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1 8 1  

A B S T R A C T . Per fect and proper equ i l ibr ium po int s have been r e ­

fined very r ecent ly  b y  Garc ia Jurado an9 Prada Sanchez who in ­
tro duc ed t he no t ions o f  s trongly  proper and perfectly  pro per 
equ i li br ia .  Her e we further refine  such conc ept s to  s t rongly 

perfectly  proper, equil ibr ium po int s ,  we prove their  ex i s t enc e 

and t hat  t hey cons t itut e a proper r e f inement . 

I .  I N T RO D U C T I O N  

One o f  the mo st  important solutions introduc ed in non - coopera ­

t ive  normal games  i s  the  conc ept o f  equil ibr ium po int due to  

Na sh  [ 6 ] . G en eral l y  t h i s  po int i s  no t un ique , for  this  rea son 

it  is conven i ent to  e s tabl i sh  cr it er ia s el ect ing the mo s't con ­

v en i ent and intuit ive ones . 

In t h i s  way S el t en [ 1 9 7 5 ] int roduc ed the concept o f  p erfect  

equil ibr ium to  el iminat e solut ions which are  no t stabl e 

aga inst  any arb it�ar i l y  s l ight perturbat ion o f  the  game stra ­

t eg i e s . Onl y  tho s e  equil ibr ia which ar e s e l f - enforc ing under 

some arb itrar ily  s l ight player mistake s  are  acceptab l e. 

T h i s  p a p e r  h a s  b e en p a r t i a l l y ,  s u p p o r t e d b y  C ON I C E T  a n d  C . y  T .  
o f  U . N . S . L .  
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Myer son [ 1 9 7 8 }  went f�r t her . H e  a s sumed that , t he p l ayer s err 

" r a t iona l l y"  in the  s en s e  t ha t  t he ir err o r s  hav e p r o b ab i l i t i e s  

t ha t  f a l l a s  t he c o s t  o f  t h e  err or r i s e s . Myer s o n ' s  c o n c ep t  o f  

pr o p er e qu i l ibr ium e l imina t e s  t ho s e  Na s h  e qu i l ibr i a  t ha t  ar e - -
no t s t a b l e under any arb i t r ar i l y  s l ight  r a t ional  p l ayer m i s -

t a k e . 

Rec ent l y  Gar c i a Jur ado [ 1 9 8 8] went furt h er and he c o n s id er ed 

no t o n l y  t ha t  p l ayer s w i l l  t end to err w i t h  mor e  p r o bab i l i t y  

toward s  t ha t  wh i c h  c o s t  l e s s . B u t  that  b e s i d e s  i t  w i l l t end 

to err mo r e  t ho s e  p l ayer s hav ing a l ower t h e  c o s t . He introdu ­

c ed t h e  conc ept o f  p er f e c t l y  proper  e qu i l ibr ium po int and pro ­

v ed i t s  ex i s t enc e . 

I n  ano t her no t e  Gar c ia Jurado and Prada Sanc h e z ' [ 3 }  have in ­

trodu c ed t he c o n c ep t  o f  s trong l y  proper  e qu i l ibr ium - to  rul e 

out Na s h  e qu i l ibr ia that a r e  no t s t a b l e und er any a r b it r ar i l y  

s l i g ht r a t ional  p l a y er s  er r o r . Mean ing r a t iona l  i s  a s suming 

t ha t  erro r s  w i t h  e qu a l  c o s t  hav e e qua l probab i l i t i e s � 

I n  t h i s  p aper  we introduc e t h e  conc ep t "  o f  s tr o n g l y  p er f e c t l y  

pr o p er e qu i l ibr ium p o int , b y  s ho r t  s p p  e qu i l ibr ium po int j o i� 

ing  t o g e ther the  l a s t  two a sp e c t s .  

2 .  C O N C E P T S  

I n  t h i s  s ec t ion w e  in't r o duc e  our no t a t ion and d e f in e  t h e e qu i ­

l ibr ium c onc ept s int roduc ed b y  S el t en ,  Myer son , G arc i a  Jurado 

and G ar c i a Jur ado - Pr ada Sanche z . 

