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S U M M A R Y . I n  t h i s  no t e  we prov e : L e t  (xv ) ( v  

qu enc e o f  po s it iv e  r ea l  numb er s .  I f  (xv ) ( v  

X o = 0 i s  concave , then 

1 , 2 , . . .  ) b e  a se-

n n 
- I Xv < � IT x� /n 
n v = l 2 v = l 

wher e the  c o n s t ant e / 2 i s  b e s t  po s s ibl e .  

0 ,  1 , . . .  ) w i t h  

F o r  t h e  f amo u s  in e qua l i t y  between t h e  (unwe ight ed ) ar i t hmet i c  

and g eometr i c  means o f  p o s i t ive r e a l  numb er s x l " "  , xn ' i . e .  

G n � x� / n � 1.. I Xv v = l n v = l 
A n 

w i t h  e qua l ity  ho l d ing i f  and o n l y  i f  x l = . . .  = xn ' o n e  c an 

f ind in l i t er a tur e many proo f s , ext ens i o n s , s harp en i n g s  and 

var ian t s  [ 1 ] , [ 3 ]  , [ 5 ]  , [ 6 ] . 

I n  s ev e r a l  int er e s t ing pap e r s  d if f e r ent autho r s  have pub l i shed  

upper bound s for the  d i ffer enc e An - Gn as  we l l  as  fo r t h e  r a t io 

An / Gn ' The r e s u l t ing i n e qual i t i e s  are c a l l ed comp l ementary o r  

c o nver s e  inequ a l i t i e s ; s e e  [ 3 ] . 

I n  1 9 3 3  J . Favard [4 ]  d i s covered  a r emar kab l e  inequa l i t y  wh i c h  

i s  comp l ementary t o  t h e  in e qua l i t y  b etween t h e  ar i t hm et ic 

mean and t h e  g eome t r i c  mean o f  a po s it ive , int egr a b l e func t i o n. 

H e  proved : 

I f  f :  [a , b ] -+ R i s  po s it iv e , cont inuou s  and conc av e , t hen 
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b �a r f ( t ) dt ..;; I exp [ b�a r log  f (t ) dt ]  
a a 

wher e the constant e / 2  canno t be  replaced by a sma l l er numb er . 

Int er e s t ing ext ens ion s  o f  this  r e sult  wer e g iven by L . Berwald  

[ 2 ] • 

I t  is  natural to a s k : Do e s  there ex ist  a d i scret e ana l o gu e  o f  

Favard ' s  inequa l ity?  T h e  fo l lowing propo s it ion g iv e s  a n  a f �  

firmat ive answer to t h i s  qu est ion . 

THEOREM . L e t (xv ) (v = 1 , 2 , • . .  ) b e  a s e qu e n c e  o f  p o s i t i v e  r e a l  

numb ers . If (xv ) ( v = 0 , 1 ,  . . .  ) wi t h  Xo = 0 i s  c o n ca�e,  t h e n  

n n - I Xv < � IT x� / n 
n v= l  2 V= l 

w h e r e  t h e  c o n s t a n t  e / 2 i s  b e s t  p o s s ib l e .  

Proof .  We establ i s h  ( 1 ) b y  induct ion o n  n .  

Fo r n = inequa l ity  ( 1 ) is  obv iously  true . 

Next we as sume that  ( 1 ) ho lds . Then we obt a in 

n+l n 2 1 n n 
IT x = x IT Xv > xn+1 (e n v=

I
1 

xv ) 
v= l  v n+ l V = l 

and we have to  s how t hat 

B ecause  of  

2 1 n n 2 1 n+l n + l  
xn+1 (e n I xv ) � ( e  n+ l I xv) 

v= l  v= l 

1 n + l  
e > ( 1  + 

n+ l ) 

in equal ity ( 2 )  i s  proved if  we can establ i sh  

which can be  wr it t en a s  

( 1 ) 

( 2 )  



1 (n + 2 )  n+ l 

"2 nn 

Now we prove the  inequal it i e s  
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S ince (xv ) i s  conc ave we obta in 

2 k- 2 

. I (x
n+ l - k+ i

+xn + 3 � k+ i ) < 2 
�= O 

wh ich is  equ iva l ent to  

This  means  t hat  

is  decr eas ing and we get  

which impl i e s  
n n 

2k-2 
I 

i=O 
Xn+2 - k+ i  

1 ,  . . .  , n+ 1 ) 

I Xn+ 1 - k < I 2 xn+ 1 , 
k= 1 k= 1 

i .  e . 

