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Weights for the one-sided Hardy-Littlewoo d  Maximal Operator 
and a .. e. Convergence 

A. DE LA TORRE 

Abstract . We show how the study of the good weights for the one-sided Hardy-Littlewood 
Maximal Operator, leads to the solution of some problems in the theory of a.e. convergence 
in ergodic theory. 

. 1.  INTRODUCTION 
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The 8.im of this note is to show the relationship between two, apparently,unrelated 
topics . The first one is the study' of weights for the :one-sided Hardy-Littlewood Maximal 
Operators 

and, 

The problem is to study and characterize the pairs of nonnegative functions (u ,  v) for 
which one has either the weak type condition 

(W-T ) 1 . O J  'U < - IflPv 
{M+ f>,\ } - ,v 

or the strong type condition 

(S-T) 

The second problem can be stated as follows: Let (X, F, p.) be a finite measure space, 
and let T be a positive ,  linear operator defined on the set of measurable functions . Let 
Tnf(x) == �(J + Tf + . . . + Tn-l J)(x) . When is it true that limn-+oo Tnf(x) exists and is 
finite a.e. for all f in Lp . ? 

It has been known for a long time, [B] that if T is of the form Tf(x) � f(Sx), where 
S :  X -4 X is a measure preserving transformation (i .e .  Jl{S-l (A) = p.(A) for all A E F), 
then limn-+oo Tnf( x) == P f( x) exists and is finite a .e .  for all f E Lp 1 � P $ 00 . 
Furthermore P f E Lp o Two natural question are: 
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PROBLEM 1 .  Let 's assume that T is of the form Tf(x) = f(Sx) ,  where now S is not 
measure preserving. Under which conditions is it true that limn->= Tnf(x) == P f(x) exists 
and is :finite a.e. for all f E Lp 
PROBLEM 2 .  Under which extra conditions can one say that P f E Lp 

In 1946 Dundford and Miller [DM) proved that limn->ob Tnf == P f exists in the Ll 
norm if, and only if, 

(D-M) 
1 n-l . - L �(S-J A) � C�(A) , n 0 

furthermore, this condition implies a.e. convergence of the averages Tnf( x) for all f E 
L

l
(d�) . Later on Ryll-Nardzewski [RN) proved that the averages converge a.e. to a limit 

P f ,  and Pf E Ll if, and only if, 

(R-N) 
n-l 

lim inf .!:. '" �(S-j A) � C�(A), n-+oo n L....J j=O 

where C is independent of A E F and n. This results solved Problem 2 for p = 1 ,  but 
Problem 1 for p = 1, and both problems for p > 1, remained open questions for forty years. 

2 .  WEIGHTS FOR ONE-SIDED HARDy-LITTLEWOOD MAXIMAL O PERATORS . 

In this section we state the main results about weights for one-sided maximal functions. 
The proofs can be found in the following references [S) [MR) [MOT) [MT3) 

THEOREM 1 .  
( 1 )  If p > 1 then (W-T) {::> there exists C such that for almost every x and every 

positive h the following inequality holds: 

l�h u (lX+h V - �) p-l 
� ChP 

(2) If p = 1 then (W-T) {::> there exists C such that for almost every x and every 
positive h the following inequality holds: 

1 1 X h u � Cv(x) ,  x-h 
which is  obviously equivalent to 

(At) M-u(x) � Cv(x) a . e .  

(3) If p > 1 then (S-T) {::> There exists C such that for all intervals I 

(st) 
1 (where a = v-p::T) 

THEOREM 2 . .  If u = v == w then (W-T){::> (S-T).  Furtherrnore w can be factorized as 
w = VI v�-t ,  with VI E At and V2 E AI'  and there exists f > 0 such that w E Ap_. 
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In ergodic theory we will be dealing with an operator and its  powers, for that reason we 
are interested in the discrete version of the results stated above. For functions defined on 
the integers, the corresponding one-sided maximal operators are, 

n - l 
M+ I(k) = .!. L I/(k + i) l , 

n i=O 
and 

n - l 

M- I(k) � .!. L I/(k - i) l , 
n i=O 

It is clear that for this operators one can obtain results similar to Theorems 1 and 2, just 
by replacing integrals by sums , and intervals by sets of consecutive integers. 

