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A B S T R A C T . The paper c o n s ider s t h e  ex i s t enc e and un i quen e s s  o f  

wea k g l o b a l  and l o c a l  s o l ut iOns  6 f  �ome no n l in�at - d i i f�s ion 

e q uat ions  that a r i s e  in t he ! s t udx o f  popul a t io n  b io l o gy o r  � � < =< • - -� • • , 

e c 6 1 0 g i c a l  phenomena in t ht e e  d imen s ional E uc l id ean - s pac e .  T h e  

r e s ul t s  a r e  o h t a ined in a c l a s s  .o f sp ec ial · func t ions d e fined  

on some L P  spac e s  when  t h e  in it ial  da ta  ar e a l s o  in t h e s e  L P  

spac e s . T h e  int e r e s t  o f  t he t ec hn i que s emp l o yed her e r e l i e s  o n  

t h e  fa c t  t ha t  i t  i s  by su� c e s �ve appr o x ima t ions  a n d  hen c e ame 

na b l e t o  numer i c a l  t r ea tment . 

1. I N T R O D U C T I O N  

Th i s  paper i s  pr imar i l y  an appl i c a t ibn o f  po t ent i a l  o p e r a t o r ' s  

t h eory and some r e s ul t s  o f  max ima l func t i on s t o  t h e  s t udy o f  

nonl inear d i f fus ion equat ion s evo l ving fro m  b io l o g ic a l  and eco 

l o g i c a l  phenomena in t hr e e - d imen s ional spac e s  a s  p i o n e e r e d  in 

[ 1 ] . In e s s en s e ,  i t  i s  an ext en s ion o f  t h e  wo r k  in [ 1]  t o  

h i gher o r d e r  non l in ear i t y . 

Thro ugho ut t h e  p a p e r  . we cons id er a popul a t ion  evo l v i n g  in a 

b o unded t hr e e - d imen s i o n a l  hab i t a t . I n  what fo l l ows x = (xl , x2 , x3) 

w i l l  b e  a point in R3 and u (x . t )  w i l l  d eno t e  t he p o p ul a t i o n  

. I 2 2 2 )
1 / 2 d en s ity  a t  t ime t a t  p o int x .  I x  = ( x l + x2 + x 3 w i l l t ak e  



196 

the usual mean ing o f  the d i s tanc e o f  the po int x from the or i 
g in .  At th i s  po int we wi sh t o  s t udy two type s  o f  nonl inear d i£ 
fus ion probl ems that ar i s e  in b io l o gy or eco l o gy . The Von Ber 
talanffy type and Hoppen s t eadt ' s  sys t em o f  nonl inear d i ffus ion 
equat ions ar i s ing in o sc i l l atory med ia .  That i s , we w i l l  con 
s id er , re spec t ive l y ,  the in it ial value nonl inear d i f fus ion 
equat ion 

ut (x , t ) - V 2 u = a (x ) 3u - b (x ) u3 

u (x , O ) = f (x )  

( 1 . 1 )  

( 1  . 2 ) 

wher e a (x) and b (x) are cont inuo us funct ions o f  the  spat ial 
var iabl e x and repr e s ent t he intr ins ic growth and death rat e ,  
r e spect ively , due to int erac t ion o f  populat ion within the 
bo unded hab itat under cons iderat ion , and the sys t em o f  in it ial 
value nonl inear d i ffus ion equat ions 

2 ut ( x , t ) - \7  u 
3 

€: O (x) 3u - E (xl U  + C (x} 3v 

2 Vt (x , t ) - \7 . V 3 
= - C o {x) u 

u ( x , O )  = F (x ) v (x , O )  = G (x) 

( 1 . 3) 

( 1 .  4 )  

( 1 .  5 ) 

wher e C (x) , C o (x ) are cont inuous funct ions o f  x and E O depends 
on E ( X) which i s  a s sumed to be cont inuous and sma l l  val ued in 
x and ha s sma l l  norm in the space s  under con s idera t ion . 

