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STRONGLY PERFECTLY PROPER EQUILIBRIUM

EZIO MARCHI and ESTELA OLIVERA

ABSTRACT. Perfect and proper equilibrium points have been re-
fined very recently by Garcia Jurado and Prada Sinchez who in-

troduced the notions of strongly proper and perfectly proper

equilibria. Here we further refine such concepts to strongly

perfectly proper equilibrium points, we prove their existence
and that they constitute a proper refinement,

I. INTRODUCTION

One of the most important solutions introduced in non-coopera-
tive normal games is the concept of equilibrium point due to
Nash [6]. Generally this point is not unique, for this reason
it is convenient to establish criteria selecting the most con-

venient and intuitive ones.

In this way Selten [1975] introduced the concept of perfect
equilibrium to eliminate solutions which are not stable
against any arbitrarily slight perturbation of the game stra-
tegies. Only those equilibria which are self-enforcing under
some arbitrarily slight player mistakes are acceptable.
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Myerson [1978] went further. He assumed that the players err
"rationally'" in the sense that their errors have probabilities
that fall as the cost of the error rises. Myerson's concept of
proper equilibrium eliminates those Nash equilibria that are
not stable under any érbitrarily slight rational player mis-
take.

Recently Garcia Jurado [1988] went further and he considered
not only that players will tend to err with more probability
towards that which cost less. But that besides it will tend

to err more those players having a lower the cost. He introdu-
ced the concept of perfectly proper equilibrium point and pro-
ved its existence.

In ‘ariother note Garcia Jurado and Prada Sinchez’ [3]} have in-
troduced the concept of -strongly proper. equilibrium-to rule
out Nash equilibria that are not stable under any arbitrarily
slight rational players error. Meaning rational is assuming
that errors with equal cost have equal probabilities.

In this paper we introduce the'éoncept'of strongly perfectly
proper equilibrium point, by short spp equilibrium point join
ing together the last two aspects.

2. CONCEPTS

In this section we introduce our notation and define the equi-
librium concepts introduced by Selten, Myerson, Garcia Jurado
and Garcia Jurado - Prada Sanchez. ' ' )

Let T be a n-person game in normal form, i.e.

T = (®;,.0.:5% 5 H,...,H)

n
where o is the finite set of pure strategies of player i and
Hi defined from ®;x ... x9d to the reals R is his payoff func-

tion. Let Si be the set of mixed strategies of player i, i.e.

d .
S; = {si € Rl 1':» I osi(e)=1 s;(6,) 0 v ¢, €0}

$;E2;
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An s; € Si is completely mixed if si(¢i) >0 Vv $; € 2,.

Each s = (51"°"Sn) €S = S1 X oo xSn is termed a combination

of strategies, and for s; € S; the combination of strategies
(sl’°°"Si-l’§i’si+l""’sn)

is denoted by s\?i. An s = (s;,...,s ) €S is completely mixed

if all its components s; are. We recall that the set of pure

strategies @i can be treated as a subset of Si by identifying

each ¢i with that si.e Si for which si(¢i) = 1 and Si(¢i) =0

!
for all 9} € @i \{¢i}.
The extension of Hi to S is defined by

n
H.(s) = H.(S;p.0.,5) = )) H.(¢,,,,6 ) I's.(¢.)
i T gpeent) €8x xa 2 E T e 3T

and s;, s
if

; € 8; are said to be payoff-equivalent for player i

H; (s\s;) = Hi(s\gi) Y s €S.

¢i €9, is a best pure response to s € S for player i € N if

Hi(s\Ei) = midx H,(s\9,).
¢ie¢.

The set of all player i's best pure responses to s_will be de-
noted by Bi(s). Ei € Si is a best response to s € S for player

i if for all s. € S.
1 1
Hi(s\si) = Hi(s\si).

s = (5;,...,5 ) €8 is a best response to s € § if for all i,

Ei is a best response to s for player i. s € S is a Nash equi-
librium if it is a best response to itself.

An s = (51”"’5n) € S is an € - perfect equilibrium if it is

completely mixed and, vV ¢,, V $i and ¥V i
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H,(s\¢.) < Hi(s\$i) =s.(9;) <e.

An s = (sl,...,sn) € S is a perfect equilibrium if there

} =

. . (-]
exists a pair of sequences {ek}k=1 and { k=1

Sk
k kyq®
= {(sl,...,sn)}k=1 such that:

a) € >0 v k, 1lim € = 0
. s k>oo

b) s, is an g, -~ perfect equilibrium vy k.

k

) limsf(e;) = s;(6;) v ¢; €0, and v i.

k>

An s = (51,...,sn) € S is an € - proper equilibrium if it is

completely mixed and, v ¢., v 6& €%, and v i
H,(s\¢,) <H;(s\$;) = 5.(0,) <e s.(9,).