( 3 )  

( 4  ) 

(k = 1 ,  . . .  ,n+1 ) 

Next we no t e  t hat t he s e quenc e (xv / v )  (v  

sing . Indeed , s inc e 

1 , 2 ,  . . .  ) i s  decr ea -

and b ecause  of  

xV+ l xv ] [
xv _ xV - I

] (v + 1 ) [ """\)+1 - v < (v - 1 )  v v - 1  
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the a s s ert ion fo l lows immed iat ely by induct ion . 

We prove the s econd inequal ity o f  ( 4 ) by induct ion on n .  For 
n= 1 the in�qu&.l ity is obviously val id . From the monoton ic ity 
of (xv lv ) and from the induct ion hypothe s i s  we obta in 

n+ l n+ l 
(n+ 1 ) xn+2 - 2 L Xv <; (n+ 2 ) xn+ 1 - 2 L Xv v= 1 v= 1 

= nx - 2 n+ l 

which compl et es. th:e Proof o f  double - inequa l ity ( 4 ) . 

We deno t e  by 6 the funct ion 

6 (x ) 

Becau s e  of 

1 2 6 : [ 2n ' il] -+ R ,  

1 (n+ 2 )  n+ l 
X _ 

n+ l 
= -2 ( 1 +x )  nn . 

6 " (x )  = -n (n+ 1 )  ( l +x}n - l < 0 

we conclude that 6 i s  concave which impl i e s . 

We have 

and we will prove 

6(x )  ;> min { 6 ( -2
1 ) , 6 (�) } . n n ( 5 ) 

6 (_1 ) __ _ 1 ( 2n+ 1 n + l n + 2 n+l 
2n 4 zn) [ (----:-T) ,. 41 ;> 0 • ( 7 )  

n + Z 

In  order to e stabl i sh ( 7 )  we show that  the s equence 

L n 
n + 2 n+l 

(�) 
n + Z 

i s  increa s ing . We def ine 

9 (x ) 

(n = 1 , 2 , . . . ) 

x"+ 2 (x+ l ) l o g � , x ;> 1 .  
x+Z 



1 5 0  

D iffer ent iat ion y i e l ds 

Rep l a c ing in 

g ' (x )  l o g  � _ 3 (x+ 1 )  
x+Z 2 (X+t) (x+ 2 )  • 

1 2 
l o g  ( l +y) > 2 y+ 1  y > 0 , 

2 x + 1  ( s e e [ 6 , p . 2 7 3 ] ) y b y  --3-- we o b t a in for x >  1 :  

wh i c h  y i e l d s  

l o g  x+ � > 2 
2 > . 3 tx+ 1 )  

x+Z 3"( 2x+ 1 ) + 1  2 ( x+Z) ( x+ 2 ) 

g '  (x )  > 0 for x > 1 .  

Henc e we get  for n >- 1 : 

and t her e for e 

From (5) , ( 6 )  and (7 ) we  conc lude 

6 (x ) > 0 fo r a l l  1 2 x E [ 2 n
' ill . 

Th i s  prov e s  in equal ity ( 3 ) . 

F ina l l y  we have to s how t ha t  in ( 1 ) t he con s t ant e / 2  canno t 

b e  r e p l a c ed by a sma l l er number . 

We a s sum e  t ha t  t h e  in equa l i t y  

n n l in 
n L Xv < c IT Xv V= l v = l ( 8 )  

ho l d s  for ev ery s equ enc e (xv ) (v - 1 , 2 , . . . ) o f  po s it iv e  r e a l  

numb er s such t ha t  (xv) (v = 0 , 1 • . . .  ) w i t h  Xo = 0  i s  concave . 

Let  Xv = v /n (v = O ,l ,  . . . ; n  E N) . Then we o b t a in from ( 8 ) : 

1 ( " l In n +  I n . ) 
� < C n o r  n + 1  

---=�-;-1-'1- < c .  
2 (n ! ) n 
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If  n t ends to 00 we get : 
e / 2 � c .  

Henc e , the constant e / 2 i s  best  po s s ibl e in ( 1 ) .  

[ 2  ] 

[ 5 ] 

[ 6 ] 
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