Thi s  paper i s  int end ed to answer the probl em [ 1 ] : " Suppo s e  the 
dens ity d i s tr ibut ion of a populat ion u i s  known t hro ughout R3 

and , at an in s tant t = O ,  a new bounded hab itat G ,  say , opens 
for the spec i e s  to migra t e  into it . I f  we a s s ume a genera l i z ed 
l og i s t ic growth for the spec i e s  u as we l l  a s  a pr edator ial ac 
t ion (death or , d ecay) within G ,  f ind the den s ity d i s t r ibut ion 
o f  the populat ion u in G for al l t ime t > 0 ,  a s s uming that m i 
grat ion i s  go verned b y  d i f fus ion" . A s  a s impl i ficat ion , we 
negl ect the d e s cr ipt ion o f  any natural barr ier b eyond G ,  a s 
s uming that any d i ffus ion o f  b ioma s s  toward in fin ity can b e  
int erpr e t ed a s  a l o s s  due t o  inho sp itabl e sub - hab itat s and , a s  
such , i t  i s  natural for u s  t o  cons ider t h e  probl em on t h e  
whol e o f  R3 . 
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I f  we now l et W ( x , t )  = ( 4 7ft ) - 3 / 2 exp { - l x I 2 14t } b e  the fundamen 
tal sol ut ion to equat ion ( 1 . 1 ) and ® be the convo l ut ion symbol 
in t ime and spa c e  and * the convo lut ion in spac e ,  then a for 
mal s o lut ion to equat ion ( 1 . 1 ) s ubj ect t o  t he in it ial cond i 
t ion ( 1 . 2 ) i s  

( 1 . 6 )  

We de fine the mapp ing � on R3 x [ O , T ) by 

( 1 . 7 )  

Then by us ing the met hod o f  succ e s ive approx imat ions we can 
show t hat the it erat ions 

converge in the norm o f  d e fin it ion to  the so l ut ion o f  the in 
t egral equat ion ( 1 . 6 ) and that the mapp ing � i s  a contract ion 
from a ba l l  o f  radius , s ay ,  r o ' into it s el f .  S imilarly if W 
r epr e s ent s a fundamental s o lut ion to ( 1 . 3 ) ,  ( 1 . 4 ) (which may 
d i ffer onl y by a cons t ant ) , then formal s o lut ions to equa t ions 
( 1 . 3 ) ,  ( 1 . 4 ) s ubj ect t o  the in it ial condi t ions ( 1 . 5 ) are 

u ( x , t )  ( 1 . 8 )  

v ( x , t )  = -W ® c�u + W * G . ( 1 .  9 )  

We  then de fine t h e  mapping � by 

( 1 . 1 0 ) 

where v = - W ® c �u + W * G . 

Then by us ing the method o f  s uc c e s s ive approx imat ions we can 
show t hat the it erat ions 

converge in the norm o f  de finit ion to the s o lut ion o f  the in 
t egra l  equat ions (1 . 8 ) , ( 1 . 9 ) and that the mapp ing i s  a con 
tract ion from a bal l o f  rad ius , say , r t , into i t s el f .  Her e 
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� ( u ) = � ( u , u  ) .  K K K 

I n  add it ion to addr es ing the po s ed prob l em ,  we w i l l  provide 
exi s t enc e and un iquene s s  o f  bo th weak global so l ut ions ( g lobal 
in t ime ) and local s o lut ions ( lo cal in t ime ) us ing the t echn i 
que s o f  [ 1 , 4 , 5 ] . 

2 .  C L A S S  O F  F U N C T I O N S  A N D F I X E D  P O I N T P R OP E R T Y  

We wi l l  cons ider mea surabl e funct ions def ined on R3 x [ 0 ,  T )  for 
which 

l I u* 1 I  = e J 3 ( s up l u (x , t ) i ) Pdx) l / p < 00 P R Q<t<T 

wher e u* ( x) = sup l u ( x , t )  I . 
Q<t<T 

For the in it ial data , we us e the ".{sual LP norm · 

I I f l l p =.- ( f
R

3 I f I Pdx) l /p . 

As in [ 1 , 2 , 3 J ,  we al so cons ider the fo l lowing s t andard e s t ill).a -
. . , � . .  

t e s  for the fundamental so lut ion W a s  

and 
13 > 0 is a constant ( 2 . 1 )  

o < e < 2 and C > 0 is a constant ( 2 . 2 )  

I n  th i s  c l a s s  o f  funct ions , a s o lut ion u o f  ( 1 . 6 ) for al I t >  0 

wi l l  b e  ca l l ed a weak global s o lut ion o f  ( 1 . 1 ) ,  ( 1 . 2 ) whenever 
the int egr a l s  that ar e invo lved exist  in the Lebes gue s en s e  
for a l l  val ue s  o f  t > O .  This de f1n it ion s imilarly appl i e s  to 
the system of di ffus ion equat ions ( 1 . 3 ) , ( 1. 4 ) , ( 1 . 5 )  when th e ir 
formal so lut ions ar e given a s  in ( 1 . 8 ) , ( 1 ; 9 ) . 

