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I NTR O D U C T I O N . Ih [ R - S ] , F . Ricc:i.. and E . S t e in s tud ied s ingular 
int egral operator s  who s e  kernel s ar e supported on V U { O }  where 
V i s  a connec t ed analyt ic homog eneous subman ifold of  Rn no t 
cont a in ing the o� i g irt . .  

I t i s  al so known that if  B deno t e s  the un it ball o f Rm , 

g : B ; -+ an i s a real an�lyt ic func t ion , g G O )  = ' 0 , and · k i s : a .  

C"" (Rm :. { -O } )  fUnction homogeneous 6f degre e  -m and o f  mean value 
z ero  t.hen the> operatcrr given by 

Tf (x) = P . v . fB f (x - g ( t ) ) k C t ) dt 

i s  bounded on LP CRn ) , 1 < P. < "" . see for e�ampl e  [ C "7 � - S - W] , 

[S - U]  • 

Our a im now i s  to show that thi s  r e sult s t i l l l;J.o lds . ev�n i� g 
i s' no t analyt ic at the o r i g in but requ ir ing it to be approx ima 
t el y  homog eneous at that po int in a sense that will b e  explicit-
ed a t § 2 . . ; :. , +>L\ :1  

.-, :; " .  , . �  � 
The proof fol l ows the same l ines  that in the l a t t er c a s e  wi th" 
a mor e  exhaust ive use  of  l emma. 2 . 1 .  stat ed in ; [MI . 

- P a r t ia l l y s u p p o r t e d b y C O N� CET �nd C b N l t O R :  
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I t  c an be  a l so  proved with s imi lar t echn i ques  that if g i s  ap 
prox imately  ho�og eneous in a ne ighborhood U o f  inf in ity t hen 
the operator g iven by 

Tf (x) = P . v . Iu f (x - g ( t ) ) k (t ) dt 

is bounded on LP (Rn ) ,  1 < P < 00 . The ca s e  m= l is proved in 
[S .  UR . ] . 

§ 2 .  We say t hat a r eal analyt ic func t ion g :  B - { O }  -+ Rn i s  ap 
proximately  homogeneous at  the o r i g in if 
g ( t )  = ( g  ( t ) +� l ( t ) ,  . . . , g  ( t ) +� ( t ) ) and i t  ha s the following 

a l  . an n 
propert ies  

( 2 . 1 )  I f  � i � n ,  ga . ( t )  i s  a homogeneous funct ion o f  degr e e  
1 

. ( )  _ a i ( ) ' m 0 a i 1 . e . ga i r t  - r ga i  t , , t E R , r > . 

( 2 . 2 ) I f  m > 1 , the image o f  g O ( t )  = ( ga l (t ) , . . .  , ga� ( t ) ) g en e 

rat es  Rn i n  the s ens e that  i t  i s  not conta ined in any 
proper subspace of Rn ; if m= l ,  g o (R+ )  and g o (R- ) genera 
t e Rn . 

( 2 . 3 ) Ther e ex i s t s  c > 0 such that  for each t
o 
E Dom g ,  � .  has 1 

an analyt ic ext ens ion on W 0 = {r;  E cn/ l r; . -t? 1 < c min I t?P .  
t 1 1 t9;!o J 

J 

) 
) 
) 0 )  

) 
) 

) 
) 
) 

) 
) 
) 
) 
) 

) 

) 

( 2 . 4 ) For each t
o 
E B - { O } , l im r- a i� i (r r; )  = 0 un iformly on W O . ) r+O t 

EXAMPLE . Let f ( t ) = f o ( t )  + � (t )  be  the funct ion defined on 

{ �  E R I O < I t I < 1 }  by fo ( t )  � I t l � , � (t )  " = I t l � + E with 

� ;;.. 1 , E > 0 and l et g ( t 1 , t 2 ) = (t l , t 2 , f ( Vt I +t � ) ) be  the r evo 

lut ion surfac e g enerat ed by the curve (t , f ( t ) ) .  

We ext end g to the reg ion W = { ( z l , z 2 ) I Re ( z i + z � ) > O }  taking 

the pr inc ipal argument to define z � . 

