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A B S T R A C T . We c l a s s ify compl etely  non - a s soc iat iv e  r eal  d iv i s ion 

a l g ebra s of  d imens ion two with  exactly  one id empo t ent . Each a l ­

gebra of  this  type  i s  i somorphic to pr ec i s e l y  one  member of  ten 

inf in ite  famil i e s . 

I n  this  pap er we take  "al gebr a "  to mean a non - a s so c ia t ive  a l g e ­

bra over t h e  f i eld  o f  r eal  number s R, that  i s , a re a l  v ector  

spac e A ,  with  a product  which i s  d i s tr ibut ive v i s - a - v i s  ad ­

d it ion , and sat i s f i e s  ( ax ) y  = x ( ay)  = a Cxy) for al l a E R, 

x , y  E A .  An a l g ebra i s  cal l ed a d iv i s ion a l g ebr a if  the equa ­

t ion in A ax = b ( r e s p . ,  xa = b )  ha s un ique  so lut ion whenever 

a " O . 

The fundament al  wor k  o f  Milnor and Bo tt  [ 5 ] , a s  we l l  a s  t hat 

due to Kervaire  [ 4 ] , s howed that a l l  suc h f in it e - d imens ional 

d iv i s ion a l g ebras  have d imens ion 1 , 2 ,  4 or  8 .  Her e we c l a s ­

s ify comp l et e l y  tho s e  of  the d imens ion two wh ich  have exac t l y  

o n e  idempo t ent . T h e  a l g ebra of  t h e  compl ex numb er s , natural l y ,  

app ear s i n  t h i s  c l a s s if icat ion . That is  the  only a l g ebra with  

un it el ement ( s e e  [ 3 ]  for  al g ebras  without un it  e l ement of  . d i ­

mens ion 4 and 8 ) . 

All algebra A i s  c a l l ed f l ex ibl e if  (xy) x = x (yx) for a l l  

x , y  E A .  F in i t e - d imens ional fl ex ibl e div i s ion a l g ebra s a r e  clas 

s if ied in [ 1 ] . Our c l a s s if icat ion inc lud e s  non - a s s o c iat ive  

fl ex ibl e a l g ebra s . 

Let  [x 1 ' xZ ] b e  a ba s i s o f  a two d imens ional a l g ebr a A .  The pro -
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duct  in A i s  det erm ined by the mu l t ipl icat ion tabl e 

x l x 2 

( 1  ) 
x l IPX I +XX 2 1/Jx I +WX 2 

x2 ax l + 13x 2 . YX I + OX 2 

The fol lowing result  app ear s in [4 ] . (Theo r em 1 )  

THEOREM . T h e  a l g e bra A d e t ermi n e d  b y  ( 1 ) i s  a div i s i o n  a l g e b ra 

if and o n l y  i f  

( 2 ) 4 (lPw - X1/J ) ( a o - 13y ) > (aw+lP o - 131/J - Xy ) 2 

( 3 )  4 (1P 13 - aX ) ( 1/J o - yw )  > ( aw - lP o - 131/J +Xy ) 2 

A non z ero element X o f  an a l g ebra A ,  i s  id empot ent if  x 2 = x .  

I f  A i s  a d iv i s ion a l gebra , A has one idempo t ent if and only  if 
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there ex i s t s  X E A ,  x # 0 and c E R : x2 = cx . I f  the  d iv i s ion ) 
algebra A has exac t l y  one id empo t ent x l ' the a l g ebr a · A ' ha s 

one id empo t ent Y I ' and T : A  � A '  i s  an isomorphism t hen T (x l ) = ) = Y I · 

We beg in our study with  the  fo l l owing l ew�a . 

LEMMA 1 .  Ev e r y  two dim e n s i o n a l r e a l div i s i o n  a lg e bra  A aontains 

an i demp o t en t .  

Pro o f .  Let A b e  the  two d imens ional r eal  d iv i s ion a l g ebra d e ­

t ermined by ( 1 ) .  I f  Y = 0 ,  t hen , b ecause  o f  ( 2 ) , 0 # 0 and 

1 
X = - x <5 2 is  an id empo t ent . I f  y � 0 ,  l et x = x I + �x2 . 

x 2 = cx for some c E R if and only if  

y � 2 + ( 1/J + a ) � +1P = c and x + (w + 13) � + <5 � 2 - c �  = 0 

Th is  system ha s a so lut ion if and only  if 

y � 3 + ( a +1/J - <5 ) � 2 + (I P _ w - 13 ) � - X  = 0 

ha s a solut ion . S inc e every cub ic polynom ial po s s e s s e s  a 

root in R, ther e ex i s t s  some � E R wh ich sat i s f i e s  t h i s  equation . 