An s = (sl,...,sn) € S is a proper equilibrium if there exists

. 4 w © .k Ky,
a pair of sequences {ek}k=1 and {sk}k=1 = {(sl,...,sn)}k=1

such that
‘a) e, >0V k lim €, =0
k ’ k> k
b) Sk is an €, - broper equilibrium v k.
. k _ B .
A strongly e-proper equilibrium is a point s = (sl,...,sn) €S
if:

a) It is € - proper equilibrium _
b) v ¢i, ¢i G’Qi\Bi(s) and Vv i, si(¢i) = si(¢i) if ¢i and

$i are payoff-equivalent for player i.

An s = (sl,...,sn) € S is a strongly proper equilibrium point

. . . ©o o
if there exists a pair of sequences {e }, _, and {s.},_,

= {(sﬁ,...,sﬁ)}:=l such that:
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a) €1 >0 v k, lim € = 0

k=00
b) s, is a strongly €, - proper equilibrium v k

c) 1lim s?(¢i) = si(¢i) v ¢, € o, and v 1i.

k>

Garcia Jurado and Prada Sanchez in [3] have proved the existen
ce of strongly proper equilibrium point which is a proper re-
finement of the concept of proper equilibrium point. They gave
the following example

By B2 Bs
ot Yy
2z o |0 2y
%7 2 |V os00 | T 2
%7 |V Y s

The points (al,Bl) and (az,Bl) are proper equilibrium points

but only the point (al,Bl) is strongly proper.

A point s = (sl,...,sn) is an € - perfectly proper equilibrium

point if and ohly if:

a) s is completely mixed

b) If Hi(s\¢i)-Hi(s\¢i) < Hj(s\¢j)-Hj(s\¢j) with ¢, € Bi(s),
¢J € BJ (s) then Sj (¢J) <e si(¢i) v ¢i € q>ia v ¢j € (PJ'

vi,je{1,...,n}.
It is said that a point s = (51"“’5n) € S is a perfectly

proper equilibrium point if and only if there exists a pair

© oo _ k -k o
of sequences {Ek}k=1 and {sk}k=1 = {(sl,...,sn)}k=1 such
that
a) € >0 v k, 1lim € = 0
k>
b) sy is € - perfectly proper V k
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. k _ ' .
c) 1lim si(¢i) = si(¢i) v ¢, €0, V i€ {1,...,n}.

k>

Garcia Jurado in [2] has introduced a concept properly refining

the concept of proper equilibrium point.

In his doctoral thesis Van Damme [1983] shows the fact that
enlarging dominated strategies the set of proper equilibrium
might enlarge too. He used the following example

2 2
0«1 0‘2
1| 0
%1 L 0 4
r
1
1 |o 0
*2 0 0 4

It is clear that the unique proper equilibrium point in Ty is

(a{,ui). Consider the game r, which is obtained enlarging a

strategy strictly dominated for the third player in the game
T o

L

ap [T 1 |0 o , ay |0 o o 120

oy LO o ;| % 0 oy .’0 (R R T
| o o

In r, the points (ai,ai,ai) and (aé,ag,uf) are’ﬁropér equili-

brium points. Garcia Jurado in [6] proved that the point

(ag,ag,ai) is not. perfectly proper.

3. STRONGLY PERFECTLY PROPER EQUILIBRIUM POINT

As we mentioned in the Introduction we introduce a further
concept which will result to be a proper refinement of the

-
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concept of perfectly proper equilibrium point.
We say that a point s = (sl,...,sn) € S is € - strongly perfec-

tly proper equilibrium pdint or briefly € - s.p.p. equilibrium
point if:

a) s is completely mixed
b) if Hi(s\¢i)-Hi(s\$i) < Hj(s\¢j)-Hj(s\$j) with ¢. € B, (s)
and ¢j'e Bj(s) then sj($j) <e¢ si($i) v $i €,

v $j G’Qj vi,j €{1,...,n}

) ¥ by, $i € ¢.\B.(s) and v i, s.(¢;) = si($iJ if ¢, and

$i are payoff-equivalent for player i.