F I XE D  PO I NT PROPERT IES  

I n  what fol l ows we ar e go ing to cons ider Banach spac e s  of Le 
b e s gue measurabi e ftin.ct ions d efined on RJ x � for wh ich the 
perturbed - operator � i s  d e fined by 
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( 2 . 3 ) 

(wher e u . (x , t ) , i 1 , 2 , 3  ar e Lebes gue mea surabl e funct ions on l. 

R
3 

x R+ ) and sat i s fi e s  the e s t imat e  

( 2 . 4 ) 

The norm in ( 2 . 4 ) i s  t hat o f  the Banach spac e in quest ion . 

LEMMA 1 .  L e t  cjJ ( u1 , u2 , u3 ) b e  a g e n e Y'a l o p e Y'a t o Y'  o f  t h e  t y p e  (2 . 3) ,  

mapp ing t h e  p r o du c t  s p a c e  BxBxB i n t o  B. w h e Y' e  B den o t e s  a Ba

na c h  s p a c e  s a t i s fy in g  t h e  e s t ima t e  ( 2 . 4 ) . Supp o s e  that  c 1 ' c 2 
a n d  y s a t i sfy c 1 > O .  0 < c 2 < 1 .  0 < y i s  sma l l .  T h e n  fo Y' 

HI = H2 
= u3 u. t h e Y' e  exi s t s  o > 0 s u c h  t h a t  i f  y < <5 t he 

mapping c jJ(  u) c jJ( u , u , u) p o s s e s s e s  o n e  a n d  o n l y o n e  fix e d  p o i n t  

Uo in a ba l l o f  Y'adi u s  Y l ' FUY' t h e Y'mo Y' e .  

( a )  I I  uo l l < Y 1 w h e Y' e  Y 1 i s  t h e  sma l l e s t  p o s i t iv e  Y'o o t  o f  

Y = c l y3 + c 2 Y + y . 

( b ) l I uo l l  -+ 0 a s  y -+ O .  

We wil l prove th i s  L emma through the fo l lowing Lemma : 

LEMMA 2 .  G i V e n  c 1 > O .  0 < c 2 < 1 and a sma l l  y � O. t h e  c u b i c  

p o l ynom i a l  f ey) = c l y
3 + c 2Y + y h a s  a t  l e a s t  o n e  p o s i t i v e  

fix e d  p o in t .  Fur t h e Y'm o Y' e .  i f  we  c a l l  Y l t h e  s ma l l e s t  p o s i t i v e 

fixe d  p o i n t  o f  f dep e n di n g  o n  y t h e n  Y l ( Y )  -+ 0 a s  y -+ O .  

PY'o o f .  For y = 0 ,  Y = c l y
3 + c 2y .  Then c l early Y l = 0 and 

l - c 2 1 / 2  
Y = (--) are the two non -negat ive fixed po int s and we 2 c 1 
are done . 

Now due to the fac t  t hat  0 < c 2 < 1 ,  the graph o f  z = c ly
3 + c2Y 

i s  underneath the l in e  z Y for 0 < Y l < Y < Y2 . Thi s  impl i e s  
tha t  there exi s t s  a 0 > 0 smal l  enough such that i f  0 < y < 0 
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3 a port ion o f  the  graph f ey )  = c 1 y + c 2y + y i s  s t i l l  und er -

neath the l ine  z y .  A por t ion s uch t hat for s ome pa ir Y 1 ' Y2 

we have ° < Y 1 < y < Y2 '  We may s e l ect  Y 1 and Y 2 ' t he opt imal  

ones , that i s , t he two po s it ive roo t s  o f  Y = c 1 y 3 + c 2Y + y . 

Th i s  automat ical l y  impl i e s  tha t  for ° < y < 8 ,  Y 1 Y 1 ( 8 ) , 
t hus y 1 ( y )  + ° a s  y + 0 .  This  conc l udes  the  pro o f .  