) ) 

) 
) 
) 

) 
) 
) 
) 
) 
) 
) 
) 
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For an a l g ebra with id empo t ent x l ' l et [x l , x z ] be a bas i s . 

Henc e the mu l t ip l icat ion tabl e ha s the form : 

( 4  ) 

L e t  A (� , w , a , S , y , 6 ) be  the a l g ebr a with  this  mul t ipl icat ion t a ­

bl e .  B y  ( 2 )  and ( 3 )  i t  i s  a d iv i s ion a l g ebra i f  and only  if 

( 5 ) Z 4w (a� - SY ) > ( aw + 6 - S� ) 

Al l t he id empot ents  o f  the  d iv i s ion a l g ebr a A ( � , w , a , S , y , 6 ) can 

be  obta ined prov ided we f ind � sat i sfy ing (x l + �x Z ) Z 
= c (x l + �x Z ) 

for some c E R , or by f ind ing n such that  C nx l +x z i = c ' ( nx l +x Z ) 
for some c ' E R .  

Now Z (x l + �x Z ) = c (x l + �x Z ) fo r sOme c E R, if and only if 

( 6 )  y � 3 + ( a+� - 6 ) � Z + ( 1 - w - S ) �  = 0 ha s a �o lut ion . 

Z C nx l +x Z ) = c ' C nx 1 +x Z ) fo r some c ' E R , if  and only  if  

( 7 )  ( 1 - w - S ) n Z + ( a+� - 6 ) n +Y = 0 has a solut ion . 

Next we prove a neces s ary and suff ic i ent condit ion in order 

that a d iv i s ion a l g ebr a have exac t l y  one idempo t ent . 

LEMMA 2 .  L e t  A ( � , w , a , S , Y , o ) b e  a r e a l di v i s i o n  a lg e bra wi t h  

w+ S = 1 a n d  �+a - 6 = O . T h e n  y # O .  

Pr o o f ·  I f  <') = 0 ,  then y # 0 ,  for o therwi s e  contrad ict ing ( 5 )  . 

�et  6 # 0 and suppo s e  that y = O . The change o f  ba s i s  Y l = x l ' 
Yz = x l 

1 - '8 x z yie lds Z 0 ,  contr ad ict ion . YZ = a 

THEOREM 3 .  Supp o s e  t h a t t h e  a lg e bra A de t ermi n e d  by  ( 4 )  i s  a 

d i v i s i o n  a l g e bra . T h e n  i t  ha s exac t l y  o n e  i demp o t en t  i f  a n d  

o n l y  if ( � +a - 8 ) Z - 4 Y ( 1 - w - S )  < 0 or  w+ S � 1 and � +a - 6 = O .  
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Pr o o f .  I f  the  a l g ebra A ha s exact l y  one  id empo t ent , then equa ­

t ion ( 6 ) ha s a un ique  so lut ion � = O .  

But , ( 6 ) ha s a un iqu e  so lut ion � 0 if and only  if 

( � +a - 8 ) z - 4 y ( 1 - w - � )  < 0 ,  or  w + � and � +a - 8 = O .  

I f  ( � +a - 8 ) z - 4y ( 1 - w - � )  < 0 ,  then it do e s  no t ex i s t  n ful f i l l ing 

equat ion ( 7 ) .  I f  w+ � = 1 and � +a - 8  = 0 it  do e s  no t ex ist  n 
fu l f i l l ing equat ion ( 7 )  b ecau s e  y � 0 ( L emma 2 ) . 

The fo l l owing r e sult s ar e us eful for our d i scus s ion . 

LEMMA 4 .  w and � a r e  invar i a n t s  among div i s i o n  a l g e br a s  w i t h  

exac t l y  o n e  i demp o t e n t ,  t ha t  i s ,  i f  A ( � , w , a , � , y , 8 ) a n d  

A ( � '  , w ' , a ' , � ' , y ' , 8 ' )  a r e  i s omorp h i c  div i s i o n  a l g e br a s  wi t h  

exac t l y o n e  idemp o t e n t ,  t h e n  w = w '  a n d  � = � ' . 

