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MATHER 'S POLYNOMIAL DIVISION THEOREM 

AND DIVIDED DIFFERENCES 

CARLOS ZUPPA 

1 .  I NTRO D U CT I O N .  

3 9  

T h e  a i m o f  t h i s  p a p e r  i s  t o  g iv e  a p ro o f  o f  Ma t h e r ' s  Po l yn o m i a l  

D iv i s i o n  T h e o r em ( PD T )  ba s ed on  e l emen t a r y  c o n c e p t s  o f  D iv i d e d  

D i f f er en c e s  and o f  G l a e s e r ' s Compo s i t e  Map p i n g  T h e o r em .  I n  fa c t ,  

PDT i s  a n  a l mo s t  e a s y  c o r o l l a r y  o f  t h e  C OO - N ewt o n T h e o r em ( [ 3 ] ) .  

The  p r o o f o f  G l a e s er ' s  t h e o r em i s , ho w ev e r , s o mewha t f o r m i d a b l  c .  
So , we  g iv e  h e r e a s l i g ht l y  mo r e  e l emen t a r y  p r o o f  o f  t h i s  t h e o ­

r em und e r  mo r e  r e s t r i c t ed c o nd i t io n s  t ho u g h  su f f i c i en t  in o u r  

c o nt ext . 

We  f e e l  t ha t  i t  i s  v e r y  na t u r a l  t o  v i ew PDT  a s  a n  in t e r po l a t i o n  

p r o b l em o f  Her m i t e  t y p e  in t h e  fo l l o w i n g  s en s e : i f  f i s  i n  

C oo ( RD ) and . f R . 
t 1 , . . .  , t k a r e p O Int s 0 , w e  c a n  wr I t e  

whe r e  P f { t 1 , . . .  , t k } i s  t h e  Her m i t e po l ynom i a l  i n t e r p o l a t i n g  f 

i s  t h e  k ' t h  d i v i d ed d i f f e r en -

c e  o f  f a t  t 1 , . . .  , t k , x .  T h i s  equa l i t y  l o o k s  l i k e  a p o l yn o m i a l  

d iv i s i o n  f o r mu l a  a n d  w e  c a n  ma k e  app e a l  t o  a G l a e s e r t y p e  r e ­

s u l t t o  s e e  t ha t  t h i s  i s  r e a l l y  t he c a s e .  

T h i s  app r o a c h  c o u l d b e  a l s o  c a r r i ed o v e r  t o  a mo r e  g e n e r a l  s e t 

o f  int e r p o l a t in g  fun c t i o n s  o t he r  t han po l yno m i a l s ( t h e E C T ­

s y s t ems [ 5 ] , p a g . 3 6 3 ) . We do  no t kno w , howev er ,  i f  t h i s  k i nd 
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o f  r e sul t s  coul d b e  o f  any u s e . 

2 .  S Y MM E T R I C  P OW E RS .  

Let  k � 2 ,  and cons ider  t he a c t ion o f  t he symmet r ic  group o f  

p ermut at ions S k over Ck b y  p ermutat ion o f  coord inat e s  o n  Ck . 

Let  0 l , . • .  , ok b e  t he e l ementary s ymmetr ic p ol ynomial s in t h e  

coord in.a t e s  z l ' " " z k o f  Ck
. T h e  0 i ar e g iv en b y  t h e  polyno ­

mial  ident ity 

We def ine  a map �k : Ck + C
k 

by � k = ( o l , · · · , ok ) · Henc e ,  � k i s  

a fin i t e  morph ism  in t he comp l ex s en s e  and , b e c au s e  C i s  a l g e -

) 
I: 
) 
) 
) 
\ / 

) 

) 

) 

) 
) 

bra ic a l l y  c l o s ed , �k (Ck) = Ck ( [6] ) . . )  

Now , we  l ook  a t  C
k � Rk with  it s natura l  r eal  s t ruc tur e ,  and . ) 

l et d b e  any po s it iv e  int eger . We  cons ider on Ck x Rd the  act -

ion o f  S k by p ermutat ion o f  comp l ex coord inat e s  o f  Ck , and we 

00 k d s k denot e a s  C (C  x R )  t h e  c lo s ed subal gebra o f  the  Frechet  

a l gebra Coo (C
k x Rd ) o f  S k - invar iant r eal -val ued func t ions  over  

Ck x Rd (of  cour s e ,  t he s e  a l g eb r a s  a r e  con s ider ed endowed w i t h  

the  COO-Wh itney topo l o gy) . 

