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In  [ 3 ] , J . A . D eddens int r o duc ed t h e  s et 

{ X  E L ( H ) : sup II A n XA -n i l < oo }  
n � l 
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a s s o c iat ed w i t h  an inver t ib l e o p e r a t o r  A . ( L ( H )  i s  t h e  a l g eb r a  

o f  a l l  bound ed l inear o p er a to r s  a c t ing on t h e  c o mp l ex ,  s ep ara ­

b l e ,  inf in i t e d imen s iona l H i l b er t  s p a c e  H . )  BA i s  an a l g e b r a  

t hat  inc lud e s  t h e  commu t ant A '  (A)  o f  A .  

The qu e s t ion ( r a i s ed by Deddens  in [ 3 ] ) o f  whe t her BA = L ( H )  

imp l i e s  t hat  A i s  a non - z er o  mu l t ip l e o f  a s im i l a r i t y  o f  a 

un i tary o p er a t o r  ha s b e en a f f irma t ively an swer e d , ind ep end en ­

t l y ,  by D . A . Her r er o  [ 5 ] , J . G . St ampf l i  [ 9 ]  and J . P . W i l l iams 

[ 1 1 ] . I nd e ed , S t ampf l i and W i l l i ams mer e l y  a s s ume t ha t  

BA � K ( H ) , t h e  i d e a l  o f  a l l  compa c t  o p e r a t o r s .  The  f ir s t  r e ­

sul t o f  t h i s  no t e  says  t hat  t h e  s ame conc lus ion i s  t r u e  i f  we  

j u s t  a s sume t ha t  BA cont a in s  all  the  rank - o ne o p er at o r s .  The 

s e co nd r e su l t  ext ends a t h eo r em of J . P . W i l l iams [ 1 1 ]  by 

s ho w ing that BA n BA- l = A '  (A)  for  a l a r g e  fam i l y  of o p e r a to r s. 

Tne third and last result is an exampl e s ho w ing  t hat  w e  can have 

sup I I AnXA-n l l  < 00 
n � l  

and ( I n l -+ 00 ) 

( * ) T h i s  r e s e a r c h  w a s p a r t i a l l y  s u p p o r t e d b y  a G r a n t  o f  t h e  

Na t i o n a l  S c i en c e F o u n d a t io n . 
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f o r  a s u i tabl y cho s en non - z ero n i l po t ent o p er a t o r  R and A in ­

v e r t ib l e .  Th i s  n e gat iv e l y  answer s a qu e s t ion o f  C . M . P e a r c y  

( p er s onal  commun ic a t ion) . 

THEOREM 1 .  T h e  fo Z Z o w i n g  a p e  e q u i v a Z e n t  fop A i n  L ( H ) : 

( i )  L ( H )  • 

( i i )  BA :J K ( H ) . 

( i i i )  BA c o n t a i n s  a l l  pan k -o n e  o p e p a t o p s . 

( iv )  - 1 A = rWUW , w h e p e  r > 0,  W i s  inv e p t i b l e  a n d  U is unitary . 

Pp o o f .  ( iv )  � ( i ) � ( i i )  � ( i i i ) ar e tr iv ia l  imp l i c a t i o n s . 

As sume t ha t  B A cont a in s  a l l  o p er a t o r s  o f  t h e  form f- ® g * 

( f  ® g * ( x )  = < x , g > f , x E H ) . Ob s erve  t hat An ( f  ® g * ) A  - n  = 

( An f ) ® ( A * - n g ) * . F ix g ;  s in c e  f ® g * E B A , the  func t ion  

sup I I An f l l . I I A * - n g ll 

n � O  

i s  fin i t e  for  a l l  f E H .  I t  i s  comp l e t e l y  apparent that  a g i s  

a Bor e l  funct ion d e f ined o n  H w i t h  v a l u e s  in R+ , a
g

( f 1 - f 2 ) � 

� a ( f 1 ) + a ( f 2 ) and a ( t f )  = t a  ( f )  f o r t > O . Thu s , by 
g g g g 

. 

He l so n ' s  un i form boundedn e s s  pr inc ipl e [ 4 , Theor em 1 ] , t h e r e  

i s  a po s i t iv e  c o n s t ant K C g )  such t hat a
g

( f )  � K ( g ) l I f l l  for  a l l  

f E H .  

Fur t hermo r e , K ( g )  can  b e  c ho s en e qual to  

K ( g )  = sup 
n ;:: O 

sup I I An f l l . I I A * - n g l l = sup I I An l l . I I A * - n g l l , 
I I f l l = l  n � O 

and t he fun c t ion g � K eg )  ha s  exa c t l y  t he s ame pro p er t i e s  a s  

a g o Thu s , a new appl i c a t ion o f  H e l s on ' s un i form bound e dn e s s  

pr inc ipl e imp l i e s  that K e g )  � C I I  g i l for al l g E - H  and s ome 

c o n s t ant C > o .  
- L e t  r = I � I for some � in t he s p e c trum , a CA) , o f  A . We conc l u �  

d e  from t h e  above ar gument t ha t  
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l I ( r - lA) n l l . l I ( r - lA) -n l l = I I An ll . I I A-n l l = sup I I An f l l . I I A*-ng l l "' C 
II f l l = 1 1  g il = 1 

for a l l  n > O .  A fort ior i ,  1 '" II (r - 1A) n ll '" C for a l l  in t e g e r s  

n .  By a wel l - known t heor em o f  B . S z . - Nagy [ 1 0 ] , it  fol lows t hat 

A = rWUW- 1 

for some invert ibl e W and some un itary U .  

