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A B S T R A C T . L et M b e  a comp l e t e  C oo- R i emann ian man i fo l d  o f  d imen 

s i on n � 2 , s imp l y  c onn e c t ed and wi t hout fo c a l  po in t s . I n  t h i s  .... 
paper we pr o v e  that t h e  man i fo l d  o f  o r i en t ed g eo d e s i c s  G o f  M 
i s  d e f ined , and i t  i s  natur a l l y  d i f f eomo r p h i c  to  t h e  t ang ent 

) 
) 
) 
) 
) 

) 
) 

bund l e  T S n - l  o f  t h e  n - l - d imens ional s t andard spher e S
n - l

. I f  ) 

.... n - l  .... ) d G  d eno t e s  t h e  s t andard vo lume of  G ,  we al s o  g e t  t he g l o b a l  

.... n - l  n - l  
expr e s s ion o f  d G  on T S  . Henc e conc erning g eo d e s i c s  and 

in contr a s t  w i t h  t h e  ho ro spher e c a s e  ( s e e  [ 5 ] ) ,  I nt egral  G e o -

metry o r  G eometr i c  Probab i l ity  may b e  appl i ed t o  t h i s  c l a s s  of ) 

Ri emann ian man ifo l d s , in par t icul ar to Hadamard man i fo l d s . ) 

I N T R O D U C T I O N 

Throughout l et M b e  a c omp l e t e  Coo - R i emann ian man i fo l d  o f  d ime� 

s ion n � 2 and inner produ c t  < , > .  Let TM and T I M d eno t e  r e s p e£ 

) 

t iv e l y  t h e  t ang ent bund l e  and t he spher e bund l e  o f  M ,  and TI ) 
be  t he pro j e c t ion map onto  M in e i ther c a s e . ) 

We a l so  d eno t e  t h e  f i br e o f  TM and T
I

M over p E M r e sp ec t iv e l y  ) .... 
by Mp and S p . L e t  G b e  t h e  s et o f  l eav e s  o f  t h e  g eo d e s ic spray 

r e s t r ic t ed to  T I M .  S inc e an o r i en t ed g e od e s i c  r eg a r d ed as  a 

l - d imen s iona l ( immer s ed )  o r i ent ed subman i fo l d  o f  M c an b e  iden .... .... 
t i f i ed w i t h  a po int o f  G and v i c ev er s a , we c a l l  G t he s e t o f  

o r i ent ed g eo d e s ic s o f  M .  L e t  G b e  t h e  s et o f  non - o r i ent ed g eo -
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de s ic s , wher e a po int o f  G i s  obta ined ident ifying two po int s -+-
o f  G in the obv ious way . I f  the g eode s ic spray re s tr ict ed to 
T I M def ines a regular fo l iat ion in the s en s e  of Pal a i s  ( s ee  -+- . 
[ 6 ] ) ,  then G becomes a d iffer ent iabl e man ifo l d  o f  d imens ion 
2n - 2 .  We sha l l  s ay in thi s  c a s e  that the man ifo ld  of geode s i c s  
-+-
G o f  M i s  def ined . 

DE F IN I T I ON .  We s ha l l  say that M i s  G - mea surabl e if the manifold -+- -+-
G i s  def ined and G i s  Hausdorff ; henc e G i s  al so a man ifold of 
d imens ion 2n - 2 .  

The r ea son of  thi s  def init ion i s  the fo l l owing : -+- -+-
Let r :  T M -+- G and � :  G -+- G be the pro j ect ion mapp ings and w 1 
the sympl ec t ic form r e str icted to T IM ;  then one get s  ( s ee [4 ] ) 

PROPOS I T I ON .  If M i s  G-m e a sura b l e �  t h e r e  e xi s t s  a un i q u e  2 -
fo rm d� on  � w h i c h  s a t i sfi e s  r * ( d� ) = w . L e t  d�n- l b e  t h e  -+- d�n - l -+- -+- -+-n- l 2n - 2 -fo rm o n  G d e fi n e d  by  dG A • • • A dG , t h e n  . d G i s  

-+-
a v o l um e  o n  G and it  is  invaria n t  unde r  t h e  group of i s om e --+-
t r i e s  of M a c t in g  o n  G . Mo r e o v e r �  a n o n - v a n i s hing a b s o l u t e  

2n - 2 -form I dGn - l l i s  defi n e d  o n  G wi t h  t he s ame i nvariance  

prop e r ty .  