I f  L k . d : C
k 

x Rd + C
k x Rd i s  the  map d e fined by 

t he a s soc iat ed homomorphism  

* 00 k d ( L k • d ) : C (C  x R )  

o f  Fr echet a l gebras  i s  d e f ined  by ( L k . d )
*

( f )  = f o L k . d . 

A key s t ep for prov ing PDT i s : 

* 
THEOREM 2 . 1 .  Fo r any positive inte gers k and d, ( L k . d ) is an 

isomorphism of Fre ahet alge bras. 

\ J 

) 
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Befo r e  prov in g t h i s  theo r em we turn to exp l a in how it appl i e s  

to  PDT , aft er a gl imp s e  a t  int erpo l at ion t heory . 

3.  D I V I D E D  D I F F E R E N C E S . ( [ 2 ] , [ 5 ] ) .  

Let  Um = {u i }� b e  a s et o f  func t ions  on R and l et t 1 , t2 , . . .  , tm 

b e  po int s in R such t hat 

t l .;;; t 2 .;;; · · · .;;; tm • 

Then , we def ine the  matr ix a s so c iat ed with  { u i }7 and { t i }7 by 

( 3 . 1 )  

and t he det erminant 

( 3 . 2 ) 

Such mat r ic e s  ar i s e  in the  b a s ic int erpo l at ion pro b l ems o f  

Lagrange , Hermit e ,  e t c . ( [ 5 ] , pa g . 2 0 ) . 

{ m- l 
Let  U = 1 , x ,  . . .  , x  } .  Then m [t l , . . .  , tm 1 V ( t l , · . .  , tm) = D m- l 1 ,  . . .  , x 

i s  t h e  Van de rmo n d e  d et erminant . 

DE F I N I T I ON 3 . 1 .  G iven a funct ion f and po int s t 1 , . . .  , t r+ l , 

(r  � 0 ) , we d e f ine t h e  r ' th order d iv ided d if fer enc e over t h e  

po int s t 1 , . . .  , t r+ l  by 

D 
[f 1 ' • • • • • • , f r+  1 1 

r - l J 1 , x ,  . . .  , x  , f  
( 3 . 3 )  
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.,;::: . 
f h . { t i } r

1
+ l

. where  t l < t z  < . . .  - t r+ l  cons l s t s  0 t e pO lnt s ln 

t h e ir natural  order . 

When t h e  t I s  ar e d i s t inct , then dr f ( t 1 , . . .  , t r+ 1 ) i s  d e f ined  

for any  funct ion  t hat ha s fin it e  valu e s  at  t h e s e  po int s . When 

one 0 f the t I s o c cur s mo r e  t han onc e , t hen the value  o f  

dr f ( t 1 , . . . , t r + 1 ) depends o n  c erta in d er ivat ive s  o f  f .  

I t  i s  c l ear from ( 3 . 3 ) t hat  a d iv id ed d iffer enc e i s  a l inear 

oper a t o r  on f .  I n  the  next t heor em we g iv e  s everal  impo r t ant 

prop ert  ies of d iv id ed d i ffer enc e s  ( s e e [ 5 ] ) .  

THEOREM 3 . 2 . G i v e n  p o i n t s  t 1 , . . . , t r+ 1  a n d  a n y  fun a t i o n  f o n  

R, w e  hav e : 

. • . = t r+ l  ' t h e n  

I n  g e n e r a l ,  i f  a = min { t . }  a n d  b = max { t . } ,  ]. ]. 

fo r s o m e  a < v < b .  

Fo r i = 1 ,  . . . , r + l , ( Cl / Cl t . ) d  f e xi s t s  an d, i f  t ]. r 

w h e r e  t .  ]. 

_Cl_ d f ( t )  Cl t . r ]. 