) 
) 
) 
) 
) 
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L et u s  s e e  t hat  ( 2 . 3 )  and ( 2 . 4 ) ho l d . 

o 0 0 i )  Let  t = ( t 1 , t 2 )  E B - { O } . I f  t �  > 0 ,  t �  > 0 ,  W O C W , w i t h  
o t 

c = -41 • Ind e ed , { � . E C / I � . - t ? 1 I t i l  "IT "IT .;;;; -2 - } C { �i  E C/ -g .;;;; arg �i ';;;; g} . 1 1 1 

So for such � . , Re � �  > 0 and t hen for � = ( � 1 ' � 2 )  E W 0 ' 1 1 O . t 
· 2 2  . .. . . . 0 0 . 0 I t 2 1 . ·  Re ( � 1 + � 2 ) > O . I f  t l > 0 ,  t 2 < 0 ,  { � 2 / 1 � 2 - t 2 1 ';;;; -2 -· } C 

7 7 C { � 2 E C / - "IT .;;;; arg � 2 .;;;; - g "IT }  U { � 2 E C/g "IT .';;;; arg � 2 < "IT.} .  

Th - 'I[  .< . · ·t" 2 < "IT en T . 
ar g � 2. "4 . 

We take  now t o 1 

I t O l 2 . -:;;. 2 I 12 "- -4- · 2 · 

o and t o >
. 

0 2 . 

. 0 I t � I . .. 2 I f  I � 2 - t 2 I .;;;; -2 - , Re � 2 = 

1 , , 
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a 2 = 1 ,  a3 = A 
A + £  

r - A  A + £ ( 2 + 2 ) --2- 0 r Z I  Z 2  --+ 
r+O 

un i formly on W O . 
t 

NOTE 2 . 5 . Ther e ex i s t s  N � n such that the map g iven by 
I N I N <p o ( t  , . . .  , t ) = g o ( t  ) +  . . .  + g o ( t ) ha s I N rank n a . e . ( t  , . . .  , t ) E 

E B - { O } x . . .  x B - { O }  and the same hold s  I N for <p ( t  , . . .  , t  ) = 
I N 

g ( t  ) + . • .  +g ( t  ) .  

Pro o f .  S inc e g o i s  no t constant , ther e ex i s t s  t l 
E B - { O }  such 

a g O
I 

a g o l . that ar- I " " ' ar- I ar e not s 1mul taneous ly  nul l  in Rn . I t m t 

Let W be the sub space generat ed by them .  S ince g o i s  analyt ic 

on B - { O } ther e ex i s t s  a neighborhood U
t I of  t l wher e g o ha s a 

Taylor expans ion . We state that there ex i s t s  t 2 E U I such 
t a g o 

I 
. that a t . 2 � W for some 1 � i � m .  Otherwi s e  nag o l t 2 � w 

1. t 

for a l l  mul t i index a with l a l � 1 and then g o ( t )  = 

= go ( t
l ) + L nclgo l I ( t _ t l ) a 1f t E U I and so g o ( t ) E go ( t 1 ) +W 

a t t 
If t E Ut I ' This  i s  a contrad ict ion s ince g o i s  analytic on 
B - { O } and generat e s  Rn . 

I 2 N I t erat ing thi s  argument , we f ind t , t  , . . .  , t  such that <P o 
I N ha s rank n at (t , . . .  , t  ) . 

I N Npw we define <Pk ( t , . . .  , t  ) -k 1 -k N n2 k<P ( 2 t , . . •  , 2  t ) . 
I N _ � I i I N 1 2 1 / 2 i Let J (t , . . •  , t  ) - ( , A ( t , • . .  , t ) ) wher e A ar e the 

i . 
minor s of  order n of  the j acob ian mat r ix of  <p ,  And l et Jk , A� 
and Jo ' A� be  the ana l o gous func t ions for J o and <P o r e spec t i 

vely ; by 2 . 3 ) and 2 . 4 ) we ob s erve that Jk ---+ J o un i formly k-+- 00 
1 N I N .  on W l X " ' x W N and so J (t , . . .  , t ) ., 0 a . e . ( t  , . . .  , t ) L e . 

t t 

) 
:> 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 

) 
> 
) 

) 
) 
) 
) 
) 
') 
) 
) 
) 
) 
) 

) 
') 
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, '( 1 N )  . 
¢ ha s rank n a . e �  t , • . � , t . o 

00 in " , . . ' 
Let k be a C (R - { O J ) func t ion , homogeneous of  degi ee -m  arid 

such  that it O  < e: < e: ' , < 1 f k ( t ) dt = O .  
e:< l t l < e: '  

We define Tf {x) = p . v . I f (x - g ( t ) ) k ( t ) dt 
B 

( 2 . 6 ) 

Fo l l owing the same l ines a s  in [S - U] , 
[R - S ] . We take e E C�(1 / 2 , 2) such that 

we decompo s e  
00 
1: e ( 2 R. s ) = 

R. =  1 

T a s  in 
1 .  Then 

00 ' 00 
k ( t )  = 1: k ( t )  e ( 2

R.
1 t l ) = 1: kR. ( t ) 

R.= l ' " R.= 1 
t E B .  