I f  n i s  odd , then I dGn- l l  turns into a: form dGn- l which sat i s -
n 1 -+-n- l f i e s  � * (dG - ) dG ; and cons equent l y  G i s  o r i entabl e in 

th i s  ca s e . 

REMARK . Compar e the r e sul t s  of the above propo s it ion with 
tho s e  of  Bes s e  ( s ee [ 1 ] ) obta ined under mor e  re s tr ict ive con 
d it ions on the g eode s ic flow . Al so the concept o f  measure of 
g eod e s ic s  descr ibed by Santal6 ( see [ 7 ] ) .  

The ma in r e sult  o f  th i s  paper i s  to prove : 

co 
THEOREM . L e t  M b e  a comp l e t e  C -Ri emannian manifo l d  o f  dim e n -

s i o n  n � 2 �  s imp ly conn e c t e d  and w i t h o u t  fo c a l  p o in t s . Then M 



i s  G -me a s ura b Z e  a n d  G i s  n a t uY'a Z Z y diffe o m o rp h i c  t o  TS n - 1 

w h e r e  S
n - l '

i s  t h e  s t andard n - �  dimen s i ona Z un i t  s p h e r e . 

REMARK . From t he t h eo r em fo l l o w s  t ha t  in o r d e r  t o  m e a s ur e  s e t s  

o f  o r i en t ed g e o d e s i c s  o f  t h i s  c l a s s  o f  R i emann ian man i f o l d s  

t h e  man i fo l d  T Sn - 1 
c an b e  u s ed a s  a mo d e l . T h e  c o r r e s p o n d i n g  

-+n � l n 1 
vo l ume d G  o n , TS - w i l l  b e  o b t a ined a s  a c o r o l l a r y  o f  our 

ma in r e su l t . 

Th i s  wo r k  i s  d iv ided in two s ec t i o n s : t he f ir s t  o n e  s ke t c h e s  

und er  t h e  head ing " Pr e l iminar ie s "  s o m e  ba s i c ma t er ia l s  wh i ch 

a r e  n e ed ed ,  wher e a s  t he s e c o nd o n e  i s  int ended t o  prove �ur 

r e sul t . 

B e fo r e  pa s s ing t o  t h e  f ir s t  s e c t ion  

REMARK . The  f o l l o w ing qu e s t i o n s  r em,a in unan swer ed : 

1 .  I s  t h e  Hau sdo r f f  c o nd i t io n  in the abo v e  d e f i n i t i Q n �up e r -

2 . 

f l ou s ? ( I nd e ed i t  i s . i f  M i s  c ompact ) . ,  

I f  M ... 
G ( k  
form ... 
on  G 

i s  G - mea surabl e , t h e  2 k - d imen s iona l submah i fo l ds o'f 

= ,  1 " " . .  , n - l }  c an b e. ;  mea sur ed w i t h  t h e  no n - tr iv ial 

dGk • Co n s e quent l y ,  a s sume t h e r e  ex i s t s  a 2 k - l -.form. ,q. 

w i t h  k = 1 ,  . . .  , n - l such  t hat  a i s  invar iant  und er t he 
-+ 

gr oup o f  i sometr i e s  a c t ing on G ,. What can be : s a,i,d \lbout a'? 
I s  a = O ?  

1 . P R E L IM INAR I E S  

The r eader  i � � e f err�d t o  ( [ 1 ] ; Ch . l )  and [ 3} f o r  ba s i c f a c t s 
. - .< 

no t d � f in ed her e . 

For e a c h  v E TM , we d eno t e  t he g eo d e s i c w i t h  in i t i a l  v e l o c i t y  

v b y  C v  and t h e  t an gent y � c t o r  t o �� , a t � � y  b y  c� (t ) . 