( 3 . 4 ) 

( 3 . 5 ) 

( 3 . 6 ) 

COROL LARY 3 . 3 .  For any funct ion f on R and r � 0 ,  d f i s  a r 
smo o t h  funct ion symmetr ic  in it s ar gument s .  Al so , 

d : Coo (R) � Coo (Rr+ 1 ) r 

i s  a Fr echet homomorph i sm ( Coo -Whitney topo l o gy) . 

THEO REM 3 . 4 .  Hermit e Int erpo l at ion . G i v e n  a funation f a n d  

po i n t s  

) 

) 
) 
) 
) 
) 

) 
) 
) 
) 

) 
) 

) 
) 
) 

I 

\ ) 

) 
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T 1 , · · · , T 1 < T 2 , ·  . .  , T 2 < . . .  < T d , ·  . .  , T d I I I I I I 

t h e p e  exi s t s  a un i q u e  p o Z y n o mi a Z P f { t 1 , . . .  , tm } i n  Pm = s e t  o f  

p o Z ynomia Z s  o f  d e gp e e  � m3 sua h t h a t  

j - l _ j - l ) D P f { t 1 , . . .  , t  } ( T . ) - D f ( T . , j m 1 1 1 , . . . , I i ' i = 1 ,  . . . , d . 

REMARK 3 . 5 .  Us ing d iv ided d i ffer enc e s  it  i s  po s s ibl e to  g iv e  

a n  exact  expr e s s ion f o r  P f { t 1 , . . .  , tm } and for  the  d if ferenc e 

between f and P i { t 1 , . . .  , tm } .  S et t in g  t = ( t 1 , . . .  , tm ) ,  we  have : 

and 

f ( x)  = P f { t } (x )  + (x - t 1 ) . . . . . (x - t m) . dmf (x , t )  

m - l  k k k I f  P f { t } (x )  = L c f ( t ) . x  , we s e e  t ha t  each  c f i s  a smoo t h  
k= O 

func t ion on Rn and , b ec au s e  P f { t }  i s  un ivo cal l y  det ermined by 

the  po int s t 1 , . . .  , tm and not by t h e ir order , s ymmetr ic  in it s 

var iabl e s . 

4 .  M A T H E R ' S  G LO B A L  D I V I S I ON T H EO R E M . 

Fo r ev ery po s it ive  int eger m ,  l et r : R x Rm -+ R b e  t he mon ic 
m- l m 

po l ynomial r (x , u )  m 
m � . m- k m x + L. uk ' x , x E R and U E R . 

k= O 

We sha l l  r e formul at e Mat her ' s  t heor em in such a way t hat  w e  

al so have un iquen e s s o f  d iv i s ion if we r e quired a n  add it iona l 

cond it ion . 

THEOREM 4 . 1 .  T h e pe exists a unique FpA ahet homomopphism 

c .  : COO ( R) -+ COO (Rm ) , i = 0 ,  . . . , m- l  1 

R :  COO (R) -+ COD (R x Rm) 
R U r! h  t hnt : 



1 )  Fo r e a c h  f E coo (R) w e  h a v e  
m- l f (x )  = I Ck ( f ) (u) . xk 
k= Q  

fo r e v e ry ( x ,  u )  E R x Rm . 
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+ f (x , u) . R ( f ) (x , u ) 
m 

2 )  For e a c h  u E Rm, l e t  { r k (u ) }�= l b e  t h e  s e t  o f  r o o t s  o f  

fm ( - ' u ) ( o f  c o u r s e ,  r k (u ) can  b e  a comp l e x  n umb e r ) .  S e t ,  

fo r k = 1 ,  . . . , m, t k (u ) e qua l t o  t h e  r e a l  p a r t  o f  r k (u ) , i .  

e . , t k = Re (r k (u ) ) . 

Then  

is  t h e Hermi t e  i n t e rp o l a t i n g  p o l y n o mi a l o f  f a t  { t k }�= l 

Pro o f .  Un iquen e s s i s  s t r a i ght forward , from 4 . 1 . 2 . 

Ex i s t enc e . For any z E em and k = 1 ,  . . . , m  we s et t k 

and t ( z )  = ( t  1 ( z ) , . . .  , t m ( z )  ) . 