Pro of o f  L emma 1 . . For 0 . ";; c 2 < 1 ,  c 1 > ° and a sma l l  y ;;;;. 0 ,  we 

( _ 3 have from Lemma 2 ,  t hat  f y )  - c 1 Y + c 2 Y + y = Y ha s a small est 

po s itive roo t  Y 1 ( y ) s uc h t ha t y < IS ,  IS > ° i s  very smal l . For 

Y E ( O ' Yl ) ' we have Y ..;; Y l and so  c l Y 
3 + c 2Y + Y ";; Y l '  Set  Y = 

II u l l , then c 1 1 1  u l l  3 + C 2 II u l l  + y ..;; Y 1 whenever l I u l l  ..;; Y l '  
maps  a bal l o f  r ad i us Y 1 into i t s e l f .  Fur t hermo r e , for 

Thus 

2 
Y E ( 0 ' Y 1 ) f l ( y )  = 3c 1y + c 2 and f l l ey)  = 6c 1 y ar e po s it ive . 

<P 

Thus f ey )  i s  monotonic  increas ing and convex in ( 0 , y 1 ) .  H enc e 

we can find a 1 , a 2 E ( 0 , Y 1 ) s uc h  that  I I f (a 1 ) - f ( a 2 ) 11 ..;; 

..;; f l (y ) l I a 1 - a 2 " .  Now s et a 1 = u ,  a 2 = w in a bal l o f  r ad i us Y 1 

and <p = f ,  t hen we have l I ¢ ( u) - ¢ (w) 1 I ..;; [ 3c 1 y i + c 2 ] l I u - w l l  = 

,: >.. l I u-wl i . 

2 2 S ince Y 1 i s  very smal l ,  so  i s  Y 1 and so  3c 1 Y 1 + c 2 = >.. < 1 .  

Hence  <p i s  a contract ion mapp ing in a ba l l  o f  r ad i us Y 1 and , 

by t he contract ion mapp ing theo r em , <p ha s a un ique f ixed po int 

Uo b e long ing to  t h i s  ba l l . Hen c e  II uo l l  ..;; Y l ' F inal l y , from  

Lemma 2 ,  Y 1 + ° a s  y + ° impl i e s  t hat  l I uO I l  + ° a s  y '" 0 .  Th i s 

conc l ude s  the  proo f 0 f L emma 1 .  

3 .  E S T I M A T E  F O R  T H E  I N T E G R A L  O P E R A T O R S  

In  order for us  to e s t abl i s h  t h e  d e s ir ed r e s ul t s  w e  w i l l  pro 

vide e s t imat e s  o f  the  int egral operat o r s  o f  ( 1 . 7 ) and ( 1 . 1 0 ) 
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in the form o f  L emma s . 

LEMMA 3 .  L e t  u (x , t ) s a t i s fy ( 1 . 6 ) .  Then  if f , a , b E L 9 / 2
( R3 ) w e  

h a v e l I cf>( u) * 1 I 9 / 2 ..;;; c 1 I 1 b I l 9 / 2 I 1 u* I I � / 2 + c 2 I 1 a l l � / 2 I 1 u*1 I 9 /2 + c
3

1 l f 1 l9 / 2 

Pr o o f .  From ( 1 . 7 ) we have 

I ( cp u) ( x , t ) I ..;;; I I t I W ( x - y , t � L ) I l a ( y ) 1 3 I u ( y , L ) I dL dy + 
R3 0 . 

+ I I t I W ( x - y , t - L ) l l b ( y , L ) l l u ( y , L J I 3d L dY + I w * f l · 
R3 0 . 