3 .  BACK TO ERGODIC THEORY 

Let 's look again at condition (D-M) 

(D-M) 

If J.! is of the form dJ.! = wdm with m invariant under S, then (D-M) can be writ�en as 

.!. I: { , W dm '5 C ( w dm. 
n j=o �� A  � 

If S is invertible this me�s that 

and this implies 

n -J' , � L 1 w(S-ix)dm '5 C j w(x) dm. 
j=O A A 

1 n - l . " - L w(S -J x) '5 Cw(x) 
n j=O 

a.e. 

, ' 

In terms of �eights, this condition just says that the function i --t w(Six) satisfies At with 
a constant independent of x a.e .. Therefore (D-M) is really a theorem about weights and 
it says that , for equal weights ,  At implies a.e. convergence. It seems then a gQod idea , to 
look at Problems 1 and 2 from the viewpoint of weights .  In order to do that , �e asswneJor " 

simplicity that our measUre is ofthe form dJ.! == vdm, where m is invariant, and 0 < vex) < , 

00 a.e .  If we look now at Problem 1 for p > 1 ,  we observe that limn .... oo TR/(x) = PI(x) ,  

exist and i s  finite a.e .  {or all I E Lp implies, via Nikishin's Theorem, [GR, p:536] that 
there exists u such that the maximal operator 

is of weak type (p, p) i .e . 
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(W-T) f u < £j lf lPv J{M+ f>A} - .xp 

If we know which are the pairs of weights (U ,  V) for which one has (W -T),  then one may 
find conditions on v that will insure the existence of such u. If the condition on v is sharp 
enough, so that it is necessary and sufficient for the existence of such u, then we will have 
solved our problem. The first step is then to characterize the pairs (u ,  v) for which the 
operator M+ is of weak type. The answer is 

THEOREM 3. {MT1} {MT2} If S is invertible the operator M+ f is of weak type (p,p) iff 
the functions 

satisfy At with a constant independent of x i .e .  if 

p > 1 ,  

or 

(At (S) )  
n-1 

� L u(Six) � Cv(sn-1x) 
n i=O 

p = 1 . 

This means that for invertible transformations (D-M) characterizes, not only mean con
vergence, but the weak type of the maximal operator as well. If we look now at condition 
At(S) we may solve Problem 1 for p = 1. Let's assume that infi>o v(Six) > 0, and 
let 's define u(x) = inh>ov(Six) ,  then t 2:}:; u(Six) � t 2:�;:; v(Sk-1x) = v(Sk-lx) ,  
and the pair (u, v) satisfies At (S) ,  which means that the operator M+ i s  of weak type 
one-one, and then a.e. convergence for all f E L1 (vdm) follows easily. 

Conversely, if there is a.e convergence for all f E Ll (vdm) ,  then, as we have said above, 
there exists u > 0 so that (u , v)  satisfies At(S) . We claim that , on a finite measure space, 
this implies infk>o v(Skx) > O . In fact by making u smaller if necessary we may assume 
u E L1 (dm),  then for any invariant set A we have 

n-1 
f lim .!. L u(Six) = f u, J A n-+oo n i=O J A 

and this means that limn-+oo � 2:::01 u(Six) is positive, and now condition Ai( S) yields 
infk>o v(Skx) > O . 

REMARK . In the proof of the equivalence between At (S) and weak type one needs S 
to be invertible, but X can be (J' - finite, but in order to prove that At (S) implies 
inf k v( Sk x)  > 0, we need X to have finite measure.(There are counter examples for infinite 
measure.) 

We have found the answer for p = 1 .  Let 's try the same method for p > 1 .  We write 
condition At(S) (p > 1) in the form 

( 1 n-1 1 . ) p-1 C - v-;;=-r S'x < 
n � ( )  

- .! 2:0 u(Six) · .=0 n -n+1 
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Since � L:�n+l u(Six) is away from zero, we obtain that if (u , v ) satisfies At(S) (p > 1 ) ,  
then M+v-;6- (x) < 00 ad" "  Therefore i f  the averages Tnf(x ) converge to a finite limit 
for all f E Lp(vdm) ,  ther//Nikishin's theorem plus our characterization of weak type yield 
that v satisfies M+V - P� '  (x) < 00 a . e  . .  