I f  f E coo ( R) , we hav e 
m 

f ( x) = P f { t ( z )} (x ) + n ( x - t k C z ) ) . d  f ( x , t ( z ) )  
k= l m 

m for ev ery ( x ,  z )  E e x R . 

The c o e ffic i ent s ci ( f ) , i � 1 ,  . . .  , m , of  P f { - }  ar e smoo t h  r ea l ­

valued funct ions over em and s ymmetr ic  in t he ir ar gument s ,  

i . e .  : 

i = O ,  . . . , m- 1 

s 
and we al so hav e R ( f )  = d f E COO (em 

x R) m . 
m 

Us ing t heor em 3 . 2  one  c an b e  e a s ily  conv inc ed t hat 
S 

c . : coo (R) + C
OO ( em ) m i = O ,  . . . , m - l 1. 

and 

are  Fr echet homomorph i sms . 

Let  i :  Rm + em b e  t he natural  inc lus ion and 

) 
) 

) 
) 
) 
) 

) 

) 
) 
) 
) 

) 
) 
) 
) 
) 
) 
J 
) 
;' 

) 
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the  a s so c iat ed Fr echet homomorph i s m .  We def ine now t he Fr echet  

homomorphi sms 

c .  : COO ( R) � 
and 

R' : COO ( R) 
by 

c .  � 
and 

R ' = 

-+ COO (RID ) i 

-+ COO ( RID x R) 

* * - 1 
i 0 [ ( '  0 ) ]  o C . 

ID . � 

- 1 
* [ * ] -i o ( , 1 ) o R . 

ID . 

0 ,  . . .  m - 1 

By the  con struc t ion , i t  i s  s t r a i ght forward t o  s e e  t hat  the  c i ' s  

sat i s fy 4 . 1 . 2 .  We only  n e ed now a s l i ght mo d i f icat ion o f  R '  in 

order to o bt a in 4 . 1 . 1 .  To accompl i s h  t h i s  t a s k  we  o b s erve t hat  

t he co e ff ic i ent s Y k ( z ) , k O,  . . .  , m- 1 ,  o f  the  po l ynomial 

S 
are  in COO ( CID) ID . Henc e , t her e e x i s t  funct ions  

00 ID Y k E C ( C  ) such 

t hat  Y k 
= yk o TIID ' k = O ,  . . .  m - 1 .  We know t h en t hat , for ev ery 

Z E CID and w = TI ( z ) , t he roo t s  o f  ID 

Now , l et A k E Coo ( Rm) b e  t he r e str ict ion to  RID c CID of  Y k and 

P t he po l ynomial ID 
P ( x , u )  ID ( x , u ) E R x RID . 

By t he r emark  abov e , P (x , u) ID o when r ( x , u ) = O .  Ther efo r e , ID 
becaus e grad e r ) i s  never z ero  on R x RID , by a coord inat e chan ­ID 
ge  and Taylor ' s  Theo r e m ,  there  ex i s t s g E C� (R x Rm) such t hat  

P = r . g .  ID m 
C l ear l y , t he Fr eche t homomorphism 

d e f ined by  R ( f) 

R : COO ( R) -+ COO (R x Rm ) 

g . R ' ( f ) , f E COO ( R) , i s  al l we n e ed to  finish 
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the proof o f  t heor em 4 . 1 .  

5 .  P ROOF OF T H EO R E M  2 . 1 .  

Let f = ( f 1 , . . .  , f
k
) :  Rk � Rk b e  a sur j ect iv e  and proper po l y -

* 00 k oo k nomial map ( f  mu st b e  open ) , and f : C (R ) � C CR ) t he a s -
soc iat ed Frechet homomorphi sm .  C l earl y ,  f * mus t  b e  inj ect ive . 
We wil l prove t he fo l l owing G l a e s er t ype theo r em :  

Cla im 5 . 1 .  f* i s  an i somorphi sm onto i t s  ima ge . Or , what i s  t he 
s ame , I m ( f * )  i s  c lo sed in COO (Rk) .  