Thu s  t h e  g e o d e s i c  f l o w  CP : TMx R -+ TM i s  d e f ined by cp (v , t )  = c� (t) .  
, 

L e t  K :  T ( TM) -+ ' TM b e  t he co nn e c t ion map induc ed by < , > , and 

7f * t h'e d i f f e r ent ia i map o f � .
' 

I t
' 

fo l l o
'
ws t hat  �*xK : T (�1) -+ 'INxTM 

) 
') 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
') 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 

, ) 
) 
) 
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d e f ined by TI * x K ( b )  = ( TI * ( b ) , K ( b ) ) is an i somo r p h i sm r e s t r i c t ed 

to e a c h  f ibr e . I n  t erms of t h i s  map , the  g eo d e s i c  spray S i s  

- 1 
d e f ined for  any v E TM by S (v )  = ( TI *� K )  (v , OTI ( v » ) ' L e t  g b e  

t he S a s a k i metr ic  on TM , wh i c h  i s  d e f ined f o r  any pa ir o f  v e c 

t o r  f i e l d s  X , Y on  T M  b y  g ( X , Y ) = < TI * X , TI *Y>  + < KX , KY > . 

Or i ent ing TM by it s natur a l  c har t s , the vo l ume o n  TM indu c e d  

by g w i l l  b e  d eno t ed by dTM . F o r  any k - fo rm a o n  T M  ( k  > 0 )  

and any v e c tor f i e l d  X on  T M  l et C xa D e  t h e  k - l - fo rm on TM 

d e f ined by CXa ( X 1 , · · · , Xk _ 1 ) = a ( X , X 1 , 
• . .  

, Xk_ 1 ) .  

L e t  N b e  t h e  v e c to r  f i e l d  on  TM d e f in ed by 

- 1 N (v )  = ( TI *x K)  ( OTI ( v ) ' v ) ; t h en dT 1 M = CN dTM induc e s  a vo l u -

m e  o n  T i M .  

L e t  6 b e  t h e  l - fo rm o n  TM d e f ined by 6 ( X )  

W = - d 6 t h e  symp l ec t ic  form on  TM ; t hen 

g ( S , X ) , and 

= W A • • •  A W  t h en Wn 
= n � . ( - 1 ) ( n / 2 ) . dTM ; and s in c e  

- 6 , o n e  g e t s 

( 1 ) 

wher e k n 

I f  S and 

T i M ,  it 

( 2 )  

T hu s t he 

( 3 ) 

n - l (ll A 6 = kn • dT 1 M 

(n _ l ) � . ( _ 1 ) ( n / 2 ) + 1
. 

W a r e  r e s t r i c t ed to T i M and X i s 

fo l l ows t ha t  

6 ( S )  = 1 and w ( S , X) = 

fo l l owing equal ity ho lds  o n  T i M 

a v e c t o r  f i e l d  o n  

O . 

DEF I N I T I ON . L e t  f :  Ax R + M be a smooth map , wher e A i s  an 
open set of Rm (m >  0 ) , We shal l cal l  f a family o f  geode s ic s  
depend ing on m - paramet er s i f  for any x E A the curve 
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f lx ,  ) :  R + M wh i c h  map s  t + f (x , t )  i s  a un i t  s p e ed g e o de s ic .  

) 
) 

REMARK . L e t  f '  ( x , t ) b e  t h e  t ang ent v e c t o r  t o  f (x ,  ) at  " t " , J 
+ + 

and f b ( x )  f '  ( x , D ) . Then f indu c e s  mapp ing s G f : A + G and ) 
+ + 

G f : A + G d e f ined by G f ( x )  = r ( f b ( x ) ) and G f  = t;, 0 G f . C l ear l y  ) 

i f  M i s  G -mea sur a b l e ,  t hen �f and G f  ar e smo o t h  mapp ing s . ) 

+ 
DE F IN I T I ON .  As suming t ha t  t he man i fo l d  G i s  d e f in e d , i f  f d e -

pends o n  2 n - 2  paramet er s ,  w e  s ha l l  s ay t ha t  f induc e s  a c o o r --+ -+ -+ -+ 
d inat e sys t em on  G i f  t he map G f : A + G f (A) i s  a c hart  for G .  

) 

The fo l l owing t hr e e  l emma s  w i l l  b e  n e ed ed l a t e r  on . The f ir s t  

o n e " fo l l ows ea� i l y  from e qua li t i e s  ( 1 )  and ( 2 ) and t h e  f a c t  

t ha t  w i s  t t - invar iant . T h e  s econd fo l l ows a l so  from t h i s  

invar iant fa c t , and t h e  t h i r d  o n e  can b e  c h e c k ed l o c a l l y . 