L e t  r b e  a n - p er son game in normal for m ,  i . e .  

wher e I . i s  the  f in i t e  s e t  o f  pur e s t r a t eg i e s  � f  p l ayer i and � 
H i d e f ined from I I x . • .  x I

n 
t o  t h e  r ea l s R i s  h i s  payo f f  fun c ­

t io n . L e t  S ,  b e  the  s e t  o f  m ixed s tr at e g i e s  o f  p l a yer i ,  i . e . � 

S .  � 
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An s .  E S .  is compl e t e l y  mixed if s . ( <P . ) > 0 'tJ <P .;  E <p .; ' � � � � L L 

Each s = ( s l " ' "  s
n

) E S = S 1 x • • •  x S
n 

i s  t ermed a comb inat ion 

o f  strateg i e s , and for 5i E S i the comb inat ion o f  strat e g i e s  

( s l ' · · · ' s .  1 , 5 . , S · + 1 ' · · · ' s ) � - � � n 

i s  d eno t ed by S \5i . An s = ( s 1 , • . •  , s
n

) E S i s  comp l e t ely  mixed 

if all it s component s s i ar e . We recal l t hat  the s e t  o f  p ur e  

s trat e g i e s  <P .  can b e  treat ed as  a s ub s et o f  S .  b y  ident i fy ing � � 
each <p .  with t hat S . E S .  for which s . ( <P . ) = 1 and s . ( <P ! )  = 0 � � � � �  � �  
fo r a 1 1  <P !  E <P .  \ { <P  • } . � � �  

The ext ens ion o f  Hi t o  S 

H . (s) = H . (s 1 ' ' ' ' ' s  ) = . � � n 

i s  d e fined by 

and s i ' s i E S i are s a id to  be  payo ff- equiva l ent for player i 

i f  

<p .  E <P .  i s  a best  pur e  r e spons e  t o  s E S for pl ayer i E N i f  � � 

The s et o f  a l l  pl ayer i t s best  pur e  r e spon s e s  to  s wil l b e  d e ­

noted by B .  ( s ) . 5 . E S .  i s  a best  r esponse  to  s E S for pl ayer � � � 
i if  for a l l  s i E S i 

5 = (51 " ' " 
5

n ) E S i s  a b e s t  r e spon s e  to s E S i f  for a l l  i', 

s .  i s  a b e s t  r e s pon s e  to  s for player i .  s E S i s  a Na sh  equi ­� 
l ibr i um i f  it i s  a b e s t  r e spons e  to it s el f. 

An s = ( s 1 " "  , sn ) E S is an e: - per fect equil ibr ium i f  it i s  

compl etely mixed and , V <p i ' 'r/ '$ i and 'rJ i 
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H . ( 5 \<1> . ) < H .  ( S \� . )  .. S .  ( <1> . )  <: E . 1 1 l ' 1 1 1 

An 5 = ( 5 1 " "  , Sn ) E S i s  a per fec t equil ibr iUlTI i f  t her e 

exist s  a pa ir o f  sequences { Ek }�= 1 and { s k }�= 1 
k k 00 = { ( s l , . . .  , s n ) Jk= 1 s uch t hat : 

a ) 

b ) 

lim Ek = 0 
k+co 

s k i s an Ek - per fec t  equil ibr ium 'd k .  

c ) l im s � ( <I> . )  = 5 . (<1> . ) 'd <1> .  E <I> .  and 'd i .  
k+oo 1 1 1 1 1 1 

An 5 = ( 5 1 " " , sn ) E S i s  an E - proper equil ibr ium i f  it i s· 

completely mixed and , 'd <P l. '  'd � .  E <I> .  and 'd i 1 1 

H . ( s \<P . )  < H . l S \� . ) .. s . l <l> . )  .;;; E S . l� . ) .  ' 1  1 1 1 1 1 1 1 

