e t  ACR2 b e  a s e t  w i t h  (n + 1 ) ( n + 2 ) / 2 po int s and l e t  i t  s a t i s fy 

t h e  G C  c o nd i t io n  for  Pn un i so l v enc y . Then i t  i s  e a s y  t o  s e e  

t ha t  no l in e  pa s s e s  t hr o u g h  mo r e  t han (n + 1 ) nod e s ; Ga s c a  and 

Ma e ztu c o n j e ctur ed t hat t h e r e  is at l e a s t  one l i n e  p a s s i n g  

t hr o u g h (n + 1 ) n o d e s  ( s e e [ 2 ] , pp . 9 - 1 0 ) . We s ha l l  no t r ef er t o  

t h e  s i gn i f i c anc e o f  t h i s  conj ec tur e in t h e  c o n t e x t  o f  t h e i r  

wo r k ,  but we  s ha l l p r o v e  i t  f o r  n = 4  ( fo r  n= l and n = 2 ,  t h e  r e ­

su l t  i s  immed ia t e � for  n = 3 t h e  pro o f  i s  c ompar a t iv e l y  e a s y , a s  

m ent ioned  in [ 2 ] ) .  

TH E CAS E n = 4  O F  TH E CONJ E CTU R E .  

) 
) 

) 

) 
) 

j 

We s ha l l  n e ed t h e  fo l l ow ing l emma , wh i c h  i s  a c o n s e qu enc e o f  a ) 

we l l  known r e su l t  o n  cub i c s , wh i c h  i s  i t s e l f  a s p e c i a l  c a s e  o f  

t h e  Cayl ey - Bachar a c h  t h eo r em ( s e e  [ 3 ] , pp . 6 7 1 - 6 7 3 ) ; t h i s  l a s t  

t h eo r em s e em s  t o  b e  v er y  r e l a t ed t o  t h e  conj e c tur e i n  i t s g e -

n e r a l  ver s ion . 

LEMMA 1 .  Supp o s e  tha t w e  hav e t hr e e  l i n e s  Li,  i =  1 , 2 , 3 ,  a n d  ) 
a n o t h e r  t h r e e  l i n e s  Li , s u c h  t ha t  fo r e a c h  i , j  L i a n d Lj i n t e r - ) 
s e c t  a t  a p o i n t  a i j , a n d  a s s um e  t ha t  t h e s e  i n t e r s e c t i o n  p o i n t s  

) 
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ar e a, "lZ diffe r e n t . T h e n  i f  a p o lynomia l p E P 3 v a n i s h e s  a t  

e ig h t  o f  t he a ij , i t  v a n i s h e s  a t  t h e  n i n e . 

As sume from now on that ACR
2 

i s  a s e t  with  f ift e en po int s , and 

that it  sat i s f i e s  t he G C  cond it ion for P4 un i s o lvency . 

LEMMA 2 .  Supp o s e  t ha t  a n o d e  a n e e d s  a l i n e  L t h a t  p a s s e s  

t hr ough exa a t ly four n o d e s ; t h e n  t h e r e  a r e  t hr e e  n o d e s  t ha t  

n e e d  a same  l i n e . 

Pro o f .  Cons ider t he l in e  L and the four l in e s  that  j o in t he 

no d e  a with  the  nod e s  on L :  each o f  the el even no d e s  t hat  ar e 

no t on L needs  s ome  o f  t h e s e  f ive  l ines , thus  at  l ea s t  thr e e  

o f  t hem need a s ame  o n e . 

LE�1HA 3 .  L e t  two n o d e s a a n d  b b e  sua h t h a t  La a n d  Lb h a v e  

exa a t ly o n e  l i n e  L i n  a o mmo n .  Then  L ha s a t  l e a s t  four n o de s ,  

and  i f  a t hi r d  n o d e  c n e e ds L, L h a s  fi v e  n o de s .  

Pro o f .  The thr e e  r ema in ing l ines  in La int er s ect  the  t hr e e  

r ema in ing l in e s  i n  Lb at  a s et B hav ing at  mo s t  n ine  nod e s ; B 

mu st  inc lude a l l  the  nod e s  but a , b  and tho s e  on  L ,  s o  t ha t  L 

ha s at l ea s t  four nod e s . As sume now that L pa s s e s  through 

exac t l y  four nod e s : t hen B ha s n ine  nod e s  and no node  in com ­

mon wi c h  L ;  a t h ird no d e  c t hat needs  L mu s t  b e  in B ,  but 

t hen the thr e e  l ines  in Lc d iffer ent from L s hould  cover eight 

po int s o f  B and no t t he n ine , wh ich i s  impo s s ib l e  by L emma 1 .  