By " gn � f" , { gn }:= l and f in Coo (Rk) ,  we mean t hat t he l imit 

o f  the s e quence  o f  funct ions g i s  f in t he COO - Wh itney t opo l o g� n 
More  prec i s ely , for every int eger q ;;;;. 0 and compact s e t  K C Rk 

Funct ional Ana lys i s  impl i e s  that C l a im 5 . 1 i s  equ iva l ent t o : 

t hen g � O .  n 
Let v be  a po int in Rk . Coo (Rk) i s  the r ing o f  a l l  germs o f  v 

smoo th  r ea l - valued funct ions  def ined in a nbhd o f  v , mv the  

un ique maximal ideal in  COO (Rk ) , and f the germ at  v o f  f .  v v 

I f  x E Rk and y = f ( x )  t hen , mov ing at germ l evel , we get mor ­
phi sms 

and , fo r 

f* . COO CRk) v ' y 

each int eger q ;;;;. 0 ,  

( f * ) : x q 
Coo (Rk) / mQ+ 1 y v 

� 

� 

COO CRk) x 

COO (Rk ) ImQ+ 1 . x ) x 

C� CRk) I m�+ l i s  natura l ly  isomorphic t o  the vector space  J q ( k) 

o f  q - j et s o f  funct ion s  at v E Rk . Al so , if g E Coo (Rk ) ,  t hen v 

) 

) 
) 

) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 

) 
\ ) 

. ) 

\ 

\ 
) 
\ / 

) 
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( f * ) ( j  q g (y ) ) = j q ( g o f ) C x ) . v q 

For ev ery q > n ,  t her e i s  a canon ica l pro j ect ion 

TI : J q ( k) -+ In C k )  
q . n  

and we can v i ew In
( k ) a s  natural l y  immer s ed in J q ( k )  v ia t he 

d ecompo s it ion J q = In 
(l) Ker C TI  ) .  q . n 

Let  s = max { d e gr e e ( f . ) } . S inc e f
*

: p e R
k

) -+ P C R
k

) mu s t  b e  in -
l � i-S: k  � 

j ec t ive ( P C R
k ) = r in g  o f  po lynomial s over Rk

) ,  the  fo l l ow in g  

r emar k i s s tr a i ghtforward . 

C la im 5 . 2 .  For every r > 0 and x E Rk 

( f * ) . J s r  ( k) -+ J s r  ( k) x s r ' 

i s  inj ect iv e over Jr ( k) C J s r ( k) . Mo r e  pr ec i s e l y ,  if  

w l ' . . .  ,w  k are  generators  o f  m Cy = f (x ) ) ,  t hen t he vector s 
y . y . v 

{ ( f* ) Cwa ) :  l a l '" r and wa 11 w
an } x s r  y y n = l y: n 

ar e l inear l y  ind ep end ent . 
00 00 k Now , l et { gn } n = l b e  a s equ enc e in C (R ) such t hat g

n
o f -+ O .  

We mu st  show t hat  g -+ 0 ,  t hat  i s , for each r > 0 ,  g -+ 0 in n n 

Becaus e f i s  proper , o p en and surj ect ive , it  i s  enough t o  show 

c l a im 5 . 1  in  a l o c a l  cont ext , t hat  i s , it  suff ic es  t o  prove : 

Cl a im 5 . 3 .  For every X o E R
k 

there  exi s t s  a nbhd U o f  x o ' IT 

compac t  in Rk , such t hat  

imp l i e s  

l im II g I I -u n , r  
n -+-cn 

o 

Pro o f .  Let F b e  a vector  subspa c e  o f  J s r ( k) wh ich sat i s f ie s  
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( f * ) CJr ( k) e F x o s r 
and pr : Js r (k) + J s r C k) / F  = E t he canonical  proj ect ion . 