Pro o f .  Suppo se T : A � A '  i s  an i somorph i sm .  Then the  image  o f  

t he idempo t ent , x i ' o f  A is  the idempo t ent Y l o f  A ' . Let  

T (xz) = 1TY 1 + oy Z ( 0 � 0 ) . Then 

( 8 )  

( 9 )  ( 1T +oa  ' ) y 1 + � '  oy Z 

Whenc e wo  = w ' o ,  �o  = � ' o ,  and w = w '  and � = � ' . 

LEMMA 5 .  L e t  A (� , w , a , � , y , 8 )  b e  a r e a l div i s i o n  a l g e bra wi t h  

exac t l y o n e  idemp o t e n t ,  wi t h  w+ � = 1 a n d  � + a - 8 = O .  If 

A (� '  , w '  , a '  , � ' , y ' , 8 ' )  i s  an a l g e bra i s om o rp hi c  to A(� ,w ,a , (3 , y , 8) ,  
t he n  w '  + � ' = 1 a n d  � I +a '  - 8 I = O . 

Pro o f .  Suppo s e  we have an isomorphism 

T : A ( � , w , a , � , y , 8 ) --to A ( � '  , w ' , a '  , � ' , y ' , 8 ' ) with  T (x l ) Y l ' 
T, (x z ) = 1T Y l + oy Z ' Then becau s e  o f  L emma ' 4 , W ' + � '  = w + � 1 .  
From ( 8 ) , ( 9 )  and 

we obt a in a ' � '  �+W1T - 1T  
o 8 ' 8 - 1T and � 1 +a ' - 8 '  = 0 . o 
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Our pr inc ipal t heor em fo l l ows . 

THEOREM 6 .  L e t  A b e  a r e a l  div i s i o n  a lg e bra o f  d im e n s i o n  two 

wi t h  exa c t l y  o n e  i d emp o t e n t . Then A is i s omorp h i c  t o  p r e c i s e ly 

o n e  o f  t h e  fo l l ow i ng a lg e br a s ! 

( c l a s s  I) A ( � , w , l , S , y , O ) for some  � , w , S and y w i t h  w+ S # 0 ,  
- 4 w SY > ( w - S�) 2 a n d  ( � + 1 ) 2 - 4y ( 1 -w - S )  < 0 , 

o r  ( c la s s  II) A ( i � i , w , o , S , l , O ) for some � , w a n d  S wi t h  w + S  # 0 ,  
- 4 w S  > S 2 � 2 and � 2 - 4 ( 1 - w - S )  < 0 ,  

o r  ( c la s s  III) A ( � , w , O , S , - l , O ) for some  � , w a n d  S wi t h  w + S  # 0 , 
4 w S  > S 2 � 2  and � 2 + 4 ( 1 - w - S ) < 0 ,  

o r  ( c l a s s  IV) A ( � , l , l , - l , y . l )  for s om e  1jJ and y wi t h  4y > 4�+�2 

a nd � 2 _ 4y < 0 ,  

o r  ( c l a s s  V)  A ( i w i , l , O , - l , l , O ) for some  � w i t h  � 2 < 4 ,  

o r  ( c l a s s  VI) A ( O , - S , a , S , y , l )  fo r some  a , S and y w i t h  S # - 1 ,  
- Z a S +4 S 2y > 1 +a2 S 2 a n d  ( a - l ) 2 - 4y < 0 ,  

o r  ( c l a s s  VII) A ( O , - S ,  i a i , S , l , O ) for s o m e  a a n d  S w i t h S # - 1  
and 0. 2 < 4 ,  

o r  ( c l a s s  VIII) A ( - l , l - S , l , S , y , O )  for some  S and  y w i t h  

4 ( 1 - S ) Sy + l  < 0 ,  

o r  ( c l a s s  IX) A ( O ,  l - S , 0 , S , 1 , 0 ) fo r s o m e  S w i t h  Sl l - S ) < 0 ,  

o r  ( c l a s s  X )  A ( O ,  l - S , 0 , S , - 1 , 0 ) for some  S w i t h  S .( l - S ) > o .  

