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VARIATIONAL ELLIPTIC PROBLEMS WHICH ARE
NONQUADRATIC AT INFINITY

D. G. COSTA! and C. A. MAGALHAES!

INTRODUCTION

Let us consider the nonlinear Dirichlet problem
(P) —Au = f(x,u) in 1, uw =0 on 90,

where Q0 is a bounded smooth domain in RN and the nonlinearity f : @ x R — IR is

assumed to be a Carathéodory function with subcritical growth, that is,
| f(x,8) |[<ao|s|P!+by VseR, ae x€Q,

for some constants ag,bo > 0, where 1 < p < 2N/(N —2)if N >3 and 1 <p < o0
if N = 1,2. Then, it is well-known that the weak selutions v € H}(f1) of (P) are the

critical points of the C! functional

_1 2 g
J(u)_2/n|vu| dz ,/nF(x,u)dz,

where F(z,s) = [; f(z,t)dt.

In this variational setting, the literature usually distinguishes between two situ-
ations for problem (P): the subquadratic situation, where the potential ¥ satisfies
limsupM_,ooF(a:-,s)/.s2 < ¢ < o0, and the superquadratic situation, where F satisfies
limyy|—o F(x,5)/s% = co. The main goal of this paper is to present a unified approach
to both situations by means of a condition of nonquadraticity at infinity on F. More

precisely, our hypotheses are as follows:

(F)), lim sup L.%5)

< b < oo uniformly for a. e. £ € Q,
|a] =00 | S |
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f(x,8)s —2F(x,s)

lim inf > a > 0 uniformly for a. e. £ €
le] =00 | s |
(F2)u or oF
lim sup f(x,s)T —|u (x,5) < —a < 0 uniformly for a. e. €0 .
|| =00 S

It should be noted that (F}), is always satisfied with ¢ = p. However, it may be satisﬁed
for smaller values of ¢ and this will be of interest for what we intend to do.

Now, hypothesis (F3z), is the one which (for heuristic reasons) we call the condition
of nonquadraticity at infinity for the potential F. Such a condition was introduced in
[4,5] with p = 1 to treat subquadratic elliptic systems and, in particular, a large class
of resonant problems. In order to illustrate its meaning, let us first suppose that f(x,s)
is of the form f(x,s) = As + g(s) for some A € R. Then, assuming that g satisfies the

Landesman-Lazer type condition (see [6])
(LL) lim,— 40 9(s) = g+, with £g4 > 0,

it follows that | s |™! G(s) —| g+ | as s — *oo so that F satisfies (F3), for any u < 1.

On the other hand, let us now consider the well-known condition
(AR) 0 < 0F(x,s) < f(z,s)s, V|s|> R, uniformly fora.e.z€ 0,

for some § > 2 and R > 0, introduced by Ambrosetti-Rabinowitz [1] in order to obtain
a nontrivial solution in the superquadratic case. In fact, this condition implies that
F(x,8) >a1|s|® V|s|> M, for some a; > 0, hence

f(x,8)s —2F(x,s)

| s |

F(x,s)
|'s|#

and it follows that F satisfies (F3), for any u < 6.

> (0 -2)

2@ -2alsl™,

We also recall that either (LL) or (AR) yields the Palais-Smale compactness con-
dition needed is the classical variational methods. Here we show that (F}), and (F3),
(with an additional technical restriction on the values of x) imply a compactness condi-
tion introduced by Cerami in 3], and used by Bartolo-Benci-Fortunato:in [2] to prove a
general minimax theorem (Thm 2.3 in [2]) from which our results will follow. In order
to get the linking needed in such a theorem, we will assume the following crossing of
the first eigenvalue A, of (—A, HY(Q)):

(Fs) limsup Z_F_@
s

&—0

a<A<f< l%rln infM, uniformly for a. e. € 1,

g|—o00 82

Note that the left half of (F3) implies f(x,0) = 0, so that problem (P) has the trivial

solution in this case. Now we are ready to state our main result.
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Theorem Assume that F satisfies (F})y, (F2), and (Fs) with u > ¥ (g —2). Then

problem (P) has a nontrivial solution u € H3().

It is clear that the above result allows a unified treatment of subquadratic and
superquadratic variational probléms. Moreover, we are able to treat problems which
(although subquadratic at the level of the potential F(x, s)) are in the interface between
the sublinear. and superlinear situations, at the level of the nonlinearity f(x;s) itself.

In the next section we present the preliminary results which are needed in our
treatment of problem (P) and we sketch the proof of the above theorem. Detailed

proofs and other extensions will appear elsewhere.