The proof  of Theo r em 1 i s  now comp l et e .  • 

REMARK . The conc lus ion " I I (r - 1A) n l l '" C for a l l  int eger s  n" 

ho lds  for every (real  or  compl ex) Banach spac e . 

J . P . Wi l l iams ha s shown t hat if Q is  qua s in i lpo t ent , then 

B l +Q 
n B - 1 = A '  ( Q) [ 1 1 ]  � H i s  r e sult  admit s the  fol l owing 

( 1 +Q ) < 

mil d ext en s ion . 

THEOREM 2 .  A s sume t ha t  A E L ( H )  i s  an i n v e r t i b l e  o p e r a t o r  w i t h  

t o ta l ly di s c o nn e c t e d  sp e c trum 

cr (A) C { r e i$ ( r ) : r > O }  

_ fo r  s ome  r e a l �v a l u e d  fun c t i o n  � defi n e d  o n  ( 0 , 00 ) ; t he n  

Pro o f .  Obs erve t hat A = S e , 

A I (A) • 

wher e S = l o g  A for some branch 

Qf log ana l yt ic on  cr (A) ; mor eover , the  weak clo sur e  of the 

po l ynomial s in S co inc ides  with the weak clo sure of the po l y ­

nomial s  i n  A ,  and ther e fo r e  A '  (A) - A ' ( S ) . S ince  cr (A) and 

cr ( S )  ar e t o t a l l y  d i s connect ed , g iven E > 0 we can wr it e 

A = W ( L Ell • 
m A . ) W- 1 

E J = 1 J E 

fam i l i e s  o f  operato r s  with pa irw i s e  d i s j o int s�ectra  such t hat  

d iamet er cr (A . )  < E and diamet er cr ( S . ) < E fo r a l l  j = 1 , 2 , . . .  ,m, J J 
- 1 and sp (Aj ) sp (Aj + 1  ) < 1 for j = 1 , 2 , . . .  , m - 1 . (Her e sp (T )  de -

no t e s  the  spectral  radius  o f  t he operator T . )  
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Suppo s e  I I AnXA-n l l  .;;; C ( X)  for all  n E Z ;  then 

sup l i e A S Xe - A S I l  .;;; ( max I I e t S I I ) ( max 
O� t � 1 

l I e - t S I I ) sup l I en SXe-n s l l  
n A £R O� t � 1 

( max l I e t S I I ) (  max l I e - t S I I ) sup I I An XA-n l l  .;;; C ' C X) . 
O� t � 1 O � t � I n 

Ther efore , f ( A )  e A S Xe - A S  defines  an ent ire  funct ion o f  expo -

nent ial type , with values  in L ( H ) . 

Ob s erve tha t  

Thus , i f  W - I XW = e X  . . ) . .  m
l ' then £ £ . �J � , J = 

I I W ... � I CAn XA-n ) W  I I = II ( A . n X . . A . -·ll )  • •  
m

l li ';;; I I W ... I I . IIW ... - 1 I l C C X) 
'" £ � �J J � , J = '" Co 

for a l l  n ,  whenc e we immed iat ely  s ee that X . .  ,: 0 for all i l J. �J 
Hence , 

An XA- n = W C I EIl . m I A . n X . . A . - n ) W - 1 . 
£ J = J . J J J . £ 

Ob s erve that  A = exp S , where S = log  A =  W . O : EIl . m I A . ) W - I 
£ J = J £ 

for some branch o f  l o g  analyt ic on cr CA) . I t  fo l lows a s  in [ 1 1 ] 
that 

l I e A SXe -A S I l = 

QO 

n = O 

QO 
I l W II . I I W - 1 1 1 • 1 1 I £ £ n = O  

Therefor e ,  for a suff ic i ent ly l arge  N ,  w e  have 
QO 1 1  I n  

l I e A SXe-A S Il .;;; " W£ "  . " We; -
I

" J o +, I I I EIl j : 1 0
S; C Xj j ) II .;;; 



00 D..L OS;;; II We: l l  2 . II We: - 1 1 1 2 
. II X I I  L n ! 

n = O  
N 

OS;;; II We: l l  2 
. II We: - 1 1 1 2 1 1 XI !  max { L 

l � j � m n= O  
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( max I I O s � II ) 
l -::;; j -::;; m J 

D..L. 1 1 2 S . l I n 
n ! J 

OS;;; 

00 
i 2 e: A i n } + L OS;;; 

n= N+ l n !  