Then on t a k in g  the s upr emum o ver t > 0 and invo k ing e s t ima t e  
( 2 . 1 )  we have 

( cp u) * ( x) ..;;; a I · l a (y ) 1 3 u* CY} dY + a I . l b (y) l u* (y) 3 dy + o R3 I x - y  1 3 - 2 0 R3 I x - y  1 3 -
2 

+ s up I w  * f l  wher e 13 0 do e s  no t exc e ed a Ioo
o ( 1 + t

1 / 2
) - 3dt . 

t > O  
I f  w e  now l et l a (y) 1 3 u* (y) E L 9 / 4 (R3 ) and I b ( y )  l u* (y ) 3  E 

E L 9 / 4 (R3 ) , t hen fo r p , q  s uch t hat 1 / q = 4 /p - 2 / 3 ,  we app l y  
t h e  Hardy - L i t t l ewoo d - So bo l ev theo r em to t h e  f ir s t  and s econd 
t erms on  the  r ight - hand s id e  to  g e t  

+ I I  f * 1 I 
q 

wher e f* ( x) = s up I w * f l and A ( q ' r) '  A ( q , r) a r e  t h e  
t > O  

c o n s t ant s r e s ul t ing from the  Hardy - L i tt l ewo o d - So bo l e v t heor em. 
F ina l l y , app l y in g  S c hwar z ' s  inequa l i t y  t w i c e to each o f  the  
fir s t  and  s ec o nd t erms on  the r ight - hand s id e  and  on no t ing 
that  I I  f* 1 I  . ...;; B I I  fl l  we have 

q q q 

I I { cp u) * 1 1  ;,,;; C 1 1 1 b l l  II u* 1 I 3 + C2 1 1  a l l  3 1 1  u* 1 I  + B II fl l  q p p . p p q q 

wher e C 1 = a i c4. r) , C 2 = a oA ( q ,t) · 

( 3 . 1 )  
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No.W i f  P = q then fro.m 1 / q 4 /p - 2 / 3  we s e e  tha t  p = q = 9/2 . 

On s ubst itut ing p = q = 9/2 into. ( 3 . 1 )  and no. t ing t hat  C3 = B9 / 2 , 
we have the r equired r e s ul t . 

LEMMA 4 .  L e t  u , v s a t i s fy ( 1 . 8 ) , ( 1 . 9 ) . T h e n  i f  e: o , e: , C (x ) , Co (x ) , 

F , G  a L L  b e L o ng t o  L
9 / 2 (R3 ) we hav e 

a n d  

Pro o f. As in the  pro.o. f o.f  L emma 3 ,  we have fro.m ( 1 . 1 0 ) t hat 

* f 2-3 3 * . So r 2-3 1 I * 3 '¥ ( u , v) ..;; So R3
l x-y l l e:o (Y) 1 u (y) dy + T)R3

I x-y l e: (y) u (y) dy + 

+ Sof I x-y I
2-3 I c (y) 1 3v* (y)dy + sup I w * F l . 

R3 t > O  

. 1 3 * I I * 3 I 1 3 * p /4 3 
Now 1f we let I e:o (y) u (y) , e: (y) u (y) , C (y) v (y) E L (R ) t h en , 

fo.r p ,  q s uc h  that  1 /q = 4 /p - 2 / 3 ,  we have o.n  app lying t he 

Hardy - L i t t l ewo.o.d - So bo l ev theo. r em on  t he fir s t  thr e e  t erms o. f  

t he r ight - hand s id e  a ft er taking  t he L q norm o. f  bo t h  s id e s  

* . E: . 3 * 
So- £ * 3 1 I '¥ ( u , v) I I q ";; SoD (q' 4) I I I e:o ( · ) 1 u ( . ) l I p /4 + ""jD (q 'lf) I I I e: ( . ) l u ( . ) I I p /4 + 

Appl y ing the Schwar z I s inequal ity  twic e o.n each o. f  :the  first  

t hr e e  t e rms o.n  the  r ight - hand s ide  we have 

1 I '¥ ( u , v) * 1 1 ..;; d1 1 l e: 1 I l I u*I I
3 + d21 1 e:01 l

31 1 u*1 I + d31 1 C1 I 3 1 1 v*l I ;.. + d4 1 1 FI I q p p p p . P .. q 
where 

S o - E. 
T D ( 4 , q )  

On  l et t ing  q = p in  1 / q = 4/p - 2 / 3 ,  we  have p 

and d 4 = E . q 

q = 9 / 2  and 

t he fir s t  e s t ima t e  fo. l l ows . By invo. k ing  the  same appro.ach on  

v (x , t ) = - w @ c �u + W * G , we  have 
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and d 6 = E
q

' ar e the  Hardy - L itt l ewo o d - Sobo l ev constant s . This  

compl etes  the proo f o f  L emma 4 .  