PROOF OF THE MAIN RESULT
Let us denote by | - || the norm in H(2) induced by the inner product

<u,v):/nVu-Vv dz , u,v€ Hy(Q).

We start recalling a compactness condition of the Palais-Smale type which was intro-
duced by Cerami in [3] and which allows rather general mini;néx results (cf. I‘2,3]).
A functional J € C}(X, R), X a real Banach space, is said to satisfy condition (C)
at the level ¢ € IR if the following holds:
(C). (1) Any bounded sequence (u,) C X such that J(un) — ¢ and J'(u,) — O possesses
a convergent subsequence; ' - o ;'
(#7) There exist constants 6, R,a > 0 such that ' ()] flull > a for any d?e
J7Y([c = 6, ¢ + ) with ||u|| > R. ' :

Remarks 1) The above condition is clearly implied by the usual Palais-Smale condition
ai the level ¢ € IR:

(PS). Any sequence (u,) C X such that J(u,) — ¢ and J'(u,) — O possesses a
convergent subsequence.. ' ' S T
2) In the case of our problem (P), the subcritical growth condition on f ‘z“-lutomjc'n;ically
gives (C)(:) Ve € RR. | S

It was shown in [2] that condition (C) actually suffices to get a deformation theorem

and then, by standard minimax arguments, the following result was proved: -
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Theorem 0([3,Thm 2.3]) Suppose that J € C*(H, R), H a real Hilbert space, satisfies
condition (C), Ve > 0 and that there exist a closed subset S C H and a Hilbert manifold
@ C H with boundary 8Q verifying the following conditions:

(@) sup,esq J(v) < @ < B < infyes J(u) for some 0 < o < G5

(b) S and 8Q link;

(¢) supyeq J(u) < +oo.

Then J possesses a critical value ¢ > £.

Now, let us sketch the proof of our main result. It is based on Theorem 0 above and on

the following two auxiliary results.

Lemma 1 If F satisfies (F1), and (F;), with 4 > %(¢ — 2) then J satisfies (C), for
every c € IR.

Lemma 2 If (F;) holds then there exist p ,§ > 0 such that J(u) > G if ||ul|

Moreover, there exists uo € H3((1) such that J(tug) — —oo as t — oo.

I
®

In view of Lemmas 1 and 2, we may apply Theorem 0 taking S = {u | ||u| = p}
and Q = {tuo |0 <t < to}, with to > 0 being such that J(tuo) < 0. It follows that
the functional J has a critical value ¢ > B > 0 and, hence, that problem (P) has a

nontrivial solution u € H}(Q).

Remark It should be mentioned that condition (F3) naturally gives the geometry of

the Mountain-Pass Theorem ([1,7]). So, Theorem 0 as used above proof.is precisely that

Theorem with condition (C). On the other hand, it is not hard to see that (F3) can
be replaced by other suitable crossing of etgenvalues which will yield higher linkings for

the functional J and, consequently, similar existence results for problem (P).



28

REFERENCES

(1] A. Ambrosetti, P.H. Rabinowitz, Dual Variational Methods in Critical Point Theory
and Applications, J. Funct. Anal. 14 (1973), 349-381.

(2] P. Bartolo, V. Benci, D. Fortunato, Abstract Critical Point Theorems and Applica-
tions to Some Nonlinear Problems with Strong Resonance at Infinity, Nonlinear Analyéis
TMA 7 (1983), 981- 1012.

[3] G. Cerami, Un Criterio de Esistenza per i Punti Critici su Varietd Ilimitate, Re.
Ist. Lomb. Sci. Lett. 112 (1978), 332-336. ’

[4] D.G. Costa, C.A. Magalhdes, Un Probléme Elliptique Non-Quadratique d l’fnﬁm',
to appear in C. R. Acad. Sc. Paris. :

[5] D.G. Costa, C.A. Magalhaes, A Variational Approach to Subquadratic Perturbations
of Elliptic Systems, preprint 1991.

[6] E.M. Landesman, A.C. Lazer, Nonlinear Perturbations of Linear Elliptic Boundary
Value Problems at Resonance, J. Math. Mech. 19 (1970), 609-623.

(7] P.H. Rabinowitz, Minimaz Methods in Critical Point Theory with Applications to
Differential Equations, CBMS Regional Conf. Ser. in Math. 65, AMS, Providence, RI,
1986.

Depto. Matematica-Universidade de Brasilia
70.919 Brasilia, DF (Brasil)