An S ( s l , . • .  , sn ) E S i s  a proper equil ibr ium i f  t here ex i s t s 
co OG k k oo  a pa ir o f  s equence s  { Ek } k= 1 and { s k } k= 1 = { . ( s l ' · · · , sn ) } k= l 

such  that 

a ) Ek > 0 'd k ,  l im Ek = 0 
k+co . 

b ) sk i s  an Ek - proper equil ibr ium 'd k .  

c.) . l im s � ( <I> . ) = s i ( <I> i) 'd <l> i  e <I> .  and 'd i .  
k+CX! 1 1 � 1 

A s trongly E -proper e quil ibr ium i s  a po int 5 
i f :  
a ) I t  i s  E - proper equil ibr ium 

b ) 'd <l>i ' �i e <I> .  \B .  ( 5 ) and 'd i , s i ( <I> i) = . 1. 1 

$i are payo ff- equival ent for player i .  

s . (� .) 1 ·  1 i f  <P i and 

An 5 = ( S i ,  . . •  , s
n

) E S is  a strongly proper equil ibr ium po int 

if there exi st s a pa ir o f  s equence s { e: k }�= 1  and { s k l�= l = 
{ k k } oo = ( 5 1 " . . , s

n
) k= l such that : 
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a ) 

b )  

c )  

"il k , l im E k k->-oo 
o 
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S k is a s t rongly E k - proper equil ibr ium "il k 

1 im s � ( CP  . )  = s . ( CP  . )  "il cP 
1.
' E <P 

1.
' and "il i .  

k->-oo 1. 1. 1. 1. 

Garc ia Jurado and Prada Sanchez in [ 3 )  have pro ved the exi s t e� 
c e , o f  s trongly proper equil ibr ium po int which i s  a proper r e ­
finement o f  the conc ept o f  proper equil ibr ium po int . They gave 
the fo l l owing examp l e  

2 2 1 1 ! 1 1 

2 2 0 1 2 1 

1 2 1 3 0 0  1 2 

1 2 1 1 1 3 

The po int s  (a. 1 , 13 1) and ( a.2 , 13 1) are proper equil ibr ium po int s 

but only the po int (a. 1 , 13 1) i s  strongly proper . 

A po int s = ( s l , . . .  , sn ) is an E - per fectly proper equil ibr ium 
po int i f  and only i f : 

a ) s i s  complete ly mixed 

b ) I f  H i ( s \CP ) - Hi ( s \$) < Hj ( s \CP j ) -Hj ( S \�j ) with CP i E B i ( s ) , 

cp o  E B . ( s ) then s . (� . ) '" E s . (� . )  "il � .  E <ii . , "il � .  E <P . J J J J  1. 1.  1. 1. J J 
"il i , j E { l ,  . . . , n } .  

I t  i s  s a id that a po int s ( s l , . . .  , sn ) E S i s  a per fectly 

proper equil ibr ium po int i f  and only if ther e exi s t s  a pa ir 

o f  s equences 

t hat 

a )  "il k ,  1 im  E k = 0 
k->-oo 

b )  s k i s  Ek - per fect ly  proper "il k 

such 
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c ) l im s� ( 4) i ) = s i ( 4) ) I;j 4> i E /P i I;j i E { 1 , . . . , n } . 
k+oo ' 

G a r c ia  J ur ado in [ 2 ] ha s int r o d uc ed a conc ept prop e r l y  r e fin in g 

t he conc ept o f  pro p e r  e quil ibr i um po int . 

I n  h i s  do c to r a l  t h e s i s  Van Damme [ 1 9 8 3 ] s hows t h e  fa c t  t ha t  

enl ar g ing  dom inat ed s t r a t e g i e s  t h e  s e t  o f  p r o p e r  e q ui l ibr i um 

mi ght en l a r g e  t o o . He  us ed  t h e  fo l l ow in g  examp l e 

1 1 1 

0 0 1 

0 0 

0 0 

1 

1 

r 1 

I t  i s  c l ear t ha t  the un i que pro per  e q u i li br i um p o int in r l i s  

