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Uniqueness and non uniqueness of the solutions 
of a mixed boundary value problem for the 

porous medium equation 

PH. BENILAN. C. CORTAZAR and MANUEL ELGUETA M.* 

1 Introduction 

In this note we state some of the results of [BCE] and give the idcil of their 

proofs The details of the proofs and other relatcd rcsults will appear sO/llcwhcrc 
else . 

The equation Ut = �(um) in 1R3 x [0, T), with m > 1, has heen IJsed as a 

model for the diffusion of a gas through a porolJs mcdiulll and has heen widdy 
studied , sec for example [A] [DK] [CVW] and thcir referellces. Tlw fUllctiun 
u(x,y,z,t) represents the density ofthc ga<; at the point (.e,y,::) ilt the instant 

t. If one assumes that the initial distribution of thc gas dr·pends unly on the 

variable x, that is, uo(x, y, z) = uo(x),thcn thc solution will al:;o Iw independent 

of the variables z e y, that is, u(x,y,::,t) = u(x,t). With this silllpiificatiun the 

equation takes the form Ut = (um)xx in IR x [0,'1') . 

• Partially supported by Fondeeyt and Diue 
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As i t  is well known the above stated equation does not have , i n  general , 

classical solutions. A particular type of solutions, the so called front travelling 

waves , can be obtained as follows . Let us look for solutions of the form u( x ,  t) = 

f(e2t - ex) . By substitution in the equation and solving the resulting ordinary 

differential equation for f one obtains that 

is a weak solution of Ut � (urn ).,,; . Here (x)+ denotes x if x >  0 and 0 if x < o . 

We note that in the case e = 1 the function w has the property that the 

flux trough x = 0, that is , _(urn )", (O , t) ,  is equal to the density u(O , t) in x = o .  
i 

Therefore it provides a non trivial solution of the following problem 

w(x , O) = 0 

in DT = [0 , +00) x [O , T) 

on [0 , T) 

on [0 , .+00) 

It seems natural now to ask the following question . Let p � 1 and consider 

the problem 

U t 

u(x , O) 

uP { 0 ,  t) 

uo{x) 

in DT = [0 , +00) x [0 , T) 

on [O , T) 

on [0 , +00) 

( 1 . 1 ) . 
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Assuming that U o  == O .  For which values of p does the above stated problem 

have non negative non trivial solutions? 

2 Existence 

We will obtain solutions of ( 1 . 1) as the limit of solutions of the corresponding 

Neumann problem. So let us consider the problem 

Vt = (vm )n in DT = [0 , +00) x [0 , T) 

-(  vm )� (o , t) = h(t) on [0 , T) (2 . 1 ) 

v(x , O) vo (X) on [0 , +00) 

where h(t) is a non negative function in V''' ([O , T» .  

In order t o  prove the existence of weak solutions of ( 1 . 1 )  w e  consider the 

operator N :  L"" ([O , T» -+ C([O , T» defined by N(h)(t) = v (O , t) where v(O, t) 

is the unique solution of (2 . 1 )  with initial condition vo (x) = uo (x) . It has been 

proved in [CEV] that N is continuous and compact . Moreover , as a consequence 

of the comparison results for the Neumann problem, it is order preserving. The 

same is clearly true for the operator A(h) = (N(h»p . Now using the method of 

monotone iterations one can prove the existence of T > 0 so that A has a fixed 

point h in C([O ,  T» . Setting this fixed point as the Neumann data in (2 . 1 )  we 

obtain a solution of ( 1 . 1 ) .  

There are several integral comparison results for problem (2 . 1) that have 

been used by several authors to study the qualitative behaviour of the solutions 

of (2 . 1 ) .  As an example , a typical integral comparison argument , with a properly 
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chosen t ravel l i n g  w ave , g i ves the fol lowing lemma that estimates the density at 

the borde r  i n  terms of the flux .  

Lemma 2 . 1  Th e re  exists a cons tant  C, depending on  m only, such tha t  any  

solut ion  vex ,  t) of (2. 1) sa t isfies 

C(l' h (s)ds)2/(m+ l )  � v (O , t ) t 1 / (m+l ) .  

3 Uniqueness 

I t  has been p roved in [BeE] that if uo (O) > 0 then ( 1 . 1 )  has a unique solution . 

We wi l l  discuss here the case Uo = O .  The case when Uo is not trivial but 

uo ( O )  = 0 is not known to us. 

Theorem 3 . 1  [f uo = 0 (1 . 1) h as at  least a non-n egat ive non  trivial solut ion 

if and only if p < (m + 1 )/2 .  

Idea o f  the proof 

Assume first that p < ( m + 1 )/2 and that the initial condition is of the 

form auo where a is small and uo (O) > O. Let us define the function F(t) = 

J; uP (O , s)ds. An aplication of Lemma ( 2 . 1 )  shows that F(t) satisfies the differ­

ential inequal ity 

C(F(tWp/(m+l ) $ tp/ (m+ l ) F'( t) 

Integrating this inequality we get that F(T) � cT<m+l-p)/(m+1-2p) where 

C is independent of a. Letting a tend to 0 we obtain a solution of ( 1 . 1 ) with 
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Uo = 0 and such that 

�T uP (O , s)ds > 0 ,  

and hence , non trivial. 

In order to see the converse let u(x , t) be a solution of ( 1. 1 )  with Uo = O.  Set 

q = _(u(m-l )/ 2 )x and note that , under our hipotheses q � 0 and satisfies 

q(O ,  t) 

q( x , O) o 

Since p � (m + 1 )/2 comparing with the explicit solution 

we get 

Therefore 

1 
r( x t) = ---:---:-:---, 

( 1  - 2 m(m+1 ) t) 1/2 m- l  

Integrating this last inequality and using the fact that fooo u (y , t )dy = J; uP,(O , s)ds 

we obtain F'(t) � C(F(t)yp/(m+l )  where C depens on m only. This inequality 

plus the fact that F(O) = 0 proves that F = 0 an hence u = o .  o 
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