Let � R.  b e  the measure def ined by 

� R. ( f) = J f ( g ( t ) ) kR. ( t ) dt .  
I t l < l 

We d eno t e  by, I I ' a homog eneous . norm in Rn . a s so c ia t ed to  the n , , a 1 an group of  d il at ions g ive? by Dr (x 1 , .
• � , xn ) = (r x 1 , · · · , r xn ) 

and we ' s et � .  � a 1 + •
. : +an . We aiso de�ine e o (x ) � .  e ( l x l n) , 

e R. (x )  2 ,Q,a e o ( D 2 R.x) = 2 R. a � {2 � 1 ,x l n ) : ,I f  c; = . f e (y ) dy a,nd " 

n R, ( x )  = c - 1 ( e H I (x )  - e  R.(:X) ) then· for" e'a c h '  f ixed j ,  we have that 
00 

<5 = T n i  + (: - l eJ. >  in the s ense  of di S'tr 'lbut ibns aild thus · ; ;  

Tf 

R.= j 

00 
1: k= o 

00 00 00 00 
1: :it � ;  * f = ' r I ' n' 'f< � . * f + c - 1: . p e· , * .� .> * f ' " , ' 

j = 1 J j = 1 R.= j 
R. J j ;=.1 J J ., . ,  ;' , 

00 
1: * * , f .' n k+j ll j  

j = l  

00 
+ c -, I· I j = r 

e , 
J 

00 
, 1:' Mk f + Lf . 
k= O 

NOTE 2 . 7 .  Set lji n  � k n C t i ) .  We ob s erve that � o  * • • •  * � n 
JV i= l JV '" JV 

N t imes i s  the 'mea sur e g iven bY· :l1 R.:1: . .  ' *� R. C f )  = 

f f ( <P ( t
l , . . .

• 
, t N )) . lji R.· (t\ • • •  , t N: );dt 1 

• • .  dtN . i . e '.' it is the " 
transport ed measur e of  W R. by � . . �. ; . : .... . � . 
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$ has rank n a . e .  and it is  analyt ic on supp �
i then � i * " ' * �i 

N t imes is  absolutely cont inuous with a den s ity P i sat i s fy ing 
20 J I p9, (x+y) -Pi (X) I dx < c (I I 'V1/Ji l + I l 1/Ji I ) O [ (I 1 1/Ji (t) Jidt I ) 1-0dt] 

1-0 .( 2 . 8) 
Rn 

for some 0 > 0 ,  c depend ing only on $ .  For a proof  s e e  [R- S ]  
and [S ] . 

THEOREM 2 . 9 . L e t  k b e  a Coo(Rm _ { O } ) func t i o n  homo g e n e o u s  o f  

degr e e  -m s u a h  t h a t  {f 0 < E < E '  < 1 J k ( t ) dt = O .  
E< l t l <E ' 

L e t g ( t )  = ( g a ( t ) +c,o l  ( t ) , . . .  , ga ( t ) +c,o ( t ) ) s a t i sfy in g  2 . 1 )  t o  1 n n 
2 . 4 ) . Then the operator T given by ( 2 . 6 ) i s  b o unded o n  LP (Rn ) ,  
1 < p < 00 . 

Pro o f .  We now fol low stra ight forward the pro o f  o f  theor em 3 . 2 
in 

The 

[S o U] 0 So we decompo s e  T = I Mk + 

V 0 < E  < 1 

fol lowing s t ep is 

k � O  

II Mkll ..;; c E  P , P , P 

to prove that :  

2 E k  

L and 

and 

Ther e ex i s t s  o > 0 such that II Mk1l 2 , 2 ..;; c 

we have 

II L I I 

- ok 2 . 

P , P 

that 

..;; C .  

( 2 . 1 0 ) 

Then the t heor em will fol l ow by int erpo lat ion and dual ity ar 
gument s .  