1 2 . '  
( a I , a I ) .  Con s i d e r  t h e  game r

2 
wh i c h  is  ob t a ined en l ar g in g  a 

s t r a t e gy s t r i c t l y  domina t ed fo r the  t h ird p l a yer in t h e  game 

r I , 

a 2 a 2  1 2 
1 0 a l 0 0 0 0 0 ' 0  -0 : 
1 0 0 a 2 0 0 0 0 J ,1 0 0 

3 a l 

I n  r 
2 

t h e  po int s 1 2 3 
( a I , a I , a I )  

1 2 3 and ( a
2 , a

2 , ai ) ar e ' proper  e q U i l i -

br i um  po int s . Garc ia  J ur ado in [ 6 ]  pro ved t�a t  t h e  po int 

( 1 2 3
) 

. f 1 a 2 , a
2 , a I · l S no t .  per  e c t  y pr oper . 

3 .  S T R O N G L Y  P E R F E C T L Y  P R O P E R  E Q U I L I B R I U M P O I N T  

A s  w e  ment ioned in t h e  I nt r o d uc t ion we int r o d uc e  a fur t h er 

conc ept which w i l l r e sul t t o  b e  a proper  r e f inement o f  t h e  
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conc ept o f  per fect ly  proper equil ibr ium po int . 

We say tha t  a po int 5 = ( S l ,  . . .  , Sn ) E S i s  E - strongly per fec ­

t l y  proper equil ibr ium po int or br i efly E - s . p . p .  equil ibr ium 
po int i f :  

a )  5 i s  compl etely m ixed 

b )  i f  Hi ( s \� i ) - H i ( s \�i ) < Hj ( S \� j ) - Hj ( S \�j ) with � i E B i ( s )  

and � j E Bj ( 5 )  then S j (�j ) ..;; E s i (�i ) V �
i 

E w i ' 

V �j 

c )  V � i ' 

�i are 

E W .  J 

� .  E l. 

V i , j  E 

W . \B . ( 5 )  l. l. 

{ l ,  . . .  , n } 

and V 

payo ff- equival ent for 

i ,  s . ( � . J  l. l. 

pl ayer i . 

= s i (�i ) if � i and 

A po int 5 = ( s l , . . .  , sn ) E S is cal l ed to be s t rongly per fectly 
proper equil ibr ium po int or br i e fly s . p . p .  equi l ibr ium po int 
if there exist s a pa ir o f  s equences 

00 k k oo 00 { E k } k= l ' { ( s l , · · · , sn ) } k= l = { s k } k= l such that 

a )  V k Ek > 0 ;  

b ) V k s k i s  a 

c ) l im k 
S i  ( 4I i ) = 

k�oo 

l im E k = 0 
k+co 
E - s . p . p .  

5 · ( 41 · ) l. l. V 

equil ibr ium po int 

� i E W i '  V i E { l ,  . . .  , n } . 

I t  i s  c l ear that a s . p . p .  equi l ibr ium po int i s  a per fect ly  
proper equil ibr ium po int . The inver s e  i s  not true in  general . 
Cons ider the examp l e  

2 2 1 
1 1 

1 

2 2 0 1 2 1 

1 2 1 301 1 2 r 

1 2 1 
1 1 

3 

2 2 1 1 1 1 
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I t  i s  easy to  check  t hat  the  po int s ( ll Cl l + ( l - 11 ) a S ; f3 l ) ,  II E [ 0 , 1 ]  

and ( a 2 , f3 l ) are  p er fect l y proper equil ibr ium po int s . Co n s ider 

fir st t he po int ( a 2 , f3 l ) .  Taking t he s e quen c e s  

1 E k = k+ 2 

k 1 
s l e a S ) = 2 ( k+ 2 ) 

1 _ 3 0 0 ( k+ 2 ) 2 + 1 5 1 

3 0 0 ( k+ 2 ) 3 

s k ( f3  ) = 1 _ 
k+  3 

2 1 2 ( k+ 2 ) 3 

t hen we have 

and 

k = 4 , 5 , . . .  