A point s = (sl,...,sn) € S is called to be strongly perfectly

proper equilibrium point or briefly s.p.p. equilibrium point
if there exists a pair of sequences

e dony » ((sX, 00,8905 = (s, 0% such that

a) vk €1 > 0; 1im € = 0
k>

b) vk Sy is a € - s.p.p. equilibrium point

. k .
c) 1lim si(¢i) = si(¢i) v ¢; € ., v i€ {1,...,n}.

k>

It is clear that a s.p.p. equilibrium point is a perfectly
proper equilibrium point. The inverse is not true in general.
Consider the example

Bi Bo B3
112 2 | Vg | T
912 5 | 0 42y
%30V 2| Tz |V 2| T
N N
% 12 2 | Ty
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It is eaéy to check that the points (uu1+(1—u)a5;sl), u € [0,1]
and (az,sl) are perfectly proper equilibrium points. Consider

first the point (az,sl). Taking the sequences
1

fx T 2
k _ .k - 1 =
51(01,1) = sl(as) = m k = 4,5,...
2
sylap) = 1 - 309 ¢k 2) +;51 3 s(ay) = : 35 5100) = : 3
300 (k+2) 300 (k+2) 2 (k+2)
sk(g) =1 - =23 5 sk = —Lg s skey) - —1—
2(k+2) 2 (k+2) 2(k+2)

then we have
H.(s\o,)-H. (s\a,) = 1 - ——
1 2 1 3 (k+2)3
_k+1
2(k+2)3

Hl(s\uz)-Hl(s\al)
and

Hl(s\az)-Hl(s\aS) = Hl(s\az)-Hl(s\al) < Hl(s\az);Hl(s\u3)
sﬁ(a3) <es¥(e) and (o) <e s¥a))

hold true. The same for a. and ao,. For the second pléyer

1 4
1
H,(s\B,)-H (s\B,) = 1 - ——
2 1 2 2 (k+2)3
‘ v 301
H, (s\B,)-H, (s\B,) = 1 _—
2 1772 3 300 (k+2) 2
and
Hy (s\B;)-H,(s\B3) < H,(s\B;)-H,(s\B,)
s5(B,)) < e s5(By)
holds true.
Finally

Hl(s\az)-Hl(s\as) = H (s\a,)-H (s\a)) < Hz(s\Bl)-Hz(s\Bz)
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s:(Bz)s ekslf(al)

s5(8,) <e,.55(ay)
HZ(S\Bl)-HZ(S\B3) < Hl(s\az)—Hl(s\a3) = Hl(s\az)-Hl(s\a4)

sf(a3) < eks;(83)

k k
and

H) (s\ay) -H (s\ag) = Hy(s\oy)-Hy (s\e)) < Hy(s\B))-H,(s\8,)
s3(83) < g,sf(ay)
s¥(83) <esi(ag)

and in this way it is shown that the point (a,,B;) is a per-
fectly proper equilibrium: point. , ’
In an analogous way we will show that .the point (ua+(1qﬂa5,81)

with yu € [0,1] is a perfectly proper‘equilibriUm poiht. Indeed

1 k k
take the sequences € = %37 sl(al) = sl(as) =
1 300 (k+2)+1 K 1 K,y k. .
= = [1 s (a,) = 3 s;lag) = s;(a,)=
300 (k+2
e R ¢ [ — R I I T e
300(k+2) 300(k+2)-1 (300(k+2)-1) (k+2)

1 Lk 1 1

k
s, (B,) = —— B,) =
272 (k+2)2 55 (83) (k+2)2  300(k+2)-1

then we have
Hl(s\as)—Hl(s\aZ) = Hl(s\al)-Hl(s\az) =

1 1 1
(k+2)%  (k+2)2  300(k+2)-1

Hl(s\al)-Hl(s\a3) = Hl(s\al)-Hl(s\a4)
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I D 1

(k+2)%  (k+2)%  300(k+2)-1

and

Hl(s\al)-Hl(s\az) <.H1(s\a1)-Hl(s\a3) = HI(S\al)_Hl(S\GA)

K K
sp(az) < gpsy(a,)
K K
spla) < gesp(a,).

For the second player

1 ' 1
H, (s\B,)-H, (s\8.) = 1 - (1 + —1
2 172 2 (k+2)2 300(k+2) -1
Hy (5\8))-H, (s\B;) = 1 - —2>—— (1 + :
300 (k+2) 300(k+2)-1

and

H, (s\B,)-H,(s\B,) < H,(s\B;)-H,(s\B,)
s5(By) < €,5,(8,).