) 

LEMMA 1 . 1 .  L e t  f :  Ax R + M b e  a fami l y  o f  g e o de s i c s  dep e nd i n g  

o n  2n - 2  parame t e r s . L e t  dx = dx 1 " . . . " dX 2 n _ 2 a n d  6 f b e  t h e  

fu n c t i o n  s u c h  t h a t  ( f ' ) * (dT 1M) = 6 f . dx " d t . T h e n  6 f do e s  n o t  

n - l 
dep end o n  t and ( f b ) * ( w  ) = kn . 6 f . dx . 

.. "+ 
LEMMA 1 . 2 . A s sume t ha t  t h e  man ifo l d  G i s  defi n e d ,  a n d  l e t  

f :  AxR + M b e  a fami ly  o f  g e o de s i c s  depe nding o n  2 n - 2  param e -
+ + 

t e r s  s u c h  t h a t  G f : A + G f (A) i s  a b i j e c t i V e  map . Supp o s e  t h a t  

fo r a n y  x E A t h e  d i ffe r e n t i a l map o f  f ' : Ax R + T1 M a t  (x , D ) 
+ 

i s  an  i somorp h i sm .  T h e n  f i n du c e s  a c o o rdina t e  s y s t em o n  G .  

LEMMA 1 . 3 .  Ide n t i fy T 1 S
n - 1 w i t h  t h e  s e t  of p a i r s  

( v , u)  E Sn - l x Sn - l 
s u c h  t ha t  v 1 u .  L e t  h :  T1S

n- 1x ( 0 ,+oo) + TSn- 1 

n - l 
b e  t he map d e fi n e d  by  h (v , u , t )  (u , t . v ) . T h e n  h* (dTS ) = 

( _ t ) n - 2 . dT 1 S
n - l " d t . 

) 

'\ j 

) 
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2 .  T H E  NO F O C A L  P O I N T C A S E  

Her e we  a s sume that M i s  s imply connect ed and without focal 
po int s . We recall that M ha s no fo cal po int s if for any 
v E T I M and any Jacob i f ie ld Y al ong cv such that Y e O )  = 0 

and Y '  ( 0 )  r 0 ,  <Y ' ( t ) , Y (t »  > 0 for any t > 0 wher e Y '  deno t e s  
t h e  covar iant der ivat ive with respect to c� . For a f ixed 
po int p E M, l et us ident ify TSp with the s et of pa ir s  
(u , w) E S xM such t ha t  u 1 w ;  and l et T :  TS + T I M be the p p p 
map def ined by T ( U , W ) = P (u) , where P : M + M i s  the w w p Cw ( 1 ) 
para l l el translat ion along Cw from p to cw ( 1 ) . 

For any v E S , l et v1 be the orthogonal subspac e o f  M to v ;  p p 
and for any t > 0 ,  def ine Dv , t : v1 + v1 by Dv , t (u) = p�\ (Yu (t) ) 
where Y i s  the Jacob i  f i eld along c which sat i s f i e s  Y (0) = 0 u v u 
and Y '  ( 0 ) u u .  Let Y (v , u , t , - ) be the Jaco b i  f i eld along c v 
such that Y (v , u , t , O ) = 0 and Y (v , u , t , t )  = p t . v (u) . 

I d ent ify ing ( S ) wit h v1 we define � : TS x ( O , +oo ) + R by p u p p 

( 4  ) � (v , u , t )  = <Y ' (v , u , t , t ) , P t · (u» . det D t '  p • v v , 

S inc e M ha s no foca l  po int s , it fo l lows that � (v , u , t ) > 0 if p 
u r O .  Moreover , s inc e --1--1 • det D + 1 a s  t + 0 and 

t n - v , t 

t . <Y ' (v , u , t , t ) , P  (u» + l u l 2 a s  t + 0 ,  we have t . v  

( 5 ) l im n - 2 t +O t 
if 

PROPOS IT ION 2 . 1 .  L e t  P :  TS x ( O , +oo) + TM p b e  t h e  map defin e d  b y  

n-l P (v , u , t )  = F t . v (u) . T h e n  P* ( C s d T IM) = ( - 1 )  ' �p ' d Tl Sp " dt . 