STATEMENT OF RESULTS 

The ma in resul t s  o f  t h i s  s e c t ion  are conta ined in t he fo l l owing 

theo r ems . 

THEOREM 1 .  Supp o s e  t ha t  f , a , b  � L
g / 2 (R3 ) ,  a n d  fur t h ermo r e ,  s UE 

9 9 3 p o s e  t ha t  S A (Z' S) < l I a l l ; / 2 ' Then if B ( 9 / 2 ) l I f l l g / 2 ,.:;; 0 ;  0 >  0 

i s  v ery  sma l l .  Equa t i o n  ( 1 . 1 ) w i t h  i n i t i a Z da ta ( 1 . 2 ) p o s s e s -

* 
s e s o n e  and on l y  o n e  s o l u t i o n  u ( x , t )  s u c h  t h a t  l I u 1 1 9 / 2 .;; YO ' 

w h e r e  YO dep ends  o n  O . 

THEOREM 2 .  Supp o s e  t h a t  E O , E , C (X) , C o (x) , F, G  a l l  b e l o ng t o  
9 / 2 3 L (R L and fur t h e rmo r e  t ha t  II F l i g / 2 ' II G l i g / 2 are s ma l l  s u c h  

t h a t  t h er e  exi s t s  a s ma l l  0 0  > 0 s a t i sfy ing 

3 (d 3d 6 I 1 C l I g / 2 1 I G l I g / 2 + d 4 I 1 F l I g / 2 ) ,.:;; 0 0 ,  

3 3 3 Then  i f  (d 2 I 1 E O l i g / 2 + d 3d S I l C l i g / 2 I 1 C O l i g / 2 ) < 1 ,  t h e  s y s t em of 

i n i t i a l v a l u e  pro b l em ( 1 . 3 ) - ( 1 . 5 ) has one  an d o n l y  o n e  p a i r  of  

weak  g l o b a l s o l u t i o n s  u (x , t )  , v ( x , t )  sa t i s fy in g  

( a )  
* l I u 1 1 9 / 2 ,.:;; S o and ( b ) * 

I I v 1 1 9 / 2 ":;; b O 

w h e r e  S o a n d  b o dep e n d  o n  0 0 , 

Pr o o f  o f  T h e o r e m  1 .  I f  suff ices  to  prove that the  per t urbed  ig 

t egral  operator  ( 1 . 7 ) po s s es s e s  a un ique so l ut ion  in the L
g /2 (R3) 

norm . By Lemma 3 ,  we  s e e  t hat  <p sat i s fi e s  the  in equal ity  ( 2 . 4 ) . 
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9 9 S ince  B C 9 / Z ) l I f I l 9 / Z < 6 ,  6 > 0 i s  very smal l and BoA CI" )  < 

3 9 9 3 
< l I a l l 9 l z impl i e s  t hat  B oA (I, ,) l I a I l 9 / Z < 1 .  On l et t ing 

9 9 3 Y = B ( 9 / Z ) l I f I l 9 / Z and Cz = B oA CI, ,) l I a I l 9 / Z we s e e  from L emma 

t hat  $ po s s e s s e s  one and only one  so l ut ion u (x , t )  sat t s fying 

l I u * 1I 9 / Z < Yo ' wher e Yo depends on 6 .  

Proof of Theorem 2 .  I t  s uf f ic e s  to prove that the  p er t urbed o p e 

rator � o f  ( 1 . 1 0 ) po s s e s s e s  a un ique pa ir o f  s o l ut ions  d e fined 

) 
) 
) 
) 
) 
) 
) 
) 
) 
) 

in the L
9 / Z

CR3 ) norm . Inj ect ing the  s econd inequal ity o f  Lemma ) 
) 

4 into t he fir s t  we have 

1 I � ( u , u) * 1 I 9 / Z < dl" e:1 I 9 /zl I u*I I � /2 + [dz l l e:ol l � /2 + d3dSI l C I I �/ 2 I1 COI I � /2] lI u*1 I 9 / Z+ ,\ 

+ Cd  3 d 6 "  C I I� / z lI G "9 / Z + d 4 "  F "9 / Z ) 
• 

3 3 3 
Let  el l  = d l l l e: 1 I 9 / Z '  el Z = [d z l l e: o I l 9 / Z + d 3d s " C II 9 / z I i C o I l 9 / Z and 

3 
y = [d 3d 6 " CI 9 / z I I G I I 9 / Z + d4 " F I9 / Z ] .  Then we s e e  t ha t  el l > 0 and 

) 

by the hypothe s i s  o f  t he theo r em 0 < el Z < 1 and y < 6 0 . Henc e ) 
by Lemma 1 � (u) = � Cu , u) po s s es s es one  and only o n e  s o l ut ion 

* u in a bal l  o f  rad ius S o = s o ( 6 0 ) suc h  t hat  l I u 1 1 9 / Z < 6 0 . 