1 
Conversely, if v satisfies M+V-P � l (X) < 00 a . e . ,  we define 

u(x) = (M+V- P� ' (X)) -PV- P�' (X), 
and it is easy to check that the pair (u, v ) satisfies At(S),  which implies weak type and 
therefore a.e. convergence of the averages for all f E Lp( vdm) . In this way we have 
completely solved Problem 1 .  

ANSWER TO PROBLEM 1 .  The averages Tnf(x) converge t o  a finite limit for all f E 
Lp( vdm) if, and only if, v satisfies 

(M-T) 

or 

(M-T) inf v (Sk x) > 0 a . e .  (p = 1)  
k 

Let 's turn our attention to Problem 2. For p = 1 the answer is the result of Ryll
Nardzewski ,  so let 's concentrate on p > 1. We know that if v satisfies At(S) i .e  

p > 1 ,  

then M+ f E Lp( vdm) which is a stronger statement than P f E Lp( vdm) ,  therefore we 
need a condition which is stronger than (M-T) but weaker than At(S). Again the theory 
of weights suggest the answer. Condition At(S) says that the necessary, and sufficient , 
condition for the Supn>o ITnf(x) 1 to be in Lp(dp) is that 

n-l ( 2n ) P-l 1 . 1 -L '  sup ;; 2: u(S'x) ;; 2: v- p- 1  (S 'x) :::; C. n>O 0 n+ l . 
Since now we want , not the SUPn, but the limn to be in Lp(dp) ,  ,it seems natural to replace 
in At(S) the SUPn by limn 

ANSWER TO PROBLEM 2. {MT4} The averages Tnf(x) converge a .e. to a function Pf(x) 
for all f in Lp( vdm),  and P f E Lp( vdm) if, and only if, v satisfies: 

The proof does not make use of the theory of weights, but uses its methods. First of 
all since we are assuming that our measure dp is finite, we have that v E L l (dm) , which 
means that limn�oo � L:�-l v(S ix) exists and, as before, is not zero for a.e. x. Therefore 
condition At(S) yields that 
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also exists and is finite a.e . . But , according to our previous result , this. implies that the 
averages Tnf(x) converge a.e.to a finite limit Pf(x) for all f E Lp(vdm) . It is then enough 
to prove that P(f) E Lp( vdm) .  If we use the usual trick in weight .theory of writing the 
averages in the form 

n-l 
Tnf(x) = � L f(Six)vl /p(Six)v-l/P (Six) ,  

n i=O 

and now apply Holder's inequality and condition At(S) ,  we get 

where the lim in the numerator exists because fPv E L1 (dm) .  Integrating this inequality, 
and using the ergodic theorem for measure preserving transformations for the Ll (dm) 
functions fPv  and v, we have 

J . J lim T fPv(x) (Pf(x))pv(x ) dm � C 
Ii�n ;nv(X) v(x) dm 

- J Iimn TnfPv(x ) Ii T ( ) d - J Ii T (fP ) d - J fP d _ . ( ) m nV X m - m n V m - v m, hmn Tnv x n n . 

and one has that At(S) implies that Pf is in Lp(vdm). For the 
converse one can use either the factorization methods of J. Luis Rubio, or -pure ergodic 

theory (see [MT4] for details) .  

SOME OPEN PROBLEM S .  

( 1 )  For invertible transformations it is known Fhat At(S) i s  equivalent to the condition 
of Dundford Miller (D-M) , and both are equivalent to the weak type of the maximal 
operator. If S is not invertible, it is known that At(S) ::} weak type ::} (D-M) but 

it is not true that (D-M)implies At(S). The conjecture is that (D-M) is equivalent 
to weak type, but it is not known 

(2) Same question for p > 1 i .e. Find necessary and sufficient conditions for the maximal 
operator to be of weak type (p, p) , when S is not invertible. Again At(S) implies 
weak type but the converse is false. 

(3)  The theory of weights has been used successfully to prove the following theorem 
{MT5}. If T  is an invertible, positive, linear operator oil Lp , then the maximal op
erator supn ITnf(x ) 1  is bounded in Lp if, and only if, the averages Tnf are uniformly 
bounded in Lp . The assumption of S being invertible, although crucial to the proof 
does not appear in the statement of the result . The question is: can the theory 
of weights prove this same result without assuming that S is invertible ? (Brunel 
{BR} has a result on this direction, but using completely different methods) 

. . 
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