Henc e , e it her the funct ion f ha s order p < 1 ,  o r  it ha s order 

p = 1 and typ e  O .  In  e it her ca s e ,  s ince I I f ( A ) 1 I i s  bound ed on 

the  real ax is , f i s  bounded everywhere ,  and t her e fo r e  it  i s  a 

constant funct ion [ 1 , 1 0 . 2 . 1 ] , [ 8 , p . 2 8 2 ] . 

This  mean s , in par t icular , t hat 

0 s ( X )  = SX - XS = 0 ; 
t ha t  is , X commut e s  with  S .  A for t ior i ,  X E A I (A) . 

PROBLEM 3 .  Suppo s e  A E L ( H )  i s  an inver t ib l e  operator such 

t hat 

cr (A) c r (A) : = { r  e 
i$ ( r ) : r > O } 

for some r eal -valued funct ion $. ( By us ing the  compactn e s s  o f  

cr (A) , w e  can eas ily  s ee t hat $ can be  cho s en a cont inuous  

funct ion . ) 

Do e s  BA n BA
- 1 = A I (A) ? 

Deddens [3 ] proved t hat t h i s  i s  t he c ase  if A i s  a po s it ive  

hermit ian operator . In  fact , h i s  r e sul t s  actual l y  show t ha t  

BA n B
A

- 1 = A ' (A) for every n opma L operator A w ith  cr (A) inc lu -

ded in an incr ea s ing ar c r CA) of t he above descr ib ed type . 

Theorem 1 shows t hat , in g eneral , BA n BA - 1 i s  str ict ly  l ar -

ger than A I (A) when ever cr (A) me et s t he c ir c l e  o f  radius  r in at 

l ea s t  two po int s , for some r > O .  (Take A a un it ary operator , 
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not a mul t ip l e  o f  t he ident ity . )  On t he other hand , P . G . Ro t h  ) 
[ 7 ]  gave an exampl e o f  an operator A such t hat  cr (A) = { - 1 , 1 } 

but , neverthe l e s s , BA = B I  (A) . ) 
I f  A i s  decompo sabl e ( in t he s en s e  o f  C . Fo ia �  [ 2 ] ) and cr (A) is  I 

) 
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inc lud ed in an incr eas ing arc r CA) , t hen fo r each r e i ¢ ( r ) E 

E r CA) , the  max ima l spectral  subspac e 

i s  hyp er invar iant under A and adm i t s  the fol l owing charac t er ­

iz at ion 

M { f E H :  for each E > 0 ,  t her e ex i s t s  C C f , E )  stich that r 

Suppo s e  that I I AuXA-u l l  . or;;;; C ( X) for al l  n E Z and f E M ;  t hen r 
for each E > 0 ,  

Cn 1 , 2 ,  . . .  ) , whenc e it r eadily  fo l l ows that XM
r 

C M
r

' 

I f  N
r 

= { f  E H :  aA ( T )  C r CA) n { A : J A f  or;;;; r } } , t hen a s im i l ar 

argument shows that XN e N . 
r ·  r 

Thu s , we have the fo l l owing 

PROPOS I T I ON 4 . If A is d e c omp o s a b l e  and aCA) i s  inc luded in 

a n  i n c r e a s ing arc r (A) , t h e n  

BA n B 1 C { X  E L ( H ) : X M  e M ,  X N  C N for a l l  r > O J . 
A - r r r r 

Wha t is  t he answer to Probl em 3 for the c a s e  when A is  a d e ­

compo sabl e operator ? 

Rec ent l y ,  D . A . Herrero and H . -W . K im [ 6 ] proved that ther e  i s  a 
T in L ( H )  such that 

(ran 6 T )  � { A I +K : A E C ,  K E K ( H ) } . 

Wil l iams ' r e sult  [ 1 1 ]  play an important ro l e  in the proof . 

C . M . P earcy o b s erved that  if  A , X E L ( H ) , A inver t ibl e ,  X � 0 ,  

and 

� inf I I Au XA-u l l  > 0  , 
U EZ 

then t he proofs  g iven in [ 6 ]  can b e  s trongly s impl ified . 
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Unfor tunately , t h i s  i s  no t the case . 

EXAMPLE 5 . L e t  { en } n E Z b e  an orthonormal ba s i s o f  H .  Def ine 

Ben = ( l / Z ) en+ l (n � 0 ) , Ben = Z en+ l (n > 0 ) , and l et 1 deno t e  

the  ident ity operator o n  C l (ortho normal ba s i s { e } ) . 

Let  A = B e  1 ,  and l et R b e  the rank - one n ilpo t ent operator d e ­
I 

f ined by Reo = e ,  R I  { e o } · '  = O . For n ;;;. 1 ,  we have 

and 

Thu s , sup I I  An RA-n ll < 00 and I I AnRA-n ll -+- O  ( ! n l  .... oo ) . 
n EZ 
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