Then from I I v* 1I 9 / Z < d s I l C o l I � / z lI u* 1 I 9 / Z + d 6 11 G 1 I 9 / Z we have · 

I I v * 1 I 9 / Z < d s l l C o l I L z s o + d 6 " G II 9 / Z ·  S inc e I I G I I 9 / Z i s  a s sumed 

3 smal l ,  d s li C o l l 9 / Z s 0  can b e  made  a s  sma l l  a s  po s s ib l e so  t hat  

there  exist s a sma l l  b o such  t hat  d s Il C o l I � / z s o + d 6 " G I 9 / Z < b o o 

* Henc e I I v " 9 / Z < b o ' t he un iquen e s s  o f  v depend ing on  u .  Thi s 

conc l ud e s  the  proo f o f  the  t heorem . 

) 
) 
) 
) 

) 
) 
) 
) 
) 
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4 .  E X I S T E N C E  A N D  U N I Q U E N E S S  O F  L O C A L  S O L U T I O N S  

I n  t h i s  s ect ion we wil l c ons ider t he c a s e  when t he c o e ffic ient s 

00 3 o f  probl ems ( 1 . 1 ) - ( 1 . 2 ) and ( 1 . 3 ) - ( 1 . 5 ) b e long to L ( R ) .  We 

sha l l  s ee t hat in o rder to achieve the cond it ions o f  Lemma 1 we 

n e ed onl y cons ider the  so l ut ion s for sma l l  t ime T ( t he s i z e  o f  

T det ermin ed b y  L emma 1 ) . 

Now if  a (x) 3 = a l ex ) , b (x ) E Loo n LP (R3 ) ;  3 < p < 00 and 

f E L
6 / 9 (R

3 ) , we have from ( 1 . 7 ) t hat 
\ 

I ( </> u) ( x , t ) I < lI a l l i oo I W ® u l + I I b 1 l 00 1 w ® u3 1 + I w  * f l . 

I f  we l et M ( u) b e  the  maxima l  func t ion t hen 

9 
;
<
��T I ( </>u) (x , t ) 1 < l I a l l i ooTM (u* ) + C�T

l -2I 1 b l l ooJR3 I x�;f?i�9 dy + 

+ sup I w  * f l O<t<T 
wher e we have ut il i z ed e s t imat e ( 2 . 2 ) . I f  we now l et 

u* (y ) 3 E LP / 3 (R3 ) ,  for  p such t hat l /p = 3 /p - 9 / 3 ; 0 < 8 < 2 , 
we have on taking t he LP norm o f  bo t h  s id e s  a ft er invo k ing the  

Hardy - L it t l ewoo d - Sobol ev theo r em t hat  
8 

* 
I --

II ( </>u) 
P 

< l I al l i ooTI IM (u*) l I p + C�T 2 I I bI l 00I l u* ( . )
3I 1 p /3 + 

S inc e f E LP (R3 ) ,  we have t hat 
8 

I I sup I W * f i l l . O<t<T P 

* 1 - -
I I </> (u) 1 I < l I a l l i Tl l u*1 I  + C8T 

Z
I I bl l l I u*1 I 3 + A 1 1 £1 1 p = 6/8 ;  0 < 8 <  2 .  (4 . 1 ) p oo p 00 P P P 

Then t he fo l l owing t heor em ho l d s : 

THEOREM 3 .  Suppo s e  t h a t  a (x ) 3 , b (x ) E Loo n LP (R3 ) ,  3 < p < 00 

a n d  W s a t i s fi e s  e s t ima t e  ( 2 . 2 ) .  Supp o s e  fur t h e r  that f E L 6 /8 (R
3

) 

and t ha t  t h e  n o rm II fl l  6 / 8 i s  v e ry  sma U ,  t h e n  e qua t i o n s  ( 1 . 1 ) -