LE��A 4 .  If two n o d e s a a n d  b a r e  sua h t ha t  La a n d  Lb hav e 

exa a t ly two l i n e s  i n  a ommo n ,  t h e n  s o m e  o f  t h e s e  l i n e s  p a s s e s  

t hr ough fi v e  n o de s .  

Pro o f .  The r ema in ing two l ines  in La int er s ec t  , t he  r ema ln lng 

two l ines  in Lb a t  a s et B t hat ha s at  mo s t  four no d e s . B 

mu s t  conta in a l l  the  nod e s  but a ,  b and tho s e  o n  some o f  the  

l in e s  common to  La and  Lb ; thus  on  the s e  two l in e s  there  ar e 

at  l east  n ine  no d e s , so  that some o f  t hem pa s s e s t hrough f ive  

nod e s . 
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LEMMA 5 .  Supp o s e  t ha t  t hr e e  no de s a , b  and c n e e d  a same  l i n e ,  

a n d  a s sume  t h a t  n o  l in e  i n  La p a s s e s  t hrough fi v e  no d e s .  T h e n  

we  hav e : i )  T h e r e  a r e  t h r e e  l i n e s  L 1 , L 2 a n d  L 3 n e e d e d  b y  b o t h  

a and b ;  i i )  e a c h  o f  t h e  l i n e s  L i pa s s e s  t hr o ugh exa c t ly fo u r  

n o d e s ,  . a nd  � w o  o f  t h em  hav e  n o  n o d e  i n  c ommo n ;  i i i ) i f  a n o d �  

d n e e ds s o m e  o f  t h e  l in e s  L i , i t  n e e d s  t h e  t hr e e ;  iv )  t h e n o d e  

c a l s o  n e e ds t h e  t hr e e  l i n e s  L i . 

Pro o f .  i ) By Lemma 3 ,  La and Lb have mor e  t han one  l ine  in c om 

mon ; by Lemma 4 t hey have mor e  t han two l in e s  in common ; t hu s  

La and Lb have t hr e e  l ines  i n  common . 

i i ) As no l ine  in La pa s s e s  t hrough f iv e  no de s , the  l in e s  L i  

cover a t  mo s t  twelve  nod e s . L e t  d b e  a nod e  no t covered  by 

them and d iffer ent from a and b :  t hen the  four t h  l ine  in L a  

mu s t  be  t h e  o n e  t hrough b and d ,  and t h e  four t h  l ine  n e eded  by 

b mu st  b e  the  one  t hrough a and d ;  as  t he s e  l in e s  int er s e c t  

o n l y  at d ,  t her e i s  no t a four t h  no d e  o u t  o f  t h e  L i ' s  so  t ha t  

t he s e  l in e s  cover exac t l y  twelve  node s t each  o f  them pa s s e s  

t hrough four nod e s , and each  two o f  them hav e no no d e  in com ­

mon . 

i i i ) Suppo s e  t hat d needs  L 1 and d i s  no t on L 2 . Then the  

t hree  r ema in ing l ines  in  L d cover  the  four nod e s  in  L 2 , so  

that d need s  L 2 ; now  the  two rama in ing l in e s  in  L d  cover a t  

l ea s t  t hr e e  nod e s  on L 3 ( a l l b u t  eventua l l y  d ) , so  t ha t  d 

needs  L 3 . 

iv ) As c needs  some o f  t he L i ' s ,  iv ) i s  a cons equenc e o f  i i i ) . 

REMARK . No t e  that  we hav e t hu� far s hown t hat  if  t her e ar e no 

l ines t hr ough f iv e  node s , t hen if  a l ine  is need ed by  two no d e s  

it  pa s s e s  through four nod e s  ( L emma s 3 , 4  and 5 ) . 

THEOREM . T h e r e  i s  a l i n e  pa s s i n g  t hr o u g h  fi v e  n o de s .  