PT'o o f .  Equal ity w i l l  b e  shown locally . Let (V , lj! ) b e  a chart 
for Sp and w I " " , wn _ 1 be the induc ed coord ina t e  vector fields 

on V .  I f  v E V ,  l et f . .  1J <w . , w . > and g (v )  = det " f . .  (v) " . 1 J p 1.J 
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L e t  l TV , T� ) b e  t h e  induc e d  c har t fo r TS w i t h  
p 

T� = ( Y 1 " " ' Yn - l ' Y 1 " " ' Y n - 1 ) ; t h en 

n - i n - l I' k+ l " k 
( - 1 ) . g  . dy A ( L ( - 1 )  ' Yk . dy ) p k= 1 

. k · /.':-. whe r e  dy = dy 1 A • • •  A dy n - l ' dy = dy 1 A • • •  A dy k A 

The symbo l A o v e r  dYk ind i c a t e s  t ha t  dYk i s  o m i t t ed .  

) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 

App l y in g  t h e  G r am - S c h m i d t  p r o c e s s  t o  w 1 , . . . , wn _ 1 w e  g e t  o r t ho - ) 

normal f i e l d s  e 1 , . . . , en _ 1 o n  V . 
n - 1 

I f  w . ( v )  = I b . . ( v ) . e . (v ) , l e t B (v )  = I I b . .  ( v ) l I . For any 1 j = 1 , 1 J , 1 1 J , 

v E V ,  l et Y . (v , - )  b e  t he Ja co b i  f i e l d  a l o n g  c such  t ha t  1 v ' , 
Y . (v , O )  1 

n - 1 
Y · lv , t ) = 1 I 

j = l 
a . .  (v , t )  . e . (v , t ) , l e t  A Cv , t ) 1 J J l I a . . ( v , t ) l I . 1 J 

Thu s , d et D = d e t  A ( v , t ) . v ,  t 

L e t  exp : M + M b e  t h e  expo n ent i a l  map and f o r  any a E D 
p . . 

1 I '  . 
� (V )  and t >  0 l e t u s  d e f in e  � - ( a , t ) = exp ( � - ( a ) : t ) . I f  

U = � - l ( D x ( O , .;.oo ) ) ,  l e t ( TU , T� )  b e  t h e  induc ed c ha � t  fo r  TM 

w i t h  T� = ( x 1 ' . . .  ' xn ' x 1 ' . . ·. ' :ic� ) . Then 

n ' ¥ k+ l  . '. . k dT  1 M = ( - 1 )  . g .  dx  A ( L ( - 1 )  . x k . dx  ) k= l  
wh e r e  

, ' k � 
dx = dX 1 A • •  ; A dXn , dx = dX 1 A • • •  A dXk A : • •  A dXn ' arid , t h e  

fun c t ion  g s a t i s f i e s  g ( P (v , u , t ) ) = g ( v ) . d e t 2 D i f  
p v ,  t 

P (v , u , t )  E TV . An ea s y  c h e c k s hows  If o w  that  f o r  any 
(v , u , t )  E TV x ( O , +oo ) ' 

x . o P (v , u , t ) = y . (v) i f  i = 1 , . . . , n - l  , x o P (V , li , t ) = t ,  
, 1.  " · ,  . . . 1 ,  

. n . '  , 
�

n o P (v , u , t ) = .0 ; and ( x i o P 'V , 1.,l , t ) , . . . , xn _ 1 o P (� �u , t ) ) 
• . - 1 - 1 ( n  (u ) , . •  ' J  y n -l ( u ) )  � B ( v )  . A (v , t ) . B (v ) . .  ' . : 1 . 

) 
) 
) 
) 
) 
) 
) 
) 

) 
) 
) 

) 
) 

) 

) 

) 
) 

" 

) 
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Mo r eover , if  a :  T U  + R i s  t h e  func t io n  d e f in ed by a (w )  = 
= S (w) ( i

n ) t hen a ( P (v , u , t ) ) = < Y I (v , u , t , t ) , P t . v (u » . E qua l i t y  

on TU x ( O , +oo)  fo l l o ws now , u s ing the pr o p er t i e s  o f  t h e  c o n t r a c 

t io n  o p erator  C
s 

w i t h  r e s p e c t  to  t h e  ext er ior pr o duc t . 