No t e  that C the a l g ebra o f  the compl ex number s ,  appears  in 

c l a s s  I I I  whenever � = 0 ,  w = 1 and S = 1 .  That is the only 

a l g ebra in our I ist  with a un it  el ement , as  wel l  a s  the only 

as soc iat ive  one . The fl exibl e d iv i s ion al gebr a s  wh ich co inc ide 

with the commuta t ive  a l g ebra s  ( [ l ] - Theor em 1 - 4 )  app ear in 

c l a s s  I for � = 1 and w = S ,  in c l a s s  I I I  for � = 0 and w = P 

and cla s s  X for S = t 
We prove Theor em 6 in thr e e  s t ep s . We sho w ,  in Lemmas 7 , 1 0  and 

1 3 ,  that any a l g ebr a A ( � , w , a. , S , y , 6 )  i s  i somorphic to  an a l g e ­

bra in our l i s t . Then we prove t hat no two al g ebras  i n  the 
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same c l a s s  are  (no n - t r iv ially )  i somorphic ( L emma s 8 , 1 1  and 1 4 ) . 
F inally  we state  t hat  an a l g ebra of  a c l a s s  canno t b e  isomorphic 

to an algebra of  ano t her c l a s s  ( L emma s 4 , 5 , 9 , 1 2 , 1 5  and 1 6 ) .  

LEMMA 7 . If w + 13 .J 0 ,  t h e  d i v i s i o n  a l g e bra A ( � , w , a , l3 , y , o ) i s  
i s omorp h i c  t o  e i t her  

A ( � ' , w , l , l3 , y ' , O )  for s o m e  � ' and y ' wi t h  - 4 w l3y ' > ( w - I3 � , ) 2 

or A ( � ' , w , O , I3 ,  1 , 0 )  for s o m e  � ' wi t h  - 4 13(0 > 13 2 � , 2 

o r  A (� ' , w , O , I3 , - l , O )  fo r s om e  � ' w i t h  4 13w > 13 2 � , 2
. 

Pro of . Without lo s s  o f  g eneral ity  we can take 0 = O .  For if  

o .J 0 the change  o f  ba s i s  to  Y l 

g iv e s  a new mu l t ipl icat ion with  0 = O .  Thi s  works  becau s e  
. 2 2 \Y 2 ( l + � E +a E +Y E  ) x 1 + E ( w + I3 + E o ) X 2 and w + I3 + E o = O .  

Now ,  if a i 0 ,  t hen t he tran s format ion T def ined by T (x 1 ) 

T (x 2 ) = aY2 ' yields  an i somorph i sm A ( � , w , a , l3 , y , O ) � 

� � A ( � ' , w , l , I3 , Y ' , O ) (with � ' = and 
a 

format ion T pr e s erves  produc t s  b ecau s e  

�Y l +waY 2 

y ' = i) . This  trans ­
a 

T (X2X 1 ) aY l + a l3Y 2  T (x2 ) T (x 1 ) and 

T (X ; ) = YY l a 2y ' Y 1_ = ( T (x2 ) ) 2 

On the o ther hand , if a = 0 ,  the  transformat ion T g iv en by 

T (x 1 ) = Y l ' T {x 2 ) = tTy! Y 2 produc e s  an i somorphism 

A ( � , w , O , I3 , y , O ) � A (� ' , w , O , ± l , O )  with � '  = � .  
ITYT 

LEMMA 8 .  a)  T h e  d iv i s i o n  a lg e bra A ( 1)J , w , l , l3 , y , O ) w i t h  w + 13 .J 0 

and w i t h  exac t l y  o n e  idemp o t e n t  i s  i s omorp h i c  t o  t h e  d i v i s i o n  

a lg e bra A ( � ' , w , l , l3 , y ' , 0 ) if a n d  o n l y  if � = � '  a n d  Y = y ' . 

b )  The div i s i o n  a l g e bra A ( � , w , O , I3 , l , O ) w i t h  w + 13  i 0 and w i t h  

exa c t l y  o n e  i demp o t e n t  i s  i s omorp h i c  t o  t h e  div i s i o n  a lg e br a  

A ( � ' , w , O , I3 , l , O ) if a n d  o n l y  if � ' = ± � .  

c )  The  div i s io n  a lg e br a  A ( � , w , O , I3 , - l , O ) wi t h  w + /3  i 0 and w i t h  

') 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 

) 
) 
) 

) 

) 
) 

) 
) 



9 1  

exac t l y  o n e  i d emp o t e n t  i s  i s om o rp h i c  t o  t h e  di v i s i o n  a l g e br a  

A ( 1/J ' , w , O , S , - l , O ) if and o n l y  if 1/J ' = 1jJ . 