( 1 . 2 ) a dm i t  a un i q u e  s o l u t i o n  u ( x , t ) defi n e d  o n  R3 x ( O , T ) fo r 

v er y  sma U v a l u e s  o f  T, s a t i s fy ing l I u* 1 I 6 / 8 < s , w h e r e  s dep e n d s  

o n  T and I I fI l 6 / 8 . 
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Pr o o f .  From in equal ity  ( 4 . 1 ) we s e e  

l -� 
a.2 = C e T 2 1 1 b l l 00 and y = 

va lues  o f  T sat i s fy ing 

A 6 / e l l  fl l  6 / e '  

l -� 
T 2 

o < e < 2 ,  t hen for a l l  

w e  can s e e  t ha t  

0 < a. 2 < 1 and a. 1  > 0 ,  so t hat  i f  A 6 / 8 I 1 f I l 6 / 8 i s  smal l ,  we  con 

c l ude  by Lemma 1 ,  that the int egral  equat ion ( 1 . 7 ) po s s e s s e s  

one and onl y one so l ut ion u in a ba l l  o f  rad ius s such t hat  

I I  u* 1 I  6 / 8 .;;;; s wher e s depends on  T and I I  f l l  6 / 8 ' Th i s  comp l e t e s  

the pro o f  o f  t h e  t heor em . 

Con s ider t he syst em o f  equa t ions ( 1 � 3 ) - ( 1 . 5 ) .  I f  we a l so a s -

3 3 3 00 p 3 sume t hat  S o ( x )  = s (x )  , C  ( x )  , C o (x )  all  b elong to  L n L (R ) , 
3 < P < 00 , then we have a s  e st ima t e  o f  the  int egral  equat ion 

( 1 . 1 0 ) 

and 

+ B6 /81IFII 6 /8 ;  0 < e < 2  
(4 . 2 ) 

(4 . 3) 

wher e we have r ep l ac ed C (x ) 3 by C (x)  and C O (x) 3 by C o (x) . I n e 

qual i t i e s  ( 4 . 2 ) and ( 4 . 3 ) are  der ived in t he s ame mann er a s  

inequal ity ( 4 . 1 ) .  

THEOREM 4 .  L e t  s o (x )  s ( x ) , C (x) 3 , C O (x ) 3 a l l  b e l o n g i n g  t o  

L oo  n LP (R3 ) ,  3 < p < 00 , a n d  W sa t i s fy i n g  t h e  e s t ima t e  ( 2 . 2 ) . 

We s uppo s e  fur t h e r  t h a t  F , G  E L
6 / 8

(R3 ) s u c h  t ha t  b o t h  I I F 1 I 6 / 8 
and II G 1 1 6 / 8 ar e v e ry sma l l .  Then  t h e  s y s t em o f  n o n l i n e a r  dif-

fu s i o n  e q u a t i o n s  ( 1 . 3 ) - ( 1 . 5 ) adm i t s  a p a i r  o f  u n i q u e  s o l u t i o n s  

3 U (x , t ) , v (x , t ) E R  x ( O , T ) fo r v e ry sma l l  va l u e s  o f  T and s a -

t i s fi e s  l I u * 1 I 6 / 8 .;;;; r O ' I I v * 1 I 6 / 8 .;;;; r 1 , w h e r e  r O a n d  r 1 d e p e n d s  

o n  T ,  I I  F 1 I 6 / 8 a n d  I I  G i l  6 / 8 . 

) 
) 
) 

) 
) 
) 
) 
) 
) 

) 
) 
) 

) 

) 
) 
) 

'\ J 



207 

The pro o f  o f  t h i s  theo r em fol l ows from in equal it i e s  ( 4 . 2 ) and 

( 4 . 3 ) and is conc l uded  in the same manner a s  t heor em 2 .  

F inally , I wish  to  a c knowl edge t hat some o f  the r e s ul t s  o f  

t h i s  paper ar e from my Ph . D . thes is  submitt ed t o  t h e  Gradua t e  

co l l ege o f  t h e  Un iver s it y  o f  I l l ino i s  a t  Chicago . I al so  w i sh 

t o  expr e s s  my grat itud e to  pro fe s sor  Cal ixto P . Cal der6n for 

suggest ing this pro bl em to  me . 
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