300 (k+2) 3 

2 ( k+ 2 ) 3 

( k+ 2 ) 3 

k+ l 

2 ( k+ 2 ) 3 

ho ld  t r ue . The same fo r a l and a 4 . For the  s econd pl ayer 

1 _ 1 

( k+ 2 ) 3 

1 _ 3 0 1  

3 0 0 ( k + 2 ) 3 

and 

ho lds  true . 

F ina l l y  

) 

) 
) 
) 
) 
) 
) 

) 
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k k S 2 ( S 2 ) � £ kS l (a. l ) 

S � ( S 2 )  � £ kS � (a. S ) 

k k 
5 1 ( 0. 3 ) � £ kS 2 ( S 3 ) 

S� ( a. 4 )  � £ kS � ( S 3 ) 

k k S 2 ( S 3 ) � £ kS i (a. 1 ) 

S � ( S 3 ) � E k S � ( a. S ) 

and in this  way it i s  shown that t he po int ( a. 2 , S I ) i s  a per ­
fec t ly  proper equil ibr ium po int . 

In an ana logo us way we will show t hat  the po int (lla.+( l - l-t) a.S , SI ) 

with II E [ 0 , 1 ] i s  a per fect ly proper equil ibr iUm po int . Indeed 
1 k k take the sequences  £ k = k+2 5 1 (0. 1 ) = s l ( a. S ) = 

1 [ 1 3 0 0 ( k+2) + 1  ] k 1 k 
2 - 5 1 ( 0. 2 ) k+2 5 1 (0. 3 ) 

[ 3 0 0  ( k+2) - 1 ] ( k+2) 

1 k 300 Ck+2� 

k 
5 1 (0. 4 )= 

( 1 ) 1 -
3 0 0 ( k+2) 2 + s 2 ( S I ) (300 (k+2) � 1 ) (k+2) 2 3 0 0 ( k+2) - 1  

S k ( S  ) = 1 
2 2 

( k+2) 2 

then we have 

( k+2) 2 ( k+2J 2 

H 1 ( s \a. 1 ) - H 1 ( s \a. 2 ) 

1 
3 0 0 ( k+2) - 1  

3 0 0 ( k+2) - 1  
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= 1 _ 
1 

( k+ 2 ) 2 ( k+ Z )
2 

3 0 0 (k+ 2 ) - 1  

and 

k 
.;;; £ k s l {Ct 2 ) 

k 
.;;; £ k s l (Ct 2 ) ·  

For t he s econd player 

H2 (s  \ S 1 ) - H 2  (s  \ S 2 ) = 1 -
( k
+\ 

)
2 ( 1 + 1 ) 

3 0 0 ( k+ 2 ) - 1  

and 

F ina l l y  

1 - 3 ( 1 + ) 
3 0 0 ( k+ 2 )

2 
3 0 0 ( k+ 2 ) - 1  

H l ( S \Ct l ) - H l l s \a 2 ) < H2 ( s \ S l ) - H2 ( s \ S 2 ) 
k k 

s 2 ( S 2 ) .;;; £ k s l ( Ct 2 ) 

H 1 ( S \Ct 1 ) - H 1 ( s \Ct 2 )  < H2 ( s \ S l ) - H2 ( s \ S 3 ) 

s� ( S 3 ) � £ k s � ( Ct 2 ) 
and 

H 1 ( S \Ct 1 ) - H 1 ( S \Ct 3 ) < H2 ( s \ S l ) - H 2 ( s \ S 3 ) 

s � ( S 3 ) .;;; £ k s� (Ct 3 ) ' 

S imilar l y  for 

The t erm H 1 ( s \Ct 1 ) - H 1 ( s \Ct 3 ) equa l s  H 2 ( s \ S l ) � H 2 ( s \ S 2 )  
and 
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) 
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) 
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The strat egy a s do e s  not have to appear in the inequal it i e s  
k k s inc e  s l ( a S ) = s l ( a ! ) . 

Thus , the po int ( \J a l + ( l - \J ) a S , f3 I ) with \J E [ 0 , 1 ]  i s  a per fec t ly 

proper equil ibr ium po int . 