Pro o f .  Suppo s e  t hat  there  i s  no l ine  pa s s ing  through f iv e  no -

d e s . Then for each nod e  x ther e i s  a l in e  in Lx t hat  pa s s e s  

exactly  t hrough four no de s , s o  t hat b y  Lemma 2 ther e a r e  t hr e e  

) 

) 
) 
) 
) 
) 
) 

) 

) 
) 
) 
) 
) 

) 

) 

) 

) 

nodes  a , b  and c tha t  n e ed a same l ine ; now by L emma 5 a , b  and ) 
c need thr e e  l in e s  L 1 , L 2 and L 3 , each o f  t hem pa s s ing t hrough 
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exa c t l y  four nod e s  and each  two o f  them w i t h  no nod e  in common . 

Let  u s  ca l l  B the  s et o f  nod e s  cover ed by L 1 ' L 2  and L 3 , and C 

the  s et o f  nod e s  covered by L 1 and L 2 ; t hus  B ha s twelve  nod e s  

and C has e i ght no de s . 

If thr e e  nodes i n  B n e e d  a sam e  l i n e ,  t h e y  a r e  e a c h  o n  a d i f­

fer e nt L i : b ec au s e  (by Lemma 5) t hey must  need t hr e e  l in e s  in 

common , each with  four nod e s  and w i t h  no node in common bet ­

ween them , so  t hat ( a s  no o f  t he s e  l ines  c an b e  one o f  the  

L i ' S ) eac h o f  the s e  l in e s  have one  no de on each  L i , t hu s  t hey 

cover t hr e e  node s  on each L i l eaving only one nod e  no t covered . 

If two n o des i n  C n e e d  a sam e l i n e  L, it  has o n e  n o de o n  e a c h  

L i : a s  a , b  and c ar e no t on  a s ame l ine , L ha s at  mo st  two o f  

the s e  node s ; b y  our prev ious  r emar k L ha s four nod e s , s o  t ha t  

L ha s o n e  n o d e  on at  l ea s t  two o f  t he L i ' S ,  s a y  L 2 and L 3 ; l et 

us  c a l l  d the  nod e  on L and L 2 , and con s ider t he s e t  V formed 

up with the t hr e e  l in e s  j o in ing d with  the nod e s  in L 3 t hat  

are  not on  L .  If  a no d e  in C d i ffer ent from d do e s  no t n e ed L ,  

it  n e eds  some l ine in V ,  and then it  fo l lows ( a s  there  ar e no t 

t hr e e  no d e s  in C need ing a s ame l in e )  t hat  t her e ar e at  l ea s t  

two l ines  i n  V need ed by two no d e s  i n  C and wh ich i n  con s e ­

qu enc e have four nod e s . W e  conc lude that  L ha s a t  mo st  o n e  o f  

the  nod e s  a , b  and c ,  t hus  i t  ha s a node on . each L i . 

Con s ider now t he s et  W o f  l in e s  t hat  j o in a to  t he nod e s  on L3 : 

each  o f  the  e ight nod e s  in C n e ed s  some o f  the  l in e s  in W ,  and 

no t hr e e  of them need a same one : t hus , each l ine  in W is n e e� 
ed by exac t l y  two no d e s  in C ,  and in consequenc e each  l in e  

in W ha s a nod e  o n  e a c h  L i . Thus , t he four l in e s  o f  W cover B .  

Con s ider  now the  po l ynomial  p o b t a ined a s  the  product o f  the  

four l inear fac t o r s  wL ' wher e wL ( x )  = 0 i s  a l inear equat ion 

for LEW :  as t h i s  four t h  d egr e e  po l ynom ial  van i shes  a t  a l l  

t h e  nodes  but b and c ,  it  shoul d b e  a l inear comb inat ion o f  

the  bas is  funct ions a s so c iat ed t o  t he s e  nod e s ; but t he s e  basis 

func t ions  van i s h  a l l  a long the  l in e s  L i , so  t hat  t h i s  s hould  

b e  t rue  a l so  for  p ,  wh ich  i s  a contrad ict ion . 
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F INAL REMARKS . Of cour s e  our purpo s e  wh i l e studying t h i s  spec ial 

c a s e  o f the  c onj ec tur e wa s to  get  a thorough under s t and ing o f  

t h e  g en er a l  one ; but w e  arr ived t o  s o l v e  t h i s  ca s e  w i t h  ar gu ­

ment s t hat do no t s e em to  have  a wider  appl icat ion ; p erhap s 

t he mo s t  prom i s ing in t h i s  s en s e  i s  the  r el a t ion w i t h  the  

Cayl ey - Bacharach  t heo r em that  we have a l r eady ment ioned . 
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