) 
) 
) 

) 
) 
"' 
) 
) 
) 
) 
) 

) 

) 
) 
) 
) 
1 
) 
) 
> 
) 

Us ing Cotlar ' s l emma and the it erat ion argument in [Ch] , it is } 
enough to prove that for i < j 

We def ine 

for some 0 > o .  

- 1 N - Nm - i 1 - i " N 1/J ( t  , . . . , t  ) = 2 1/J i ( 2 t , 0 0 . , 2  t )  so that 

p � (y) 2 - �a P � ( 2 - �Y) is  the dens ity of the transpor t ed measu -

f ,r, b '" d :t, " { (  1 N ) _1 < 
I 

i I < r e  0 'Y Y 'Y 9, an supp 'Y C t ,  . . . , t / 2 t 2 }  . 

I f  we prove that 

) 
) 
) 
) 

) 
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for some c , o  > 0 

independent o f  � , the r e s t  o f  the proof o f  ( 2 . 1 0 ) fo l lows as 
in [S .  U ]  • 

By ( 2 . 9 ) it i s  enough to show that 

J _ I J� ( t )  I - adt < c 
supp 1/1 

independent o f  � , for some a > o .  -

( 2 . 1 1 ) 

As J� (t ) # 0 a . e .  t E supp 1/1 , there ex i s t s  a m inor , that we 

deno t e  by A� , such that  A� # 0 a . e . t E supp 1/1 .  

To obta in ( 2 . 1 1 )  it i s  enough t o  check that J _I A� ( t ) I -adt < c 
supp 1/l 

for some a > 0 ,  � � large enough . 

S inc e a g  alP 1 ag  alP 1 a 1 a (� + a t 1
) l t 1 . . . . . .  ( __ 

1 + a tm) I t N a t m 

1 N D<I> ( t , . . .  , t ) 

a g a alPn ag a alPn 
( __ 

n + a t 1
) I t 1 . . . . . .  ( a t 

n + a tm
) I t N ) at 1 m 

it i s  ea sy to s ee ,  by induct ion 1 N on n ,  t ha t A ( t , . . .  , t ) 
1 N 1 N = Ao (t , . . .  , t ) + R (t , . . .  , t  ) where AO i s  homog eneous o f  de 

a f in ite sum o f  t erms o f  the gre e  (a �n )  and R (t 1 , . . .  , t N ) is 

form 
alP j 1 
a t � I k 

+ 1 s+ 1 t s 

OIP .  
a� (n-S )

I 
k (2 . 1 2 ) 

. � n n t 

with 1 .;;;; i 1 , . . .  , i  , j 1 , . . .  , j .;;;; n ,  { i 1 , · · · , i } n {j 1 , . .  · , j } = <1> ,  s n - s  s n-s 

s < n ,  1 .;;;; � 1 " "  ' �n E;; m ,  1 .;;;; k 1 , · . .  , kn .;;;; N .  Mor eover , 2 . 1 2  is 
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1 N a funct ion of s eparat ed var iabl es t , . . .  , t  and each var iabl e 

appear s at  mo s t  in m fac tor s .  Thus , if r = 2 t , we have t hat  
A 1 N - (a-n) _ 1 N . - (a-n ) 1 N 
r e t , . . .  , t  ) = r A(r t) - Ao (t , . . .  , t ) + r R(rt , . . .  , rt ) .  

1 N We want to prove that for each t o = ( t o " . .  , t o ) E supp� t her e 

ex i s t s  a ne ighborhood of  t o ' Ut ' and cons tant s a O ' c O such 
o 

that Iu 1 Ao ( t ) + r - ( a -n ) R (r t ) l -a o dt "' c o \J r o;;;; r o ' 
t o 

-

( 2 . 1 3 ) 

Provided ( 2 . 1 3 ) the theorem fol lows s ince supp� i s  compac t .  
To ver ify ( 2 . 1 3 ) we wi l l  make u s e  of Lemma 2 . 1 in [M] . I nde ed, 
w e  will check that g iven t o and 0 > 0 ther e ex i s t s  r o > 0 

such that 

( 2 . 1 4 ) 

for a su itabl e cho ic e of  M ,  \J r 0;;;; r O . 