Wr it ing  1 :  Rk + L (J s r ( k) , E ) to  d eno t e  the  cont inuou s map d ef i ­

ned by 

1 ( x ) = pr o ( f* ) x s r 
we can cho o s e  a nbhd U o f  X o and a cont inuous  map 

G :  U + GL (J s r ( k) ) 

suc h t hat , for ev ery x E U :  

i ) l (x ) I Jr ( k) : Jr (k) + E i s  an i somorph ism .  
, 

i i )  G (x ) I Jr ( k) i s  an' i 50morp h i s m  onto Jr ( k) . 

i i i ) G (x ) I Ker (�  ) i s  an i somorphism  onto Ker ( l (x ) ) .  
s r . r 

By shr ink in g ,  if  n e c e s sary , we  c an a s sume t hat  

Next , l et 

wher e  P I 
= 

max { II G (x ) I I , I I G - 1 (x ) l I } ..;;; L < +00 . 
x E U 

P I +---

� , and 
s r . r 

P z 
Ker (� ) 

s r . r 

q I ( x ) 
Ker ( l ( f l X ) ) ) , x E U 

are  the canon ical  pro j ect ions . C l ear ly , q l and qz vary cont i ­

nou s l y  with  t he ir argument . 

We not e  that , if h :  U + J s r ( k)  i s  any map , t hen 

� ( h (x ) ) 
s r . r  

p z l h (x) )  

- 1 G (x ) ( q 1 (x ) . h (x ) ) 
- 1 G ( x ( qz ( x . h (x) ) ) )  

( 5 .  1 ) 

Now , we are  r eady t o  f in i s h  t he pro o f  o f  c l a im ( 5 . 3 ) . S inc e 

g o f + 0 in C s r CU) , j s r C g o f ) + 0 in C O (U , J s r ( k) ) and al so  n n 

pr ( j S r ( g  o f ) ) = pr ( ( f* ) ( j s r g ( f (x ) ) )  -+ 0 n x s r n 

;\ 

) 
) 
) 

) 
J 

) 
) 

) 
) 
) 
) 
) 

) 
) 
) 

) 

) 
J 
) 

) 

) 
�) 
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C
D

- un i formly over U.  Th i s  fact n ec e s sa r i l y  impl i e s  t hat  

q l C X) . j s r g
n

C f (x ) ) � 0 

C
D

-un iformly over U . Th i s  l a s t  conver genc e i s  c l earl y t h e  s a ­

me a s : j r g
n

lY ) + 0 C
O

- un i formly  over f lU) ,  wh ich  prov e s  the  

c l a ilT . .  ! 

We turn now to  the  l a s t  tool  nec e s s ary  to  prove t h eo r em 2 . 1 . 
S 

Cl a im 5 . 4 . I m ( ( T k . d ) * ) i s  d en s e  in Coo C C
k

x R
d

) 
k

. 

S in c e  t he s e t  o f  S k - equ ivar iant po l ynomia l s  P C C
k 

x R
d

) 
S k i s  

den s e  in C
OO 

CC
k 

x R
d

) 
S k

, it  suff i c e s  to s how t hat t h i s  s e t  i s  

included i n  I m C C T k . d ) * ) .  

An S k - equ ivar iant po l ynomial 

P a t g Cz , z) . x 
a= o a 

in Ck x R
d 

ha s the  form : 

wh er e each ga i s  an S k - e qu ivar iant po l ynomial  over C
k 

Ther e ­

fo r e , witho ut l o s s  o f  g en era l it y , we c an s�ppo s e  d= O ,  and we 

sha l l  now admit  comp l ex -val ued po lynomial mapp in g s  in var ia ­

bl e s  z , z .  We deno t e  t he r ing  of  such map s ' by PR C Ck , C) and by 

P C Ck) t he r in g  of  ho lomorphic  po l ynomia l s  over Ck . 

I t  immed iat e l y  become s appar ent t hat 

T � : P CCk) � P CCk)
S k 

i s  a r ing i somorph i s m .  To s e e  t hat  T * i s  surj ect iv e , p ic k  any 

p E P l Ck)
S k . The n ec e s sar i l y  cont inuous  func t ion p wh ich  s a ­

t i s f i e s  p = p O � k i s  ho lomorphic  in a t h in s et C t h e  cr it ical  
k 

values  o f  � k) '  and t hen , p i s  ho l o morphic  a l l over C . Al so , 

it mu s t  be  a po lynomial , a s  one  c an ea s il y  s ee .  

No t ing  that  

and 
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wher e t he overbar i s  conj ugat ion , t he pro of  o f  c l a im 5 . 4  and 
of theor e� 2 . 1 can be ea s i ly f in i s hed . 
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