Pro o f .  b)  Supp o s e  we have an i s omorph i sm 

T : A (1jJ , w , O , S , l , O ) --+ A ( 1jJ ' , w , O , S , l , O ) 

w ith  T (x l ) = Y 1 , T (x z ) = nx 1 + oxZ ( 0  # 0 ) . Then 

( 1jJ+wn ) y l +woyz = T (x 1 xZ ) = T (x l ) T (x z ) = ( n +01jJ ' ) y l +w oy z 

Y 1 = T (X � ) = ( T (X z ) ) z = ( n z +n o+oz ) y l + (n ow +n o s ) yz 

Henc e 1/J+wn = n + o1jJ ' , n Z +no+o z = 1 ,  n o ( w+ S ) = O . 

S inc e 0 # 0 and w+ S # 0 ,  n = O .  Then oZ = 1 and 1jJ '  = ± 1/J . 

Conv er s e l y ,  the trans format ion T g iven by T (x l ) = Y I ' T (x z ) = 

= - yz produc e s  an i somorphi sm A ( 1/J , w , O , S , l , O ) � A ( - 1/J , w , O , S , l , O ) .  

I n  a s im i l ar way we can prove a )  and c ) . 

LEMMA 9 .  A n  a l ge bra A i n  t h e  c la s s  J canno t b e  i s omorp hi c  t o  

a n y  a lg e br a  A ' i n  t h e  c la s s  K ( J # K ,  J , K  = 1 , 1 1 , 1 1 1 ) . 

Pro o f .  Let  (J , K) = ( I , l l ) . I f  T : A (1/J ,w , l , S , y , O) --+ A(1/J ' ,w , O , S , l , O) 

i s  an i somorph i sm with  T (x l ) = Y I ' T (x z ) = ny l +oyz ' t hen 

( l + Sn ) Y l + SoyZ = T (xZX 1 ) T (x z ) T (x l ) = nY I +o SYZ ' and 

YY 1 = T (X � ) = (T (X z ) ) z (n z +n o1/J +o z ) y l + ( now+n o S ) Yz 

Henc e l + Sn = n and ncr (w + S )  = O .  S inc e 0 # 0 and w+S # 0 ,  

n = O . Thus  0 ,  a contrad ict ion . 

The c a s e s  (J , K ) = ( 1 , 1 1 1 )  and (J , K ) 

s im i l ar l y . 

( 1 1 , 1 1 1 )  are  proved 

LEMMA 1 0 . The  d i v i s io n  a lg ebra A (1jJ , l , a , - l , y , o ) i s  i s om o rp hi c  

t o  e i t h e r  A (1jJ '  , 1 , 1 , - 1 , y '  , 1 )  for some  1jJ '  and y '  w i t h  

4y ' > 4 1/J ' +1/J ' Z o r  A ( 1/J ' , 1 , 0 , - 1 , 1 , 0 ) fo r s o m e  1jJ '  w i t h  4 > 1/J '
z . 

Pro o f ·  I f  0 # 0 ,  t he transformat ion T g iven by T (x l ) Y I ' 

T (x z ) = oYz produc e s  an isomorph i sm 
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A (l/J , l , a. , - l , y , o ) O!!! A ( l/J ' , l , a. ' , - l , y ' , l )  (with apprc.. pr iate  l/J ' , a. ' 

and y ' ) .  Furthermor e , if  a. '  " 1 ,  A(l/J ' , 1 ,0. '  , - l , y ' , 1 )  � 
� A (l/J " , l , l , - l , yU , l )  us ing the transformat ion def ined by T (x 1 ) 

1 
• Y 1 ' T (x2 ) • I (a. ' - 1 ) Y 1 +Y2 · 

F inal l y ,  i f  0 • 0 ,  the trans format ion d e f ined by T (x 1 ) Y 1 , 

T (x 2 ) • -taY 1 + t J4y - a. 2 - 2 a.l/J produc e s  an i somorph i sm 

A (l/J , l , a. ,  - 1 , y ,  0 )  O!!! A ( l/J ' , l , O , - l , l , O ) with  

LEMMA 1 1 .  a ) The  div i s i o n  a lg ebra  A ( l/J , 1 , 1 , - 1 , y , 1 )  w i t h  exac t l y 

o n e  i demp o t e n t  i s  i s omorp h i c  t o  t h e  div i s i o n  a l g e bra 

A ( l/J ' , l , l , - l , y ' , l )  if and o n l y  if l/J . l/J '  and y . ' y ' . 

b ) T h e  div i s i o n  a l g e bra A ( l/J , l , O , - l , l , O ) w i t h  exac t l y o n e  i d e m ­

p o t en t  i s  i so m o rp h i c  to t he div i s i o n  a l g e bra A (l/J ' , 1 , 0 , - 1 , 1 , 0 ) 

if and o n l y if  l/J '  • ± l/J .  