To obta in ( 2 . 1 4 )  we anal i z e  only one summand 'o f 1 N R (t , . . .  , t ) .  
By ( 2 . 1 2 ) 

1 "' k 0;;;; s 
s < k 0;;;; n ,  

I f  J 

wher e I k 

this  t erm ha s the form f 1 ( t )  . . . fn ( t )  wher e 

fk i s  a f ir s t  part ial der ivate  of  ga o and 
l.k 

fk i s  a f ir s t  part ial der ivate  of 'P .  J ( k- s ) 

( . k . k ) f 1 k N L 1 1 ' • • • , 1n or 0;;;; 0;;;; m .  et Nt 
for 1 0;;;; t 0;;;; n .  Then 1 N 1 1 + • • • + 1 Nn I = I J 1 . 

for 

for 

-We al so wr it e I - a . I N 1 + 1 ':" a ' I N  1 + 1 - ( a  -n ) I J _ l. 1 ' 1 l. S r r - r r . . .  r r s . 

- a . 
• r J 1 I N + 1 1 + 1 -a j ( _ )  1 N 1 + 1 

r S 
• • • r n s r n . 

) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 

) 
) 
) 

) 
) 
) 
) 
) 
) 
\ 

) 
) 
) 

) 
) 
) 

) 
) 
) 
) 
) 
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N ·  
We must e s t imate  D l. f . .  For exampl e we take i = n and we a s su -l. 

that j ( n - s ) = So 
Nn f Mn where 1 M I I N 1 + 1 me n .  D D CPn = n n n 

M for x o E B - { O } . w e  must  evaluate I D n cP (rx O ) I n 

We apply Cauchy formula . 
Let D deno t e  the po l yd i s k  { i; 1 1 i; . - x ? 1 = c min I x� l }  X o l. l. x9 ;! o J 

J 

M , n . cpn ( i;)  
° M + ( 1 , • • . , 1 )  di; 

( i; - rx ) n 

where c i s  a s  in ( 2 . 3 ) . 

By the hypothe s i s  ( 2 . 4 )  about CP n we have that  

enough s inc e r- 1 i; belong to W 0 '  x 

'rI r smal l  

We  obta in s imi lar e s t imat ions for the other s fk , but if  

and 

1 � k � s ins t ead of j ( k- s )  we have ga o wh ich i s  a homo -
l.k 

g eneous func t ion o f  degr ee a ik and thus r -a ik sup l g a . I � C .  
l.k 

Return ing to ( 2 . 1 4 )  we have that the sum 1 S  bounded by 

< C 

I 
J 

n - s  
E: 

I 
I J 1 1 = J" l , · · · , I JmN l = . J" mN 

I 1 I J l n+mnN 
J ;TIT 'rI r small  enough choo s ing 

M < t c min I x? I . 
x?;!O J 
J 

S inc e the l a s t  sum i s  convergent the theorem fo l lows . 
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Now we s t at e an ana l o gou s  r e su l t  in t h e  c a s e  t ha t  g i s  approxi 

mat e l y  homo g eneous  in a n e ig hbo r ho o d  U o f  inf in i t y . Mor e  pr e -

c i s e l y ,  l et g :  U -+- Rn b e  a r eal  analyt i c  func t io n  o f  t he form 

g e t )  = ( g a l
( t ) + CP l ( t ) ,  • . .  , g an

( t ) + cp n ( t ) ) s a t i s fy ing  ( 2 . 1 ) ,  

( 2 . 2 ) , ( 2 . 3 ) and 

- a ' 
( 2 . 1 5 ) fo r each  t o E U ,  l im r l.cp . ( r O  

r -+- + oo l. o uniformly on Wt 
o 

in s t ead o f  ( 2 . 4 ) . 

THEOREM 2 . 1 6 . T h e  o p e r a t o r  T defi n e d  by Tf (x ) 

= p . v  f u  f ( x - g ( t ) ) k ( t ) dt i s  b o unde d on  L P ( Rn ) , < P < 00 . 

S k e t c h  o f  t he p r o o f .  We d e c ompo s e  T = I Mk + L and we  o b 
k> O  

t a in t ha t  I I  L I I  < C ,  I I Mkl l  < C 2 E k 
'd E > 0 ,  1 < p < 00 

p , p . p , p  

a s  in [S .UR. ] . The  pro o f  t ha t  I I Mk l l 2 2 < C 2 - crk 
for some cr > 0 , 

i s  comp l e t e l y  ana l o gous to  t h e  g iven in t he o r em 2 . 9 . 
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