From t h e  prev ious propo s i t io n  and equa l ity ( 3 )  we g e t  

C O R O L LARY 2 . 2 .  L e t  P :  T 1 S p x ( O , +oo )  + T 1 M d e f ined b y  P (v , u , t )  

= P ( u )  • 
t . v  

Then P * (wn - 1
) = k . ( _ 1 ) n - 1

. \1  . d T 1 S A dt . n p p 

From e qual  ity ( 5 ) , l emma 1 .  3 . and t h e  previous  c o r o l l a ry  fo l 

lows  

C O R O L L ARY 2 . 3 .  The fun c t ion T : TS p + T1 M sat i s f i e s  T * ( wn - 1
) = 

- k 
= e . d TS  , wher e e ( u , O ) = - k  and e (u , w) = �

2 . \1  ( v , u , t )  p p p n p t
n - p 

- 1 
if  I w l  = t > 0 and v = t . w .  

REMARK . S inc e M i s  s impl y  connec t ed and w i t hout fo c a l  po int s 

it  fo l l o ws ( s e e [ 2 ] ) t ha t  fo r any g e o d e s ic 0 o f  M (wher e 0 i s  

regarded a s  a 1 - d imen s i ona l subma n ifo l d  o f  M )  and f o r  any po int 

q E M not ly ing on  0 ,  t h e r e  ex i s t s  a un iqu e  g e o d e s i c  t hrough 

q wh i c h  int er s ec t s  0 p e r p end icular l y . Due t o  t h i s fac t , for  

the  f ixed po int " p " , l et u s  d e f ine t h e  fam i l y  of  g e o d e s i c s  

d e p end ing o n  2n - 2  p a r ame t er s  f :  T S  x R + M b y  f (u , w , t )  = 
p 

= 1T 0 <P ( T (U , W) , t ) . 

+ + 
Henc e f l  : T S

p
x R  + T

1
M and G f : T S

p 
+ G a r e  b i j e c t ive mapp ing s .  

S inc e - 8n - 1  i s  i sometr i c  t o  8 , we c an s t a t e  our ma in r e su l t  
p 

a s  fo l l ows 

+ + + 
THE OREM 2 . 4 .  T he  man i fo Z d  G o f  M i s  defi n e d, and G f : T 8

p 
+ G 

i s  a diffe o m o rp h i sm , h e n c e  M i s  G -m e a s ura b Z e .  

Pro o f .  S inc e f l (u , w , t )  = <P ( T (U , W) , t ) t hen f o  
l emma 1 . 1  and t h e  pr ev i o u s  coro l l ary w e  g et 

T ; henc e by 



( f ' ) * (dT  M) 1 k- 1 . 6 dTS A d t . n p p 
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S inc e f '  i s  a b ij e c t iv e map and k- l . e  < 0 ,  i t  fo l l ows t h a t  f '  n p 

i s  a d i ff eomo r p h i sm ; c o n s e quent l y  the  g e o d e s ic spray r e s t r i c 
->-

t ed to  T I M d e f in e s  a r e gul ar fo l iat ion . Hen c e  t h e  man ifo l d  G 

i s  d e f ined . 
->-

S in c e  G f  i s  a b ij e c t ive map , by v irtue  o f  l emma 1 . 2 we g e t  
->-

t hat G f  i s  a d if f eomo rp h i sm . 

->-n - l  ->-
COROL LARY 2 . 5 .  The  v o l um e  dG  o n  G is  r epr e s ent e d  on TS  

->- P 
( v i a  G f )  by t h e  vo l ume 6 . dTS  . p p 

Pro o f .  S in c e  
->- ->- 1 ( G f ) * ( d Gn - ) 

6 . dT S  . p p 

->-
G f  = r 0 f o o n e  g et s  

= ( f ' ) *  o f * (dGn - l ) = o . 

EXAMPLE . I f M ha s c o n s t an t  s ec t ional curva tur e K = 2 - r  

(r  � 0 )  t hen in t h e  Euc l id e an c a s e  ( r  = 0 )  w e  g e t  6 - k . p 

In  t h e  hyp erbo l ic c a s e  ( r  > 0 )  we g e t  6 (u , O ) = - k  and p n 

S h (r . t ) n - 2 6 � (U , w) = - kn · Ch ( r . t ) . ( r . t ) 
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