Pro o f .  S imil ar to the proof o f  Lemma 8 .  

LEMMA 1 2 .  A n  a l g e bra A i n  t he c la s s  IV  canno t b e  i s o m o rp h i c  t o  

a n y  a l g e bra  A ' i n  t h e  c l a s s  V .  

Pro o f .  If  T :  A ( l/J , l , l , - ,l , Y , l )  ---+ A (l/J ' , l , O , - l , l , O ) i s  an  i so -

morphism with  T (x 1 ) Y 1 , T (x 2 ) • �Y 1 +crY2 ' t hen 

(Y +� ) Y 1 +crY2 T (x i ) · (T (x2 ) ) 2 
• (� 2 +� crl/J ' + cr2 ) Y 1 

Henc e cr • 0 ,  a contrad ict ion . 

LEMMA 1 3 .  T h e  div i s i o n  a l g e bra  A (l/J , w , a. , S , y , o ) wi t h  w + S • ° a n d  

' ) 
) 
) 
) 
) 
) 
) 
) 
) 
) 

) 
) 
) 

) 
) 

) 
) 

) 

w " 1 i s  i s om o rp h i c  to  e i t h e r  A ( O , - S , a. '  , S , y ' , l ) fo r s o m e  a. '  and ) 
y '  w i t h  - 2 Sa. ' +4 S 2 y '  > a. ' 2 S 2 + 1 , o r  A ( O , - S , a. ' , S , l , O ) fo r s o m e  a. '  ) 
w,i t h  4 > 0. , 2 . 

Pro o f ·  The c hange  of  ba s i� Y 1 • x l ' Y2 

mul t ipl icat ion tab l e  with  l/J • 0 .  

Now ,  if o " 0 ,  the  transformat ion T defin ed by T (x 1 ) • Y 1 , 

T (x 2 ) • 0Y2 y i elds  an i somorphism A(O , - S ,a. , S ,y , o) � A(O , - S , a. ' , S , y ' , 1 } 

) 
) 
) 
) 
) 
) 
) 
) 
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(with 01. ' � and y '  = o
Y
2 ) ' I f  0 = 0 ,  the trans format ion T 0 

g iven by T (x 1 ) Y l ' 
T(x 2 ) = 

I(Yi 
Y2 produc e s  an isomorph i sm 

A ( O , - [3 , OI. , [3 , y , O ) 9:! A ( O , - [3 , OI. ' , [3 , 1 , 0 ) with 01. '  = 

LEMMA 1 4 .  a )  T h e  div i s i o n  a l g e bra A ( O , - [3 , 01. , [3 , y , l )  w i t h  [3 1 - 1  
and wi t h  exac t l y o n e  i demp o t en t  i s  i s omorp h i c  t o  t he div i s i o n  

a lg e bra A ( O , - [3 , 01. ' , [3 , y ' , l )  if and  o n l y  if 01. = 01. ' and y = y ' . 

b )  The  div i s i o n  a l g e b r a  A ( O , - [3 , OI. , [3 , l , O )  w i t h  [3 # - 1  a n d  w i t h  

exac t l y o n e  i d emp o t e n t  i s  i s omorp h i c  to  t h e  di v i s i o n  a lg e bra 
A ( O , - [3 , OI. ' , [3 , l , O ) i f  a n d  o n l y  if 01. ' = ± 0I. . 

Pro o f .  S imilar  to the  proo f o f  L emma 8 .  

LEMMA 1 5 . A n  a l g e bra A i n  t he c la s s  VI cann o t b e  i s o m o rp h i c  to  

any  a l g e bra A ' i n  the  c l a s s  VI I .  

Pro o f .  S imilar to  the  proof  of  Lemma 9 .  

F inal ly  

LEMMA 1 6 . A n  a l g e bra A i n  t h e  c l a s s  J cann o t  b e  i s om o rp h i c  to  

any a l g e bra  A '  i n  the  c l a s s  K ( J#K J , K  = V I I I , I X , X) . 

Pr o o f .  S imilar to  t h e  proof of  Lemma 9 .  
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