We have that per fec t l y  proper equil ibr ium po int s are  no t al ­
ways s . p . p .  equil ibr ium po int s . Fo r suppo s e  o therwi s e , and l et 

{ E k } �= 1 be a s equence  s at i s fying the condit ions o f  t he d e fin i -
. 00 k k 00 t lon and { s k } k= 1 = { ( s l , s Z ) } k= 1 a s equenc e o f  s trongly E k -

per fectly proper equi l ibr ia converg ing to (u Z , f3 I ) .  S inc e 

l im s � ( f3 I ) and l im s � ( f3 z ) l im s � ( f3 3 ) = 0 ,  l im s � (u z ) 1 ;  
k+oo k+oo k+oo k+oo 

D i E { 1 ,  3 ,  4 • 5 } 3 K E N  s uc h t ha t 'It k ;;;;' K , 

a 3 , a4 � B I ( s k ) .  Henc e s � ( a 3 ) = s f ( a 4 ) i f  k ;;;;. K ,  for the ' s k are 
strongly E k - per fec t l y  proper and a 3 , a 4 are payo ff- equiva ­

l ent for player 1 .  According ly , for k ;;;;. K 

Th i s  impl ies 

wh ich impl i e s  

and 

But thi s  means that it is impo s s ibl e t hat l im s kl (a Z ) k+oo 1 which 
is  a contrad ict ion . Hence  s . p . p �  equil ibr ium po int s i s  a 
str ict r ef inement o f  t he concept o f  per fec t ly  proper equil i ­
br ium .  
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4 .  E X I S T E N C E  O F  S . P . P .  E Q U I L I B R I U M P O I N T 

In this paragraph we wi l l  prove that any normal n - p er son game 
has a s . p . p .  equil ibr ium po int . The proo f fo l lows the ideas of  
Garc ia Jurado . 

We fir s t  show that  \;j E k E ( 0 , 1 )  3 a E k - spp equil ibr ium s k '  

Cons ider E k E ( 0 , 1 ) . Deno t ing I � i l = mi , de fine , 

V i E { 1 , 2 ,  . . •  , n } , l e t  

Cons ider the  s et S . (y ) l. 
V i E { 1 , 2 ,  . . . , n } 
and l et 

y 

n 
I i = l 

n 
I 

i = l  

m .  l. 

m .  l. 

Define now the mul t ival ued funct ion F :  S (y )  - P ( S (y ) ) g iven 
by 

\;j <I> �  E � . , V i , j  o . ( CP � )  J J l. l. 0 . ( <1> . )  payo ff- equival ent for i ,  l. l. 

S (y )  i s  compac t convex and non empty and F ( s )  i s  compact and 
convex \;j s E S (y ) .  Mor eo ver \;j s E S (y ) , F ( s ) is non - empty . 
Inde ed , i f  we de fine 

n 
A ( s \<I> j ) 

j L 1 { <I> j E �/Hj ( S \<I> j ) -Hj ( s \<I> j ) < H i ( s \<I» - H i ( s \<I> j ) 

with <1> .  E B . ( s ) , <1> .  E B . ( s ) } 1  \;j <l> l.� E � l.' \;j i E { l ,  . . .  , n }  J J l. l. 
and a = t o l , . . .  , o

n
) s uc h  that for each pl ayer i 

) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 

) 
) 

) 
) 

) 
) 
) 

) 

) 
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cr . ( </>  ! ) ]. ]. 

then cr E F ( s ) and th i s  for each s E S (y ) . 

</> .  � B . ( s )  l. l. . 

We ob s erve that F i s  upper s emicont inuous . By Kakutan i ' s fixed 
po int theorem ( 1 9 4 1 ) , F ha s a fixed po int wh ich i s  E k  - s . p . p  . 

. Now l et { E k }�= l be a s equence such that it i s  po s s ibl e to find 

a sub s equenc e o f  E k - s . p . p .  equi l ibr ium po int s . 

Becaus e S i s  compact  th i s  subs equenc e converges to a po int 
s E S which is s . p . p .  eq�i 1 ibr ium po int . ( q .  e . d . ) 
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