Finally |

H, (s\e;)-H (s\e,) < H,(s\B;)-H,(s\B,)

| sg(sz) < sksﬁ(az)

Hl(s\al)-Hl(s\az) < HZ(S\BI)'H2(5\63),
s5(83) < e sf(ay)

and ' '

H; (s\a;)-H; (s\ajy) < H,(s\B;)-H,(s\B3)
s5(8,) < eysyay).

Similarly for 53(83) < e#s%(aA).

The term Hl(s\al)-Hl(s\a3) equals H2(5\61)4H2(s\82)

and

Hl(s\al)-Hl(s\a4) equals Hz(S\Bl)'Hz(S\Bz)‘
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The strategy ag does not have to appear in the inequalities
. k _ .k
since sl(as) = sl(al).
Thus, the point (ua1+(1-u)a5,81) with © € [0,1] is a perfectly
proper equilibrium point.

We have that perfectly proper equilibrium points are not al-
ways s.p.p. equilibrium points. For suppose otherwise, and let

{Ek}:=1 be a sequence satisfying the conditions of the defini-

) © ok _ky,® .
tion and {sk}k=1 = {(51,52)}k=1 a sequence of strongly €

perfectly proper equilibria converging to (az,Bl). Since

k> k= k>

. . . k . k
lim sg(sl) = 1 and 1im 55(82) = tiﬁ 52(83) = 0, lim sl(az) = 1;

. k
lim sl(ai)

k>

0 i€ {1,3,4,5} 3 K€ N such that v k > K,

k k . ) .
Og,0, ¢ Bl(skJ. Hence sl(a3) = sl(a4) if -k > K, for the s, are

strongly e, - perfectly proper and aj, a, are payoff-equiva-

k .
lent for player 1. Accordingly, for k = K

Hz(sk\Bl)-Hz(sk\Sz) < Hz(sk\Bl)-Hz(sk\83)
which successively entails that 55(63) < ¢ Sk(B ).
v T v 2" k™2%72
This implies
Hl(sk\az) < Hl(sk\ul)
which implies
Hi(sk\al)ﬁHl(sk\as) =0< Hl(sk\al)'HL(sk\qz)
and
k k
sl(az) < eksl(as).
But this means that it is impoésible that,iim sT(dé) = 1 which
->00

is a contradiction. Hence s.p.p: equilibrium points is a
strict refinement of the concept of perfectly proper equili-
brium.



192

4. EXISTENCE -OF S.P.P. EQUILIBRIUM POINT

In this paragraph we will prove that any normal n-person game
has a s.p.p. equilibrium point. The proof follows the ideas of
Garcia Jurado.

We first show that v e € (0,1) 3 a e, - spp equilibrium s

k k k*

Consider e, € (0,1). Denoting |¢;] = mj, define,

n

;] m

i=1 *t

Cx

v i€ {1,2,...,n}, let vy = =

J m

i=1 *

Consider thg set S;(v) = {s; €8,/s,(¢;) 2v; V ¢; € %}

v i€ {1,2,...;n}

and let S(y) = SI(Y) X oae X Sn(y).

Define now the multivalued function F: S(y) — P(S(y)) given
by
F(s) = {0 € S(v) / Hy(s\6)-H (s\o}) < H,(s\o;)-H,(s\¢])

with ¢i € Bi(s), ¢j € Bj(s) = oj(¢5) < Ekoi(¢£) v ¢£ € 9.
v ¢3 € ¢j’ v i,j ci(¢i) = oi(¢i) payoff-equivalent for i,

¢:"L’ ¢i € Qi\Bi(S)}.

S(y) is compact convex and non empty and F(s) is compact and
convex VY s € S(y). Moreover v s. € S(y), F(s) is non-empty.
Indeed, if we define

n

A(s\e}) = j£1 |{¢3 € ¢j/Hj(s\¢j)-Hj(s\¢§) < H;(s\¢;)-H,(s\¢})

with ¢j€Bj(s),¢i€Bi(s)}| v ¢} €0, vie€ell,...,n}

and o = (01,...,cn) such that for each player i
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A(s\d )
€
_ k
oi(¢i) = n A(S\¢') v ¢i é Bl(SJ
€ i
i=1 ¢leo, k
1 - ) g.(¢")
¢1¢8,(s) T}
B.(s)
1

then o € F(s) and this for each s € S(y).

We observe that F is upper semicontinuous. By Kakutani's fixed

point theorem (1Y41), F has a fixed point which is €, - S-P.DP.
- Now let {ek};:=1 be a sequence such that it is possible to find
a subsequence of €c - S:P-P. equilibrium points.

Because S is compact this subsequence converges to a point
s € S which is s.p.p. equilibrium point. (q.e.d.)
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